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Ahistorical Motivation for theThom Space
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Goal 1 Extend this construction for

twisted products with IR i.e vector Bundles
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The Thom Isomorphism I Orientability FirstPass

Recall It x1 Iet EKA I Th RID

note at HYE El B EH SLE B TCU

Thay pi X be a rank n vectorbundle

Let Xo u v in the zero section Then

pay
a class we H V VIX Fa

whose restriction to each fiber is the
orientation class in F F 503,72
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If U is oriented we can replace Ez

by any ring And for R Z the

converse is true



AQuickfoxamphelet
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construct TCM

It EEE me

Notice tht the integral Thom isomorphism

fails but is okay in IFz



The Universal ThanSpectrum

Rank k bundles
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where the isomorphism is the pullback of

the universal bundle lie Bock

Taking BOCK 4 BOCK D

f bk 1 s Lk 11

This yields a bundle map
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After taking Thom Spaces we get
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We define Tomi Th la w
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MO ring structure

This is partially convention spectrification

now sling 2k Tontia

This forces the maps Mona Mona

to be equivalences without changing the

stable homotopy groups of Tow

The maps BOCDXBOC.us Boonton

induce maps

then nth lm Thelma
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Ta Mo is a graded commutative ring
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II Pontryagin Thom construction
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Partial answer Unoriented cobordism 2 MO

Aal Pontryagin than Collapsemap

Let M be a compact manifold

M GRM extending to an embedding

of a tubular neighborhood T tht is

the disk bundle of theword bundle N

Then I 275 Th u Define

night't's Theo

given by the identity on T and sending

everything else to the base point of tho

Rue
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Review of classicalitiborism
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Def two smooth n manifolds th Mz are

cobordant if there is an cutis manifold
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Ru MT cobordism class of n manifolds
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Cobordism Homology Xo N X
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We have a Homology theory
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Do Pontryagin Thom fiberwise toget a homotopy



Inverse of Pontryagin Thom sketch
G nix

Conversely fight To q EINO
make f transverse to theZero section I k
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W is a cobordism provided that we

can make F transverse

It Mo e Na Cas rings
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A short for example

We can find nontrivial elements of Ta Mo

for example IRPan are all nontrivial

generators Note tht their Stiefel whitey
s are nonzero or x Rpm I 40

i e If M bounds W X m is even

O x EID xestxcwl x.cm

compact

in odd dim
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Framed Bordism 817 28to Yo

Éanidlcobordism Yo Y E M framed

1 X a framed cobordism if X is itself

framed w bandy ofCoDxM s G Xn Eisen Yi

2 Collar neighborhoods ofbowdry preserveframing

whomotory

Poutryagin thom E.ms Notion
Tuna s CS s

s Rif

Complex Cobordism 3 Me

Oriented Cobordism 2 MSO

Spin cobordism my MSpin



orientationsonvectorBundles

for U a vector Space an orientation

on V is a generatorof H V V40 81 2
orientation preserving maps induce the identity

An able vectorbundle Y X is one w

a class no H Y 4140 a

hose restriction to each fiber is the
orientation class in

V V 1503,2
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EorientationsonvectorBundles

Def Let E'be a molt cohomology theory A vector

bundle V X is E orientable it were

M G E thus

Such tf for all XE X inclusions

i Entha sees

if u is a unit in ETCS EÉ0so

a map Mi th V E Such of

the map of E nobles
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codify the thanisomorphism



ComplexOrientations

If A cohomology Theory is complex oriented

if there is a choice of Thom class

up for all a vector bundles FIX

tut is

1 forehead under pullbacks

2 sends direct sums to products autow draw

EI HI MU

If E is complex oriented we get a map

MUTE sie MEE Mu Moreover

ring ups My 3 E E complex orienthiousone

Themary The situation is similar for

Mo MSpin Msg


