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Appendix 1: Best linear estimation of 𝒌𝒌 (analytical solutions) 
 

Given a set of cumulative probabilities of dying 𝑞𝑞𝑖𝑖(𝑥𝑥) and the level of mortality ℎ𝑖𝑖 = ln[𝑞𝑞𝑖𝑖(5𝑦𝑦)] of a 
population 𝑖𝑖: 

ln[𝑞𝑞𝑖𝑖(𝑥𝑥)] = a𝑥𝑥 + b𝑥𝑥 ∙ ℎ𝑖𝑖 + c𝑥𝑥 ∙ ℎ𝑖𝑖
2 + 𝑒𝑒𝑖𝑖(𝑥𝑥),       (A1) 

𝑒𝑒𝑖𝑖(𝑥𝑥) represents the residual at the specific age 𝑥𝑥, using the coefficients of the log-quadratic model 
{a𝑥𝑥, b𝑥𝑥, c𝑥𝑥}, as shown by equation A1. These residuals from the average pattern of mortality can be 
defined as a function of the shape coefficient v𝑥𝑥 and the scale parameter 𝑘𝑘𝑖𝑖 –which is specific to the 
population 𝑖𝑖, as shown by equation A2: 

𝑒𝑒𝑖𝑖(𝑥𝑥) = v𝑥𝑥 ∙ 𝑘𝑘𝑖𝑖 + 𝜖𝜖𝑖𝑖(𝑥𝑥).         (A2) 

The optimal value of 𝑘𝑘𝑖𝑖 minimizes the Mean Squared Error (MSE) of 𝜖𝜖𝑖𝑖, as a weighted function 
responding to unequal age intervals. In particular, the function 𝑤𝑤(𝑥𝑥) is assumed to be proportional to the 
last age interval before the age 𝑥𝑥, weighting the marginal contribution of an additional equation in the 
model. 

𝑀𝑀𝑀𝑀𝑀𝑀𝑖𝑖 =  ∑ 𝑤𝑤(𝑥𝑥) ∙ 𝜖𝜖𝑖𝑖(𝑥𝑥)2𝑥𝑥∈𝑋𝑋 .         (A3) 
As a least squares’ solution, the MSE is minimized by making the first derivative of equation A3 with 
respect to 𝑘𝑘𝑖𝑖 equal to zero, as shown: 
𝜕𝜕𝑀𝑀𝑀𝑀𝑀𝑀𝑖𝑖
𝜕𝜕𝑘𝑘𝑖𝑖

: − 2 ∙ ∑ 𝑤𝑤(𝑥𝑥) ∙ 𝑒𝑒𝑖𝑖(𝑥𝑥) ∙ v𝑥𝑥𝑥𝑥∈𝑋𝑋 + 2 ∙ 𝑘𝑘𝑖𝑖∗ ∙ ∑ 𝑤𝑤(𝑥𝑥) ∙ v𝑥𝑥2𝑥𝑥∈𝑋𝑋 = 0. 

The resulting estimator of 𝑘𝑘𝑖𝑖 is given by equation A4:  

𝑘𝑘𝑖𝑖∗ = ∑ 𝑤𝑤(𝑥𝑥)∙𝑒𝑒𝑖𝑖(𝑥𝑥)∙v𝑥𝑥𝑥𝑥∈𝑋𝑋
∑ 𝑤𝑤(𝑥𝑥)∙v𝑥𝑥2𝑥𝑥∈𝑋𝑋

.          (A4) 

The uncertainty of the model is measured by the variance of the estimator. The first step is to contrast 
the estimated value of 𝑘𝑘𝑖𝑖∗ with the expected value of 𝑘𝑘𝑖𝑖, given that: 

𝑘𝑘𝑖𝑖∗ = 𝑘𝑘𝑖𝑖 + ∑ 𝑤𝑤(𝑥𝑥)∙𝜖𝜖𝑖𝑖(𝑥𝑥)∙v𝑥𝑥𝑥𝑥∈𝑋𝑋
∑ 𝑤𝑤(𝑥𝑥)∙v𝑥𝑥2𝑥𝑥∈𝑋𝑋

. 

Hence, the estimated variance of 𝑘𝑘𝑖𝑖∗ is defined as: 

Var[𝑘𝑘𝑖𝑖∗] = E�(∑ 𝑤𝑤(𝑥𝑥)∙𝜖𝜖𝑖𝑖(𝑥𝑥)∙v𝑥𝑥𝑥𝑥∈𝑋𝑋 )2�
(∑ 𝑤𝑤(𝑥𝑥)∙v𝑥𝑥2𝑥𝑥∈𝑋𝑋 )2 . 

Assuming that prediction errors of different ages are not correlated, the expected value of 𝜖𝜖𝑖𝑖(𝑥𝑥) ∙ 𝜖𝜖𝑖𝑖(𝑦𝑦) is 
zero for each age 𝑥𝑥 ≠ 𝑦𝑦. Hence, the variance of the estimator can be simplified to be: 

Var[𝑘𝑘𝑖𝑖∗] = ∑ 𝑤𝑤(𝑥𝑥)∙v𝑥𝑥2∙E�𝑤𝑤(𝑥𝑥)∙𝜖𝜖𝑖𝑖(𝑥𝑥)2�𝑥𝑥∈𝑋𝑋
(∑ 𝑤𝑤(𝑥𝑥)∙v𝑥𝑥2𝑥𝑥∈𝑋𝑋 )2 . 

