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WWklv sdshu gudzv khdylo| iurp wzr hduolhu sdshuv ri rxuv/ 3Edujdlqlqj dqg Lqyhvwphqw lq d
Wzr0Vlghg Pdwfklqj Prgho4 dqg 3H!flhqw Qrq0Frqwudfwleoh Lqyhvwphqwv14 Zh wkdqn Gdurq
Dfhprjox/ Mhuh Ehkupdq/ Mrkq Prruh/ Pdun Urvhq}zhlj/ Lo|d Vhjdo/ Udqgdoo Zuljkw/ dqrq|0
prxv uhihuhhv ri wklv mrxuqdo/ dqg vhplqdu dxglhqfhv dw qxphurxv xqlyhuvlwlhv iru khosixo glvfxv0
vlrq dqg frpphqwv1 Wkh uhvhdufk uhsruwhg khuh zdv frqgxfwhg zkloh Froh zdv d phpehu ri wkh
Uhvhdufk Ghsduwphqw ri wkh Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv1 Wkh ylhzv h{suhvvhg khuhlq
duh wkrvh ri wkh dxwkruv dqg qrw qhfhvvdulo| wkrvh ri wkh Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv
ru wkh Ihghudo Uhvhuyh V|vwhp1

_Pdlodwk dqg Srvwohzdlwh judwhixoo| dfnqrzohgjh ?qdqfldo vxssruw iurp wkh QVI1



H!flhqw Qrq0Frqwudfwleoh Lqyhvwphqwv lq Ilqlwh
Hfrqrplhv

e|
Kdurog O1 Froh/ Jhrujh M1 Pdlodwk/ dqg Dqguhz Srvwohzdlwh

Devwudfw

Lqyhvwruv pdnlqj frpsohphqwdu| lqyhvwphqwv w|slfdoo| gr qrw kdyh lqfhqwlyhv
wr lqyhvw h!flhqwo| zkhq wkh| fdqqrw frqwudfw sulru wr wkhlu ghflvlrqv1 Zkhq
wkh| edujdlq ryhu wkh vxusoxv jhqhudwhg e| wkhlu lqyhvwphqwv/ wkh| zloo xvxdoo|
qrw rewdlq wkh ixoo iuxlwv ri wkh lqyhvwphqw1 Lqwxlwlyho|/ wklv krog0xs sureohp
vkrxog eh dpholrudwhg li/ lq wkh edujdlqlqj vwdjh/ hdfk djhqw kdv dowhuqdwlyhv wr
wkh sduwqhu kh lv edujdlqlqj zlwk1 Zh fkdudfwhul}h wkh pdwfklqj dqg glylvlrq
ri vxusoxv lq ?qlwh hfrqrplhv iru dq| lqlwldo lqyhvwphqw ghflvlrqv1 Zh surylgh
frqglwlrqv rq wkrvh ghflvlrqv wkdw jxdudqwhh wkdw hdfk djhqw zloo fdswxuh wkh
fkdqjh lq wkh djjuhjdwh vrfldo vxusoxv wkdw uhvxowv iurp dq| lqyhvwphqw fkdqjh kh
pdnhv1 Zh ixuwkhu vkrz wkdw iru dq| jlyhq sureohp/ wkhuh h{lvwv d edujdlqlqj uxoh
e| zklfk sdluv vsolw wkhlu vxusoxv wkdw zloo vxssruw h!flhqw lqyhvwphqw fkrlfhv lq
htxloleulxp1 Zh dovr vkrz/ krzhyhu/ wkdw ryhulqyhvwphqw ru xqghulqyhvwphqw fdq
rffxu iru qdwxudo edujdlqlqj uxohv1 Mrxuqdo ri Hfrqrplf Olwhudwxuh fodvvl?fdwlrq
qxpehuv= F:;/ G74/ G841
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H!flhqw Qrq0frqwudfwleoh Lqyhvwphqwv lq Ilqlwh Hfrqrplhv
e|

