
 

Motivation

1 Waldhausen's S construction produces

a Spectrum in a happier way
than the Q construction

2 There are other interesting categories tht
we want to consider that are not exact

TopolosyExauple Fix a space X and

consider the category Rylx of finite refractive

spaces over X sie Y X is homotopy emir

to a relative finite CW pair with a retraction

r Y X Such ft roisidx

Remarks X Rfa is nothing but finite
CW complexes



GoulHIi Generdice these examples into a type of category

suitable for k theory shut robust enough to include

the examples above

WaldHarencategories

Definition Let 8 be a category and

0 Gob c tht is initial Ernie Then

0 is a Zero object and f is said to be pointed

Definition is a category with cofibrbious if

it a subcategory cob

with morphisms denoted by an arrow

such Ehf the following properties are

satisfied
1 Every iso is a cofibration
2 a A cObj G OHA is a cosh
3 cobase changes

A C
u v
t t
B But C

exists
gun A s R a cogL Moreover BOAC is

a cof b



Reurki cob contains all objects of E hy LH

I Cofibrations are modeled on inclusions of

Cw complexes

Y Z

1 1
X XYZ

to 1



Finland coprolites exist

o Z

I t
X XUoZ

Defi An exactf oucher Fit 372
beheen categories w Cofibrations preserves zeros

cofibntrous preheats

DEI f n at w cofisnt.us een

A Q
I t
B BUA 0

exists for all cofibrations A B s

and we write

A B BIA
cofibration severe



Definition A.ua dharsen Catgoy is a cherry
with Lofits 6 and another subcategory w 8

with nominsus A 7 B such at
i Evey iso is a weak envivbence

z If we have
Remark

c c A B A o B

ti E ti
ly 12 t a o B

a B
A B

induced map

then r Bwac Is Bwa C is a nakeauivalence

Remarki Sometimes w E is omitted and is then

to be all isomorphisms

i Lef f be an exact category Take
admissible cronowrphisms appearing in AaB c

as co fibrittrons and ate sisote

This is a Wald hansen Category

to see this embed to A and show

but cofintions are closed under putout i.e

A be so exuef 1 Day
map bar He is a SES

i swab c o

project D fo Zero s Kr Btc A



Before giving more examples I'd like
to give a definition so tut I can

say something interesting

Definition Let I be Waldhausen Then ko E

is the free abelian gp gen on CA for

A cob E where

11 A F BI CA CB
2 AT BIB A LB CA EBIA



Examplezi Ch G for R a cow ring
degreewise mono Cof b

quasi iso ISO etc well eaiv

Thomes an 8 Trough 1 11.7 R Noetherian

GilletwaldhwsenikCPCRD KCCL.to PCR
T l proj
f g f g raw dubs with ear quasi iso

f e tho
CHEA

worms for schemes as we

for proof for Ko is similar to case R regular

ay
gqgy

in spirit kofpcrsf.sk
hosoCIfjgYoko
ch.bpcrs skoCPCR1

An An e I EL DIA
eutercuracfaristic

Not completely vacuous Recall Eat if

X is f d i.e 3 YE Rf X with
Y finite c w complex then C I E Ch XD
and the map defined above is the wall

finiteness obstruction



Example As above consider Rs X Let
Cofibrations be topological cofilmbious in Rf Ct

Weak equivalences can be tweak
quasi iso for a homology theory ghowtoryeario Bel X

Take homoberg eariv finite GW Complexes
1ten Ko Rf CH is such at

O Dk Cs I t Esk

so Sk C DKC so

inductively Ko Rfc 7L s and given
a finite CW complex Say IT

cofiter seance

Su T2 Es us TE S2
503 250 t Eso I Cso

T
Gives map Ko Rfc 2 reduced Eeler

CCurncferistic

A very similar argument shows at
Kochs x L for all X by taking

ICYIX
pymtq.pro iugiteHbmited X hoC7LEiTkXl3



Highorth Theory

T Kideni Construct a cobgoy of depth
n fillations of a space by filcEntions

O e to A Aah Aw

Autosous
Edna

For a simplicial set we need face maps
Snf 1 Sn i 8

corresponding to En i En There should be
Ntl one of them which is to omit Aj and
de Aj Aj Aj ti