Under the assumption of homoscedastic errors, E[𝑤𝑤(𝑥𝑥) ∙ 𝜖𝜖𝑖𝑖(𝑥𝑥)2] = 𝜎𝜎𝑖𝑖2 for all 𝑥𝑥; and the variance of the 
estimator is a function of the variance of the error of prediction 𝜖𝜖𝑖𝑖, to the form: 

Var[𝑘𝑘𝑖𝑖∗] = 𝜎𝜎𝑖𝑖2

∑ 𝑤𝑤(𝑥𝑥)∙v𝑥𝑥2𝑥𝑥∈𝑋𝑋
. 
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The variance of the error of prediction is estimated from the equation A3 increased by a factor 22
21

, 
considering the 22 ages (or equations) in the model and the degree of freedom lost after estimating 𝑘𝑘𝑖𝑖∗: 

𝜎𝜎𝚤𝚤�
2 =  ∑ 𝑤𝑤(𝑥𝑥) ∙ 𝜖𝜖𝑖𝑖(𝑥𝑥)2𝑥𝑥∈𝑋𝑋 , 

As a result, the variance of 𝑘𝑘𝑖𝑖∗ is given by equation A4: 

Var[𝑘𝑘𝑖𝑖∗] = 22
21
∙ ∑ 𝑤𝑤(𝑥𝑥)∙𝜖𝜖𝑖𝑖(𝑥𝑥)2𝑥𝑥∈𝑋𝑋

∑ 𝑤𝑤(𝑥𝑥)∙v𝑥𝑥2𝑥𝑥∈𝑋𝑋
.         (A5) 

After some additional steps, the variance of the estimator is redefined as a function of the residuals of 
the model when the pattern of the mortality is omitted 𝑒𝑒𝑖𝑖(𝑥𝑥) and the optimal value of 𝑘𝑘𝑖𝑖: 

Var[𝑘𝑘𝑖𝑖∗] = 22
21
∙ � ∑ 𝑤𝑤(𝑥𝑥)∙𝑒𝑒𝑖𝑖(𝑥𝑥)2𝑥𝑥∈𝑋𝑋

∑ 𝑤𝑤(𝑥𝑥)∙v𝑥𝑥2𝑥𝑥∈𝑋𝑋
− 𝑘𝑘𝑖𝑖∗

2�.       (A6) 

Given the standard deviation of 𝑘𝑘𝑖𝑖∗, 95% confidence intervals where calculated assuming a normal 
distribution, to the form: 

𝑘𝑘𝑖𝑖∗ ± 1.96 ∙ �Var[𝑘𝑘𝑖𝑖∗]�
1 2⁄

. 
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Appendix 2: General estimation of 𝒉𝒉 and 𝒌𝒌, using the method of Lagrange (nonlinear 
approach for numeric solutions) 
 

The best linear estimator of 𝑘𝑘𝑖𝑖 (application of equation A4) assumes that the level of under-5 mortality 
𝑞𝑞𝑖𝑖(5𝑦𝑦) and at least one other probability of dying 𝑞𝑞𝑖𝑖(𝑥𝑥) from 0 to 𝑥𝑥 are given. However, some 
applications require a general solution of 𝑘𝑘𝑖𝑖, when: i) 𝑞𝑞𝑖𝑖(5𝑦𝑦) is unknown; and/or ii) the log-quadratic 
model is used for matching/fitting specific functions that are not represented in the estimation, such as 
mortality rates, durations, and probabilities of dying that do not cumulate from zero (e.g., starting at 
some point after birth). 
Inasmuch as some applications involve a transformation of the log-quadratic model, matching/fitting the 
log-quadratic model to some relevant data is a problem of optimization subject to nonlinear constraints. 
Hence, in the most general case, the relevant parameters ℎ𝑖𝑖 and 𝑘𝑘𝑖𝑖 would result of solving a constrained 
optimization through numerical methods. From this perspective, the Lagrangian  ℒ, represents a general 
problem of matching and optimization, using multipliers to add nonlinear constraints to the objective 
function, to the form: 

ℒ(ℎ𝑖𝑖 ,𝑘𝑘𝑖𝑖, 𝜆𝜆𝑖𝑖) = 𝑀𝑀𝑀𝑀𝑀𝑀(ℎ𝑖𝑖,𝑘𝑘𝑖𝑖) − 𝜆𝜆𝑖𝑖 ∙ �ln[𝑔𝑔(ℎ𝑖𝑖 ,𝑘𝑘𝑖𝑖)]− ln[�̅�𝑔𝑖𝑖]�,     (A7) 

where 𝑀𝑀𝑀𝑀𝑀𝑀(ℎ𝑖𝑖,𝑘𝑘𝑖𝑖) is the mean squared error of a population 𝑖𝑖; 𝑔𝑔(ℎ𝑖𝑖, 𝑘𝑘𝑖𝑖) is the value to be matched, as a 
function of the parameters of the model modifying the level and pattern of the under-five mortality; �̅�𝑔 is 
the numerical value of the constraint that is specific to population 𝑖𝑖; and 𝜆𝜆𝑖𝑖 is the Lagrange multiplier. 