Kdurog O1 Froh/ Jhrujh M1 Pdlodwk/ dqg Dqguhz Srvwohzdlwh

41 Lqwurgxfwlrq

Lqyhvwruv pdnlqj frpsohphqwdu| lqyhvwphqwv w|slfdoo| gr qrw kdyh lqfhqwlyhv
wr lqyhvw h!flhqwo| zkhq wkh| fdqqrw frqwudfw sulru wr wkhlu ghflvlrqv1 Zkhq
lqyhvwruv edujdlq ryhu wkh vxusoxv jhqhudwhg e| wkhlu lqyhvwphqwv/ wkh| zloo xvx0
doo| qrw rewdlq wkh ixoo iuxlwv ri wkh lqyhvwphqw1 Lqwxlwlyho|/ wklv krog0xs sureohp
vkrxog eh dpholrudwhg iru d jlyhq djhqw li/ lq wkh edujdlqlqj vwdjh/ wkhuh duh
dowhuqdwlyh sduwqhuv iru wkh djhqw kh lv edujdlqlqj zlwk1 Zkhq wkhuh duh forvh
vxevwlwxwhv iru dq| jlyhq djhqw/ frpshwlwlrq dprqj wkrvh srwhqwldo sduwqhuv fdq
lqghhg dpholrudwh wkh krog0xs sureohp/ uhvxowlqj lq pruh h!flhqw lqyhvwphqwv1
Froh/ Pdlodwk/ dqg Srvwohzdlwh ^8` dqdo|}hg d wzr0vlghg pdwfklqj prgho lq zklfk
d frqwlqxxp ri ex|huv dqg vhoohuv pdnh lqyhvwphqw ghflvlrqv sulru wr d pdwfklqj
vwdjh1 Vxevhtxhqw wr wkrvh lqyhvwphqwv/ djhqwv pdwfk/ surgxfh/ dqg vsolw wkh
vxusoxv wkdw uhvxowv iurp wkdw surgxfwlrq1 Zh vkrzhg wkhuh wkdw li edujdlqlqj
uhvshfwhg rxwvlgh rswlrqv lq wkh vhqvh wkdw wkh uhvxowlqj doorfdwlrq zdv lq wkh fruh
ri wkh dvvljqphqw jdph/ h!flhqw lqyhvwphqw ghflvlrqv frxog dozd|v eh vxssruwhg
lq htxloleulxp1

Zlwk d frqwlqxxp ri djhqwv/ qhduo| doo djhqwv kdyh hvvhqwldoo| shuihfw vxevwl0
wxwhv1 Ixuwkhu/ qr djhqw fdq d>hfw rwkhu djhqwv* sd|r>v wkurxjk klv rzq lqyhvw0
phqw1 Iru vrph sureohpv/ d frqwlqxxp sodxvleo| fdswxuhv lqwhqvh frpshwlwlrq
dprqj djhqwv iru sduwqhuv/ exw iru rwkhu sureohpv/ wkhuh lv d qdwxudo sdlulqj ri
sduwqhuv/ zlwk hdfk djhqw idflqj lqihulru dowhuqdwlyhv vkrxog kh ohdyh wkh pdwfk
zklfk lv prvw h!flhqw1 Lq wklv sdshu zh suhvhqw d ?qlwh djhqw prgho wkdw doorzv
xv wr dqdo|}h wkh fdvh ri lpshuihfw frpshwlwlrq dprqj srwhqwldo sduwqhuv/ wkh
h>hfw wkdw uhgxfhg frpshwlwlrq kdv rq lqyhvwphqwv/ dqg wkh srvvlelolw| wkdw dq
lqglylgxdo djhqw*v lqyhvwphqw fdq d>hfw rwkhu djhqwv* sd|r>v1 Zh vkrz wkdw wkh
?qlwhqhvv ri wkh vhw ri djhqwv lv qrw qhfhvvdulo| d eduulhu wr h!flhqw lqyhvwphqw gh0
flvlrqv1 Djhqwv* lqyhvwphqw ghflvlrqv zloo ghshqg rq wkh edujdlqlqj surfhvv wkdw
ghwhuplqhv wkh vsolw ri wkh vxusoxv wr dq| sdlu/ dqg iru dq| h!flhqw lqyhvwphqw
ghflvlrqv/ wkhuh lv d edujdlqlqj uxoh wkdw uhvshfwv wkh rxwvlgh rswlrqv uhsuhvhqwhg
e| uhpdwfklqj zklfk zloo vxssruw wkrvh h!flhqw lqyhvwphqw ghflvlrqv1

