
 

BackgroundIMotivation

Geometry Clifford Klein space form
is a closed Riemannian manifold of
constant section curvature

Classical
quotients of by discrete soups aching

SIR IH

by isometries free properly discontinuously

Spherical space forms completely

classified Reduced to algebra

finite G w rep y G OCuti

419 has no th eigenvalue for
all goG this would be a fixed

point



ex In AS t n freely orthogonally

Lak XY x2 I xh y3yxg 1

act on 8 byquaternion c multiplichi

192 Hopf asked about
to spare forms i.e

Manifolds having S as its
universal cover

wht groups G act freely on S

for some n

this problem can be sharpened by
finding such n in terms of G

We will focus on Swan's result
1960



The A finite group G acts freely
on a finite complex

X S
every

Abelian subgroup of his

cyclic

This can be sharpened by surgery theory

Madsen Thomas Wall G acts freely on
a Sabe ES

1 All abelian subgroups are cyclic
no subgroups of theform Ilp X 21ps p condition

z Every subgroup of
order iscyclic zp condita

4 Dan cannot act freelyon spheres

Dan can act on finite complexes Xes

Seely
sign ÉÉ

we will show thenecessity of I G

the full theorem of Swan
in this talk



212 AS freely it n by antipodal
action

First Obstructions

Lefschetz fixed point thin
X a triangulate space then

fix TX

At Eoc D Er f H xx

If Ag to f has a fixedpoint

Any fixed point free map g skosh
homotopic to antipole map

deg g C 1
Kt

Ag I C 1 1 KH

I 1
215 1



Thus for any g she G

Agh s I t c ask pkt

I C 1 K

Thus if K is even

Agh O s and so

G 3 2

If LG 172 GA S freely then
k is odd

Let's see the 2PM condition
Celery subgroup of order zp p 2 is cyclic

Thakur Let t S 2s

be an involution who fixed points
f is ssh a map of odd date
Then I XES TfCxS fTCX



Prgfgf.IRyIletHoGsIHl 2P

It is Dihedral let The the
action of order 2 generbor

S is action of order a goertor

Tf tf has a fixed point

So Tft'S s Id generatorscome

Proof of 8É condition

All Abelian subgroups are cyclic

A free resolution of period w

O I Fu is F stole
of ZIG modules Fi free Grating



s s
g

proposition Ga sat freely n t odd
Gr has a free resolution of period n

S G s Cw complex X dim x n

I su

6 X are free 7563 modules

All maps s s have degree
so Go As E A Cs is
trivial

0 52 Car 5 Co 4 go

Recalt



16120 s M a BIG module

H Glam ExEeag M

free REG resolution
Fu Fu i Fondo

r Houff HomFom

HUG M

OE I Hom on ices 2

Corollary Ga su wl n l odd

an A G if is periodic w period n



b all abelian subgroups are cyclic r
no abelian subgroups 2 PXE p

pts fo Fn to

Periodic cohomology

b follows from a tunneth formula
for group cohomologyapplied to

H'Calppelp Z
as

In feet bka as well from
now on we will consider the condition
but HUG is periodic

remark this can be done w the sere

spectral Seance CartonsEilenberg
on S x KCG D



Swan showed in 1960 out
if G satisfies the p2
condition then we can find

a finite periodic resolution

by project Zeo modules

a pm Po ko

we already saw that free is

necessary for GAI freely w Yes
I a finite cw complex

wF ÉÉEt
Let Pr iso classes of Prtjatinemma

Pr is a monoid under

Ko CR g Pr
ie we force POP EP3tCPg



tho R tho s induced by

1 Drs

Ko Ko S Koca j

nod out by free things

Rn Co Eilenbergswindle

why f g t proj PAMOPONER
F MOP MOP
APOF P M Pt IF is free

Eastman

X projectivecomplexes 2740 R

X Pans Po EGYPT
5 I

Twokeyfacte
1 Pass Po is chain

how to pie fo
fr s fo



XCP so

Let Go be a module S E

Pot Co Fo is free Ten

Pas Dp Po
O o Qo8Qo

Pa Pot to

continue by induction To D

Since X P 0 if

Pu i i Po are free

Pu must be stbly free

Since XCP CDEPT to



Fact2_ 16120

Iko Gea so

This starting with

E Pits puns Pose

Pz Pur Po Pus se

XC Pa 2 x D Erica

D KE IN w

x Pr otto Cocos

Thus we can find a

periodic resolution of G w



I Fms F For

s fr f g See 2203
moxa

let yo be atÉw
complex w IT Xo G

Let Ci Ci E

By a lemma of Schanvel

D fate Fo

E Cz f Co

Ker C D

e Ker Cfa F to E



µ
we can splice

on a fut Fy

Fs E scatD C Zo

H generators of Dsadd
a 2 cell to x go get 84

A X of F E

add a s cell to Y's vice

2 Ca GHz CTD 172674
Tz Cfcs

continue inductively for the result

Toast gin a yes G
idle



Remark on Eilenberg swindle

punchline
I

Obstruction for G

satisfying P2 condition

to act freely on

XIs for u 23

Remarte calculating a tight
n has been done Chard



Topology Algebra
Wall Swan

Swan actually did a

lot more retract of

a Gin polarized space is pitted't
b

Can complex X but is finitelydo led

Tilxixo G Iss

Pg
Klan

t
É

I



In Ca n D Put k G D

n RI Y Pice

I f Tat

Xu t shirts
n

KLG D K Can H Kcal a

H CG 2

Periodicity Hut G 2 21161
two son Of 21161 differ by an element

in Auto avail

g also gives
a proj resolution

a



g
conversely Swan Iiit Iguanas
go ith Gia s F a polarized

Con D complex Xg
K invariant is g
our argument from earlier gapplied to

Pat Fu RY Fu not f g

The Swan obstruction

XCP so Xg

where o Xg e to 256J is

the wall finiteness obstruction

o Xg 0 Go has the homotopy

type of a Cw complex

I
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