The general estimation of the model implies finding the values of (ℎ𝑖𝑖, 𝑘𝑘𝑖𝑖, 𝜆𝜆𝑖𝑖) that will make the partial 
derivatives of equation A7 equal to zero. Using the Newton-Raphson approach, we multiply the gradient 
(vector of first derivatives) by the Moore-Penrose inverse of the Hessian (matrix of second derivatives) 
to adjust the values of an initial approximation. Assuming this approximation is relatively close to the 
true solution, the optimal values of (ℎ𝑖𝑖 ,𝑘𝑘𝑖𝑖, 𝜆𝜆𝑖𝑖) can be iteratively calculated by equation A8: 

�
ℎ𝑖𝑖𝑜𝑜

𝑘𝑘𝑖𝑖𝑜𝑜

𝜆𝜆𝑖𝑖𝑜𝑜
� = �
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� −
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 ,     (A8)  

given a set of partial derivatives are calculated numerically, using the following equations as examples: 
𝜕𝜕ℒ
𝜕𝜕ℎ𝑖𝑖

≈ ℒ(ℎ𝑖𝑖+∆,𝑘𝑘𝑖𝑖,𝜆𝜆𝑖𝑖)−ℒ(ℎ𝑖𝑖−∆,𝑘𝑘𝑖𝑖,𝜆𝜆𝑖𝑖)
2∙∆

; 

𝜕𝜕ℒ
𝜕𝜕𝑘𝑘𝑖𝑖

≈ ℒ(ℎ𝑖𝑖,𝑘𝑘𝑖𝑖+∆,𝜆𝜆𝑖𝑖)−ℒ(ℎ𝑖𝑖,𝑘𝑘𝑖𝑖−∆,𝜆𝜆𝑖𝑖)
2∙∆

; 

𝜕𝜕ℒ
𝜕𝜕𝜆𝜆𝑖𝑖

≈ ℒ(ℎ𝑖𝑖,𝑘𝑘𝑖𝑖,𝜆𝜆𝑖𝑖+∆)−ℒ(ℎ𝑖𝑖,𝑘𝑘𝑖𝑖,𝜆𝜆𝑖𝑖−∆)
2∙∆

;          

and 
𝜕𝜕2ℒ

𝜕𝜕ℎ𝑖𝑖𝜕𝜕𝑘𝑘𝑖𝑖
≈ ℒ(ℎ𝑖𝑖+∆,𝑘𝑘𝑖𝑖+∆,𝜆𝜆𝑖𝑖)−ℒ(ℎ𝑖𝑖−∆,𝑘𝑘𝑖𝑖+∆,𝜆𝜆𝑖𝑖)−ℒ(ℎ𝑖𝑖+∆,𝑘𝑘𝑖𝑖−∆,𝜆𝜆𝑖𝑖)+ℒ(ℎ𝑖𝑖−∆,𝑘𝑘𝑖𝑖−∆,𝜆𝜆𝑖𝑖)

4∙∆2
.      

Since matching two inputs is also a problem of optimization, equation A7 can be redefined to have two 
multipliers (one per matching constraint) and no minimization part involved 𝑀𝑀𝑀𝑀𝑀𝑀 = 0, to the form: 
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ℒ�ℎ𝑖𝑖 ,𝑘𝑘𝑖𝑖 , 𝜆𝜆1,𝑖𝑖, 𝜆𝜆2,𝑖𝑖� = −𝜆𝜆1,𝑖𝑖 ∙ �ln[𝑔𝑔1(ℎ𝑖𝑖,𝑘𝑘𝑖𝑖)] − ln��̅�𝑔1,𝑖𝑖�� − 𝜆𝜆2,𝑖𝑖 ∙ �ln[𝑔𝑔2(ℎ𝑖𝑖,𝑘𝑘𝑖𝑖)] − ln��̅�𝑔2,𝑖𝑖�� (A9) 

Optimal solution of equation A9 is feasible using the same iterative procedure of equation A8. However, 
the gradient and the Hessian are augmented in one dimension in order to include the partial derivatives 
of the second multiplier. 
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Appendix Table A1: List of country-years included in the final Under-5 Mortality Database (U5MD) 
used for estimating the coefficients of the log-quadratic model 
 

Country Years  n 
Australia 1935-1971, 1973-2014 79 
Austria 1970-1994, 1996-2016 46 
Belgium 1946-1954, 1956, 1961-1992, 2007-2010, 2013-2014 48 
Canada 1929-1942, 1944-1975, 1977-1986, 1988-1990, 1992, 1995-1997, 1999-2006 71 
Chile 1992-2004, 2007 14 
Denmark 1928-1993, 1997, 2000-2015 83 
Finland 1929-1940, 1946-1990, 1994, 1996-1998, 2000-2015 77 
France 1953-1966, 1975-1992, 1996-1999, 2001-2015 51 
Germany 1991-1994, 1996-1997, 2001-2007, 2010-2015 19 
West Germany 1956-1960, 1970-1971, 1973-1977, 1979-1990 24 
Ireland 1970-1988, 1990-1999, 2001-2006, 2008-2011 39 
Israel 1983-1998, 2000-2016 33 
Italy 1946-1955, 1957-1985, 1987-2013 66 
Japan 1947-1950, 1954-1956, 1958-1959, 1963, 1970-1994, 1996-2000, 2002-2014 53 
Netherlands 1970-1994, 1996, 1998, 2000-2001, 2004-2008 34 
New Zealand 1970-1971, 1973-1975, 1977-2013 42 
Norway 1935-1992, 1995-2001, 2003-2012 75 
Portugal 1970-1993, 1996-1997, 2001-2015 41 
South Korea 2004-2015 12 
Spain 1976-1983, 1987-1991, 1995-1998, 2001-2013 30 
Sweden 1934-2002, 2004-2012 78 
Switzerland 1920-1930, 1970-1982, 1984-1994, 1996, 1998-2016 55 
United Kingdom 1982-1991, 1993, 1996-2001, 2005-2012 25 
England and Wales 1934-1985 52 
United States 1933-1944, 1946-1993, 1995-1998, 2000-2003, 2008-2009, 2014-2015 72 
Total   1,219 
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Appendix Table A2: Mean Bias Error (MBE) of predicted q(x)’s using the log-quadratic model applied 
to the final U5MD with various combinations of outcomes and entry points for estimating k, both sexes 
combined 
 