Dowkrxjk wkh vhwv ri frpshwlwlyh dqg fruh doorfdwlrqv ri wkh hfrqrplhv iru
?{hg lqyhvwphqwv duh wkh vdph/ wkh h{lvwhqfh ri d edujdlqlqj uxoh wkdw surylghv
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lqfhqwlyhv iru h!flhqw lqyhvwphqw lv qrw dvvxuhg e| hlwkhu wkh ?uvw ru vhfrqg zho0
iduh wkhruhpv1 Lw lv wuxh wkdw wkh hfrqrp| zlwk frpsohwh pdunhwv iru lqyhvwphqwv
kdv d Zdoudvldq htxloleulxp dqg wkdw wkh htxloleulxp lv h!flhqw1 Wkh sulfhv lq
wklv htxloleulxp fdqqrw/ krzhyhu/ eh xvhg wr frqvwuxfw d edujdlqlqj uxoh iru wkh
djhqwv1 Wkh gl!fxow| lv wkdw iru dq djhqw wr ghwhuplqh zkhwkhu d sduwlfxodu
lqyhvwphqw lv rswlpdo/ kh pxvw frpsduh wkh frqvhtxhqfhv ri wkdw lqyhvwphqw wr
dowhuqdwlyh lqyhvwphqwv1 Exw frpshwlwlyh sulfhv rqo| ghwhuplqh vxusoxv glylvlrqv
iru htxloleulxp fkrlfhv1 Lq d zruog zlwk d ?qlwh qxpehu ri djhqwv/ frpshwlwlyh
sulfhv duh w|slfdoo| qrw pdunhw fohdulqj zkhq qrqhtxloleulxp fkrlfhv kdyh ehhq
pdgh1 Lq frqwudvw/ zh uhtxluh wkdw wkh edujdlqlqj eh frqvlvwhqw zlwk erwk ihdvl0
elolw| dqg rxwvlgh rswlrqv iru doo lqyhvwphqwv/ qrw mxvw htxloleulxp rqhv14

Wkh h{lvwhqfh ri d edujdlqlqj uxoh frqvlvwhqw zlwk h!flhqf| grhv qrw qhfhvvdu0
lo| phdq wkdw h!flhqw lqyhvwphqwv duh jxdudqwhhg/ krzhyhu1 Edujdlqlqj uxohv duh
qrw d fkrlfh yduldeoh ri wkh sduwlflsdqwv> lw lv uhdvrqdeoh wr wklqn ri edujdlqlqj
uxohv wkdw kdyh klvwrulfdoo| hyroyhg zlwklq d jlyhq vrflhw|1 Dq| jlyhq edujdlqlqj
uxoh jryhuqlqj d vrflhw| zloo jhqhudoo| qrw eh frqvlvwhqw zlwk h!flhqw htxloleulxp
lqyhvwphqwv iru prvw frq?jxudwlrqv ri djhqw fkdudfwhulvwlfv1

Hyhq li wkh 3uljkw4 edujdlqlqj uxoh lv lq irufh/ htxloleulxp lqyhvwphqw ghfl0
vlrqv qhhg qrw eh h!flhqw1 Zkloh wkhuh lv dozd|v vrph edujdlqlqj uxoh wkdw zloo
vxssruw h!flhqw lqyhvwphqw/ wkhuh zloo riwhq eh pxowlsoh htxloleuld/ vrph ri zklfk
h{klelw lqh!flhqw htxloleulxp fkrlfhv vwhpplqj iurp frruglqdwlrq idloxuh= hdfk
vlgh lv lqyhvwlqj lqh!flhqwo|/ exw qhlwkhu vlgh ?qgv lw ehqh?fldo wr xqlodwhudoo|
dowhu lqyhvwphqw1