But we can't omit Aos sike ve oat

filtrations to start at 0 Instead omit

to and replae Be sauce with

Alt Aya 5 Aula

But AHA is only defied up to

Canonial iso How do we cake it fundorie



Got a fee map Snf Safe so he will

01tinkly wed to meeee fuelorial choices for
all e j Iti Citic Jeu

Here Ob Saf will be

AoS An
with choices of motels Aj tj
Ih Oper words

vehicles
0 Ao 22 Aon are

whats

o
AY

Ans Af
O

Ann

Ai As His
Air Aik Ajk

is a cosine

Deane we could take objects of Su E fo

te us above Then Serhiy this to u step filtrtions
has an inverse operfron by filling in the diagram w

choices of shaootials Lemm 1 1.3 weddhusen



We can think of this in another way fht

Can help

Desi 8 a cat arc 8 Ls obeah
morphisms A B morphing

B A Bl

A B

I I
a B

Dedi f a cat ul cofibutions Then

let Snf he te category of functors
A arch 78 sci j Aij z

D Ai O ti

I won't pursue this further
but unraveling the definitions gives
the sore brig

3 is Beanalong to second isoi

AMA Ict Hi t4tj



So 8 0
S Y f

ImportantE xample Sz f
let

O Ao Aoz E obj Sze

t t
Ai O 7 7 A.ee Aol

this is the data of

Aoi A oz Aoe

Since morphisms are based we know ft

other Suharofiels i ei 0 ere respected

Sz E is a Waldharsen Category

A Az AR

t v
t

A i Ai Aid

walk eaviv if all vertical maps are

Cofibration if An Ai g A iz And ore and

Al VA Az Az are



then Zi Su Su i 8 is now

Suctorial

dgadeny cups are ours

ups o isn E Sati 8

Correspondig to Ohio nonkeuerg up

Cutt In compositions of them

S E is Ben simplicial object
inks

gi.ee Cat
a Safe

therefore N S G will be a bi simplicial
set

1 A b simplicial set is a fouler
op of

f is xs see
Essay fam

There are several cogs to
the be geoehric

reliation



1 t.me NsBmi I F ml

GS I Eon

31 Xu Hunt

Surprisingly all a homeomorphic we use G

bearse it's nice

now N S E j jP set

Casseus NwSmee

is a bisinplicil Sef

If E was wild hwan Gen

Su 8 also gets weak eariulkes

aomely an arrow ASA g Ai j A'ij should
te ihf for all n Ej

The cogitations rearrest A A

A j Ask Ajk is a cofibntron

I do in Sz Te i

A j A'in Asia



Desi Defile the k theoy p.ee

Klee 215.81
the algebraic 14 groups by

Kalle Iu Klee

ostensibly i
ki f way Bisimplicil sets

Actually the functor is better

In Copa dot gives k of the

Edina p b mais

14 a Crews 8 us 8 e ko te



The
geometric realization of the b simplicial

Sef can also be considered as feerealization

of simplicial space
u3l NowSub

Sire Sowf is trivial category so it has

only one point But then I N.ws 81 is

connected

Now vote tnt IN.wSwflxb are sated

along free maps so in the n l case we

line a map

IN.ws 81 1

II

IN.w 81 xs

whe So 01 7 OH 0
Collapses 0 1 to a point

Jrefffusionand do di collapse Now 8 XIA

Sue wraps



Altogether Elbow 81 IN.ws 81

Then flaig adjoint map

IN.GG srlw.S El
Rogues lemma 8 4.1 Weibel remark 8.3.21

Have
every object in 6 corresponds to

an elaut in Ai Ius El

keypointi If they can be joined by
a path in v wtf are oak

equiv fury correspond to the Sue cheat
of it Iws El i.e

thdws 81 and Kolb
have the Save generator

Now FOIN.S2w8 are equivalence cheeses

of exact sequences and read Ent

relations in Ac Iws 8 core from

2 Cx 22 x t2o CX for XE Ho Insane
of course for an exact Sename

A Az Az this is exactly Kof i



Az A t A
G Mole

cans w shift in k Pros

sasuity