MBE for the following outcomes: 
Entry point(s) all q(x) q(28d) q(12m) q(5y) 
q(5y) only, k = 0 0.0000 0.0002 0.0001 0.0000 
    [-0.0026, 0.0027] [-0.0161, 0.0168] [-0.0052, 0.0053] - 

q(5y)  and q(7d) 0.0000 0.0000 0.0000 0.0000   
[-0.0019, 0.0019] [-0.0052, 0.0051] [-0.0044, 0.0043] - 

 q(28d) 0.0000 0.0000 0.0000 0.0000   
[-0.0017, 0.0017] - [-0.0043, 0.0042] - 

 q(3m) 0.0000 0.0000 0.0000 0.0000   
[-0.0013, 0.0013] [-0.006, 0.006] [-0.0035, 0.0034] - 

 q(6m) 0.0000 -0.0001 0.0000 0.0000   
[-0.0007, 0.0007] [-0.0126, 0.0119] [-0.002, 0.0021] - 

 q(12m) 0.0000 -0.0002 0.0000 0.0000   
[-0.001, 0.0009] [-0.0192, 0.018] - - 

 all q(x) ✻ 0.0000 0.0000 0.0000 0.0000 
    [-0.0009, 0.0009] [-0.0063, 0.0064] [-0.0029, 0.0029] - 

q(28d, 5y) only, k = 0 -0.0246 -0.0266 -0.0250 -0.0241 
   [-0.0461, -0.0029] [-0.0633, 0.0096] [-0.0484, -0.0018] [-0.0436, -0.005] 

Reported values correspond to the mean of 10,000 random samples: 60% of the life tables were 
used for estimation and 40% for evaluation. 
MBE calculated from the residuals of 487 life tables (40% of sample). 95% CIs reported. 
✻ Using k = k* (Equation(4)) 
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Appendix Figure A1: Observed and Predicted values of nMx in Jordan, 2015, for both sexes combined 
 

 
Observed = unadjusted VR-based nMx values 
Predicted = nMx values predicted on the basis of the log-quadratic model with the observed VR-based 
value of q(28d,5y) and k = 0 as inputs 
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1. Introduction  
The Under-5 Mortality Database (U5MD) used in the accompanying paper “Modeling Age Patterns of 
Under-5 Mortality: Results from a Log-Quadratic Model Applied to High-Quality Vital Registration Data” 
is a newly compiled database for under-5 mortality by detailed age drawn from high-quality Vital 
Registration (VR) data. This database contains annual distributions of under-5 deaths by sex and detailed 
age, representing 25 countries over a time window spreading from the second half of the nineteenth century 
to recent years. This information was used to calculate mortality rates and probabilities of dying by detailed 
age from birth to age 5. The U5MD is freely accessible at https://web.sas.upenn.edu/global-age-patterns-
under-five-mortality/.  

These Supplementary Materials 1 document: (1) the criteria for selecting countries; (2) the sources of 
information, including available variables and country-year exclusions due to insufficient information; (3) 
the procedure for harmonizing age intervals; and (4) the methods for estimating mortality indicators. 

2. Selection of countries 
We selected countries primarily on the basis of a data quality criterion, using the Human Mortality Database 
(HMD) as a reference. The HMD represents a benchmark for mortality estimates in terms of data quality. 
Thus, we decided to select countries only among those included in the HMD. The overlap between the 
HMD and the U5MD allowed us to use some of the relevant HMD information in the estimation procedure 
(see section 3.2).  

One difference, however, is that unlike the HMD we did not include countries of the former Eastern Bloc. 
Numerous authors have pointed out the fact that the Soviet Union used criteria for defining and reporting 
live births and stillbirths that were different from international standards (Anderson et al. 1994; Anderson 
& Silver 1986; Davis & Feshbach 1980; Velkoff & Miller 1995). Indeed, the Soviet Union used a more 
restricted definition of a live birth in terms of weight and gestational age requirements. As a result, some 
live births that ended in death according to the international standard were counted as stillbirths according 
to the Soviet standard and thus excluded from mortality calculations. Another problem was the 
underregistration of infant deaths (among births meeting the Soviet definition of a live birth). This has led 
to significant amounts of understatement of the infant mortality rate in the Soviet Union but also in several 
European countries that were part of the Eastern Bloc and aligned on those definitions and practices 
(Gourbin & Masuy-Stroobant 1995). Studies have shown that underestimation of infant mortality continued 
after 1990, including after adopting international standards for the definition of a live birth (Aleshina & 
Redmond 2005; Guillot et al. 2013; Kingkade & Sawyer 2001). Despite recent improvements in the quality 
of infant mortality information in the region, we made the conservative decision to exclude all the countries 
of the former Eastern Bloc due to the critical importance of the mortality information at early ages in our 
study. 

We also excluded Greece for similar reasons. According to the HMD report (Agorastakis et al. 2017), the 
country was affected by significant undercount of neonatal deaths at least until the 1980s. Finally, we 
removed Iceland and Luxembourg due to small population sizes leading to many zero cell counts in the 
narrow age intervals used in the database. After 2000, the number of deaths between 0 and 5 years tends to 
be less than 10 deaths per year in these two countries. In contrast, the average number of deaths tends to be 
higher than 100 per year in Scandinavian countries for the same period and higher than 1,000 in the other 
countries.  
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As a result of these country exclusions, the U5MD covers 25 countries, instead of 40 for the HMD. The list 
of countries included in the U5MD is presented in Table SM1-1. 

3. Sources of information 
The data come from two primary sources containing raw counts of under-5 deaths by detailed age: historical 
demographic/statistical yearbooks and a UN repository of vital statistics. In addition, we used the HMD as 
a secondary source to fill some gaps in the primary sources and supply information about exposures to the 
risk of death, i.e., the denominators of mortality rates. 

3.1 Primary sources of information 
First, we manually collected age distributions of deaths from archival sources such as national demographic 
or statistical yearbooks. Second, for the period 1970 onwards, we used age distributions of deaths from a 
data repository compiled by the United Nations Statistical Division. Table SM1-1 shows the country-years 
collected from each of these two primary sources. The original version of the U5MD contains 1,741 
country-years. However, in order to build a fully harmonized database by sex and age, we excluded a 
number of country-years due to insufficient information.  

The next subsections provide the main characteristics of these death distributions and the rationale for 
country-year exclusions. 

3.1.1 Sex 
Most of the death distributions that we collected in the original database were available by sex. We 
excluded 81 country-years that had information only for both sexes combined. 

3.1.2 Time periods 
The age distributions of deaths available in the primary sources were period-specific and mostly by calendar 
year (a few exceptions with time periods wider than one year are indicated in Table SM1-1). In the original 
database, the historical demographic/statistical yearbooks provided 1,004 age distributions of deaths from 
1841 to 2001. The UN repository supplied 737 age distributions from 1970 to 2016.  

As a result, the U5MD covers most of the Western experience of mortality transition, with a decline of 
under-5 mortality from around 400 to less than 5 deaths per 1,000 births. 

3.1.3 Heterogeneity and harmonization of age intervals 
3.1.3.1 Heterogeneity of the length of age intervals 

The minimum age breakdown that we required was the distinction between neonatal (< 28 days or 
sometimes < 1 month) vs. post-neonatal deaths (rest of the first year). However, in most cases the available 
tabulations had greater age detail. The UN repository covered the first year of life with harmonized age 
intervals: by day for the first week, by week until the 28th day, and by month for the rest of the first year. 
By contrast, the age intervals available in the historical yearbooks were highly heterogeneous. The tables 
spanned the first five years of age unevenly: 615 age distributions of deaths covered the first year of life 
only, 170 the first two years, and 219 the first five years. 

Age intervals were also reported through a multiplicity of formats. For example, in 1905, the yearbook of 
England and Wales reported neonatal deaths by week of age, and post-neonatal deaths by month of age. 
Starting in 1906, deaths occurring during the first day of life were separately shown. More details were 
introduced in 1931 when deaths occurring in the first week were reported by day of age (the information 
also included the number of deaths occurring within the first half hour of life). Since 1926, post-neonatal 
deaths have been grouped by trimester of age (with the exception of the period 1952-64 tabulated again by 
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month). Figure SM1-1 shows the age distribution of deaths for the first year of life as it appears in The 
Registrar General's Statistical Review of England and Wales for the year 1946. 

In Belgium and France, for many years in the 19th and 20th centuries, deaths were reported by 5-day age 
group for the first 10 or 15 days, and then by 5, 10, or 15-day age group for the rest of the first month. In 
both countries, the post-neonatal information was tabulated unevenly by month, trimester or semester. 
Figure SM1-2 shows the age distribution of deaths for the first five years of life for Belgium in 1924 
provided in the Annuaire Statistique de la Belgique. 

In some cases, few or no age details were reported for neonatal deaths. For example, from 1890 to 1920, 
Danish yearbooks provided the number of deaths in the first day of life as the only breakdown for the 
neonatal period (the yearbooks for the period 1896-1900 did not include breakdown at all). Information for 
the first week was added in 1921. Figure SM1-3 shows the age distribution of deaths provided for first three 
years of age in Denmark’s Statistisk Tablevierk for that year. 

There was no age breakdown within the first month of life in Belgium (1841-1861), Italy (1872-1889), New 
Zealand (1972), Portugal (1940-1954), and The Netherland (1850-1864). 

For the post-neonatal period, the primary sources always include at minimum information by trimester or 
semester (with the exception of West Germany 1966-1988 with no age breakdown). After the first year, 
deaths were mostly reported by single year of age, with some exceptions for the second year: deaths were 
available by month in Australia (1921-1924) and by trimester in Belgium (1841-1861), The Netherlands 
(1850-1864), Norway (1876-1975), and Sweden (1891-1967). 

Both the historical yearbooks and the UN repository have tabulations that include some death counts with 
unknown age. However, age was always identified at least by single year. In total, there are 203 country-
years (including 158 from Norway) with some unknown-age deaths within single year age groups. The 
proportion of deaths with unknown age was small – less than 1% on average. We redistributed these deaths 
proportionally across the available detailed age intervals within single-year age groups.  

3.1.3.2 Heterogeneity of the age format 
In addition to variations in the length of age intervals, the age format also varied across sources. In the UN 
repository, death counts were uniformly formatted by day with months of 28, 60, 90, etc. days, that is with 
a year of 360 days. In the historical yearbooks, deaths were reported as integer by “hours’’, “days’’, 
“weeks”, “months” or “years.”  

3.1.3.3 Harmonizing age intervals 
In order to address the heterogeneity of the data, we harmonized age intervals in two ways. First, we recoded 
the original age formats: in order to estimate the precise exposure time to the risk of mortality, we assumed 
that the average duration of a year was 365.25 days (considering leap years of 366 days). Therefore, we set 
the average duration of a month to 30.4375 days (365.25/12). However, when the exact number of days of 
the first month was available (for example 28 days in Figure SM1-1 or 30 days in Figure SM1-2), we kept 
that exact duration and adjusted the duration of the second month accordingly. 

Second, we harmonized the length of age intervals by week for the first 28 days, by month for the rest of 
the first year, by trimester for the second year, and by year for the three last years, using an interpolation 
method discussed in Section 4. At that stage, we excluded 78 country-years due to insufficient age details 
for performing this harmonization of age intervals. 
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3.1.4 Live births, stillbirths, and false stillbirths 
The definition of a live birth has evolved throughout the 20th century. The early recommendation of the 
League of Nations in 1925 was the presence of breathing as vital sign to define a live birth. From 1950 
onwards, the WHO replaced this recommendation by “any sign of life”, making it more inclusive. This 
recommendation was progressively but unequally adopted by countries until today. For example, during 
the Soviet period, countries of the Eastern bloc often added the viability criteria of gestational duration and 
weight for identifying live births (Gourbin & Masuy-Stroobant 1995; Guillot et al. 2013). The definition of 
stillbirths varied accordingly. 

In Belgium and France, a specific definition for stillbirths, adopted under France’s First Empire, affected 
the measurement of mortality for certain time periods. In both countries, live births that had died before 
civil registration (legally within the first three days after delivery) were registered as stillbirths but tabulated 
separately from actual stillbirths. These “false stillbirths” were registered in Belgium (by sex) from 1879 
to 1955 and from 1958 to 1960 (Glei, Devos, et al. 2017), and in France from 1899 to 1974 (by sex from 
1953 to 1974) (Glei, Wilmoth, et al. 2017). Although we found a large number of death distributions by 
detailed age for these periods, we did not always find corresponding counts of false stillbirths. Therefore, 
we only included in the U5MD those years for which the false stillbirth counts were available by sex, that 
is from 1879 to 1954 in Belgium, and from 1953 to 1966 in France. We added these false stillbirths to the 
number of registered early-neonatal deaths (first week of age). These false stillbirths are thus taken into 
account in the estimation of mortality for those periods. 117 country-years were excluded from the database 
at that stage either because the false stillbirth count was not available at all, or because it was only available 
for both sexes combined. 

3.2 Secondary source of information: The Human Mortality Database 
We used the Human Mortality Database (HMD) as secondary source of information (Human Mortality 
Database 2018). The HMD is a public database that provides annual mortality and population data from 
birth to oldest ages by single year of age. The HMD provides data for 40 countries. The selection of 
countries was “limited by design to populations where death registration and census data are virtually 
complete, since this type of information is required for the uniform method used to reconstruct historical 
data series. As a result, the countries and areas included here are relatively wealthy and for the most part 
highly industrialized”. The U5MD follows that criterion of virtual completeness by selecting, among the 
available data in the primary sources of information, only the country-years included in the HMD. 
Therefore, the U5MD can be seen as a complement to the HMD with greater age granularity at the early 
ages of life. 

We used death counts from the HMD to fill potential missing information in the primary sources between 
exact ages 1 and 5. We also used the HMD exposures to the risk of dying for estimating mortality rates (see 
Section 5). 

We extracted annual death counts and annual exposures to the risk of dying by single year of age. Note that, 
for both deaths and exposures, we combined the information for England and Wales, Scotland, and 
Northern Ireland to obtain the total counts for the UK. The total count for the UK is only available from 
1982 onwards. Before 1982, the database provides the counts for England and Wales only. For consistency, 
we also aggregated the HMD data for the few periods that are longer than one year in the U5MD. 
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3.2.1 Death counts 
We extracted death counts by sex for the first five years of life from the “input data files”, i.e., the published 
raw deaths. These data were available in different Lexis areas (squares, triangles, and parallelograms) in 
the HMD primary sources. Therefore, we adopted the following rules to compute death counts by single 
year of age and one-year period (1x1 in the HMD terminology): 

• When deaths were classified in lower and upper triangles, we added them up to obtain 1x1 Lexis 
squares. 

• When deaths were classified by cohort in parallelograms centered on exact age (“VV” in HMD 
notation), we divided them into two triangles under assumption of uniform distribution. We then 
summed lower and upper triangles to obtain 1x1 Lexis squares. 

• Some age intervals were not available by single year in the raw data. In these cases, we used the 
split age intervals of the HMD “complete data series” (adjusted death counts). More specifically, 
we used the relative age distributions of those adjusted deaths. 

• We excluded data with LDB variable = 0. These correspond to data marked as “not used to create 
the Lexis database” in the HMD. 

• When several death counts existed within the same 1x1 Lexis square, we summed them up to obtain 
the full 1x1 count. 

• We ignored deaths with unknown age, which in the case of the HMD apply to the entire age range 
(0 to 100+).  

3.2.2 Exposure to the risk of death 
All exposure terms used in the U5MD were borrowed from the HMD “complete data series” with 1x1 Lexis 
squares. These exposures are expressed in person-years. In most cases, they correspond to mid-year 
population estimates derived from census enumerations assuming uniformity in the distribution of events 
(Wilmoth et al. 2017). However, when data on monthly births were available, the HMD team estimated 
person-years using this more detailed information (instead of making the assumption of uniformity in the 
distribution of births within a calendar year). 

4. Harmonization of age intervals 
All mortality estimates were computed for the same harmonized age intervals: weeks for the first 28 days, 
months for the rest of the first year, trimesters for the second year, and years for the last three years. This 
gives 22 age intervals with the following exact-age cut-off points: 0, 7, 14, 21, 28 days; 2, 3, 4, 5, 6, 7, 8, 
9, 10, 11, 12, 15, 18, 21 months; 2, 3, 4, 5 years.  

Approaches for harmonizing age groups typically rely on interpolation methods. For example,  to 
disaggregate death counts into single-year age groups, the HMD adopted a cubic spline interpolation 
method proposed by McNeil et al. (1977) applied to cumulative distributions of deaths. As noted in the 
HMD methods protocol (Wilmoth et al. 2017), the drawback of this approach is that the curve may 
sometimes decrease with age, generating negative counts of deaths. Such decreases with age are generally 
due to spurious oscillations created by the splines because of strong gradients in the data or non-equidistant 
points. To address this issue, which occur primarily at the oldest ages, the HMD protocol used specific 
constraints. However, the HMD approach does not completely eliminate negative deaths when applied to 
the U5MD. Therefore, we adopted an alternative interpolation method based on piecewise cubic 
interpolation or Hermite-type interpolation (Steffen 1990). This method guarantees a monotonic function 
in every case. 
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The method constructs a piecewise cubic interpolation function that passes through N given data points. It 
uses parabolas to determine the slope of the curve at an interval point i passing through points (xi-1, yi-1; xi, 
yi; xi+1, yi+1). Then a piecewise cubic function is constructed for each interval (xi, xi+1). With this approach, 
the slope of the curve has a continuous first-order derivative over the whole set of points. To ensure that 
the interpolation curves behave monotonically, the method verifies if the parabolas are monotonic. When 
it is not the case, the method takes as the slope the smallest of the two secants crossing either (xi-1, yi-1; xi, 
yi) or (xi, yi; xi+1, yi+1). For boundaries, the method uses the same approach but estimates the slope for the 
first (or last) point with parabolas fitted on the two next (or previous) points, and only using one secant. 

We applied Steffen's method to cumulative distributions of deaths by sex. Harmonized deaths for both sexes 
combined were obtained by merging harmonized deaths by sex. In order to make the procedure robust, we 
applied the method only to the country-years that had at least a cut-off point between 7 days and 1 month 
(28 days or 30 days depending on the data format). We removed 78 country-years at that stage due to the 
absence of such cut-off point.  

In total, the fully-harmonized database for which mortality rates were estimated thus contains 1,465 country 
years, i.e., 276 fewer than the original database (see Table SM1-1).  

5. Mortality estimation 
Using conventional notation, nMx[t,t+1) is the mortality rate in the age interval [x,x+n) and for the period 
[t,t+1). q(x)[t,t+1) is the probability of dying between age 0 and x for the same period. Estimates are period-
specific and mostly annual, i.e., they describe the mortality experience of a synthetic cohort for a given 
year.  

We estimated age-specific mortality rates nMx by dividing the number of deaths nDx by the exposure to the 
risk of dying nEx (expressed in person-years) for the period [t,t+1), as shown in the following equation: 

 𝑛𝑛𝑀𝑀𝑥𝑥[𝑡𝑡, 𝑡𝑡 + 1)  =  
 𝑛𝑛𝐷𝐷𝑥𝑥 [𝑡𝑡, 𝑡𝑡 + 1) 
 𝑛𝑛𝐸𝐸𝑥𝑥  [𝑡𝑡, 𝑡𝑡 + 1) 

 

As explained in section 3.2, we extracted exposures to the risk of dying from the HMD by single year of 
age 1Ex’ where x' is the lower bound of the age interval. In order to estimate the exposure for the detailed 
intervals of the U5MD (weeks, months, and trimesters), we assumed a uniform distribution of the exposure 
within the year interval. With this assumption, the exposure term is proportional to the length of each age 
interval n (expressed in years): 

 𝑛𝑛𝐸𝐸𝑥𝑥[t, t + 1) =   1𝐸𝐸𝑥𝑥′[t, t + 1)  ∙  𝑛𝑛  

 where x' ≤ x < x'+1 and n < 1. 

We then computed cumulative probabilities of dying q(x) with the assumption that mortality rates were 
constant within each detailed age interval: 

𝑞𝑞(𝑥𝑥) =  1 − 𝑒𝑒−�  𝑛𝑛𝑀𝑀𝑎𝑎 ∙ 𝑛𝑛  
𝑥𝑥−𝑛𝑛
𝑎𝑎=0  

22 estimates of nMx and q(x) were thus calculated for each country-year, by sex and for both sexes combined: 
four estimates by week of age for the neonatal period; 11 estimates by month at post-neonatal ages; four 
estimates by trimester for the second year of life; and three estimates by single year of age for the remaining 
three years. This gives the following arrays: 
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For age-specific mortality rates, nMx: 
7M0(d), 7M7(d), 7M14(d), 7M21(d), 
1M1(m), 1M2(m), 1M3(m), 1M4(m), 1M5(m), 1M6(m), 1M7(m), 1M8(m), 1M9(m), 1M10(m), 1M11(m), 
3M12(m), 3M15(m), 3M18(m), 3M21(m), 
1M2(y), 1M3(y), 1M4(y) 
 
For cumulative probabilities of dying from birth to age x, q(x): 
q(7d), q(14d), q(21d), q(28d), 
q(2m), q(3m), q(4m), q(5m), q(6m), q(7m), q(8m), q(9m), q(10m), q(11m), q(12m), 
q(15m), q(18m), q(21m), q(24m) 
q(3y), q(4y), q(5y) 
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Table SM1-1. Country-years included in the original and the harmonized versions of  
the Under-5 Mortality Database (U5MD) 

Country 

Original VR database 

 

Excluded country-
years due to 
insufficient 
information on: 

 Fully  
harmo-
nized 
database 

Years 
Sources  

Sex 
False 
still-
births 

Age 
 

Total Statistical 
Yearbooks 

UN 
Database 

Total   

Australia 1921-71, 1973-2014 51 42 93 
    

 93 
Austria 1970-94, 1996-2016 - 46 46 

    
 46 

Belgium 1841-60, 1861-70*, 1878-84, 1886-1913,  113 22 135 
 

33 26 (21**)  76 
1919-56, 1958-92, 2007-10, 2013-14 

 
 

Canada 1929-42, 1944-75, 1977-86, 1988-90, 41 30 71 
    

 71 
1992, 1995-97, 1999-2006 

 
 

Chile 1992-2005, 2007 - 14 14 
    

 14 
Denmark 1890-94, 1896-1993, 1997, 2000-2015 79 41 120 

   
30  90 

Finland 1878-1920, 1921-25*, 1926-40, 1946-90, 91 33 124 
    

 124 
1994, 1996-98, 2000-15 

 
 

France 1855-68, 1877-1889, 1891-1947, 1950-66,  101 41 142 
  

91 
 

 51 
1970-72, 1974-92, 1996-99, 2001-15 

 
 

Germany 1991-94, 1996-97, 2001-07, 2010-15 - 19 19 
    

 19 
West 
Germany 

1956-60, 1970-71, 1973-77, 1979-90 5 19 24 
    

 24 

Ireland 1970-88, 1990-99, 2001-06, 2008-11 - 39 39 
    

 39 
Israel 1983-98, 2000-16 - 33 33 

    
 33 

Italy 1872-89, 1926-33, 1939-55, 1957-85, 85 14 99 
   

18  81 
1987-2013 

 
 

Japan 1947-50, 1954-56, 1958-59, 1963, 1970-94, 10 43 53 
    

 53 
1996-2000, 2002-14 

 
 

Netherlands 1850-64, 1970-94, 1996, 1998, 2000-01, 15 34 49 
   

15  34 
2004-08 

 
 

New 
Zealand 

1970-75, 1977-2013 - 43 43 
   

1  42 

Norway 1876-1900, 1901-05*, 1906-26, 1927-30*,  93 34 127 
    

 127 
1931-92, 1995-2001, 2003-12 

 
 

Portugal 1940, 1942-59, 1962, 1970-93, 1996-97, 20 41 61 
   

14  47 
2001-15 

 
 

South Korea 2004-15 - 12 12 
    

 12 
Spain 1976-83, 1987-91, 1995-98, 2001-13 - 30 30 

    
 30 

Sweden 1891-02, 2004-12 111 10 121 
    

 121 
Switzerland 1877-79, 1882-83, 1911-82, 1984-94, 64 44 108 

 
48 

  
 60 

1996, 1998-2016 
 

 
United 
Kingdom 

1982-91, 1993, 1996-2001, 2005-12 - 25 25 
    

 25 

England and 
Wales 

1905-1985 65 16 81 
    

 81 

United 
States 

1933-44, 1946-93, 1995-98, 2000-03, 60 12 72 
    

 72 
2008-09, 2014-15   

Total   1,004 737 1,741   81 117 78   1,465 
* Deaths aggregated over the indicated range of years         
** Country-years first excluded due to lack of data by sex         
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Figure SM1-1. Age distribution of infant deaths in The Registrar General's Statistical Review of 
England and Wales for the year 1946 
 

 

 

 

 

 

Figure SM1-2. Age distribution of under-5 deaths in Belgium’s Annuaire Statistique de la 
Belgique for the year 1924 
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Figure SM1-3. Age distribution of deaths under age 3 in Denmark’s Statistisk Tablevierk for the 
year 1921 
 

 



Supplementary Materials 2: Additional Figures

Figure SM2-1: Included and excluded country-years in the final U5MD according to (a)
the time trends of 7M0(d) and q(28d,5y), and (b) the relationship between 7M0(d) and
q(28d,5y), both sexes combined, by country
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Figure SM2-2: Included and excluded country-years in the final U5MD according to (a)
the time trends of 7M0(d) and q(28d,5y), and (b) the relationship between 7M0(d) and
q(28d,5y), both sexes combined, all 25 countries
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Figure SM2-3: Country-specific relationship between q(28d) and q(5y) with observed values
in the final U5MD and values predicted using the log-quadratic model with k=0, ±1, both
sexes combined
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