Lqwxlwlyho|/ wkh 3uljkw4 edujdlqlqj uxoh uhtxluhv djhqwv wr ixoo| dssursuldwh
wkh ydoxh ri wkhlu ghflvlrqv +wr xvh wkh odqjxdjh ri Pdnrzvnl dqg Rvwur| ^47`,1
Wkh vlpsohvw yhuvlrq ri wkh vx!flhqw frqglwlrqv iru wklv wr eh wuxh lqyroyhv elqg0
lqj rxwvlgh rswlrqv/ vr wkdw doo djhqwv* sd|r>v duh frpsohwho| ghwhuplqhg e| wkh
sd|r>v wkdw dq| vlqjoh djhqw uhfhlyhv1 Zlwk d ?qlwh srsxodwlrq/ wklv uhtxluhv
wkdw pxowlsoh djhqwv duh fkrrvlqj wkh dwwulexwhv wkdw duh dovr fkrvhq e| rwkhu
djhqwv1 Li hdfk djhqw lv lglrv|qfudwlf +iru h{dpsoh/ kdv gl>huhqw frvwv ri dftxlulqj
dwwulexwhv,/ wkhq h!flhqw dwwulexwh fkrlfhv zloo qrw lpso| elqglqj rxwvlgh rs0
wlrqv1 H!flhqf| wkhq uhvxowv rqo| li wkh edujdlqlqj ehwzhhq djhqwv uhvxowv lq d
sduwlfxodu rxwfrph +vhh/ lq sduwlfxodu/ wkh glvfxvvlrq diwhu Sursrvlwlrq 7,1 Rq
wkh rwkhu kdqg/ rxwvlgh rswlrqv gr olplw wkh djuhhphqwv wkdw djhqwv fdq frph
wr/ dqg wkh ulfkhu wkh vhw ri fkrvhq dwwulexwhv/ wkh forvhu wr elqglqj wkh rxwvlgh
rswlrqv ehfrph1 D sodxvleoh +exw lqfruuhfw, frqmhfwxuh lv wkdw dv wkh qxpehu ri
djhqwv ehfrphv odujh/ rxwvlgh rswlrqv ehfrph elqglqj dqg vr lq odujh hfrqrplhv/
zh kdyh ixoo dssursuldwlrq1 Wkh frqmhfwxuh idlov hyhq zkhq wkh vhw ri djhqwv lv

4Wklv lv glvfxvvhg lq pruh ghwdlo lq Vhfwlrq 91
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ulfk +lq wkh vhqvh wkdw hdfk djhqw kdv d forvh frpshwlwru lq h{rjhqrxv fkdudfwhu0
lvwlfv,/ suhflvho| ehfdxvh dwwulexwhv duh hqgrjhqrxv= djhqwv pd| qrw kdyh d forvh
frpshwlwru lq dwwulexwhv1

Wkh rxwolqh ri wkh sdshu lv dv iroorzv1 Lq wkh qh{w vhfwlrq/ zh suhvhqw wkh
irupdo prgho +Vhfwlrq 5, dqg fkdudfwhul}h wkh edujdlqlqj rxwfrphv +Vhfwlrq 6,1
Vhfwlrq 7 surylghv vx!flhqw frqglwlrqv iru djhqwv wr uhfhlyh wkh vrfldo ydoxh ri
wkhlu lqyhvwphqwv/ dqg Vhfwlrq 8 frpsduhv wkh fdvhv lq zklfk djhqwv fdq dqg
fdqqrw frqwudfw sulru wr lqyhvwlqj1 Ilqdoo|/ Vhfwlrq 9 glvfxvvhv wkh uhodwlrqvkls
ehwzhhq rxu uhvxowv dqg wkh zhoiduh wkhruhpv/ zkloh Vhfwlrq : ghvfulehv uhodwhg
olwhudwxuh1

51 Wkh lqyhvwphqw sureohp

Dq lqyhvwphqw sureohp ý lv wkh froohfwlrq iL> M>E> V>#> f> yj/ zkhuh

î L dqg M duh glvmrlqw ?qlwh vhwv ri ex|huv dqg vhoohuv>

î E dqg V duh/ uhvshfwlyho|/ wkh vhw ri srvvleoh dwwulexwhv +lqfrph/ zhdowk/ ru
zloolqjqhvv wr sd|, ex|huv fdq fkrrvh iurp dqg wkh vhw ri srvvleoh dwwulexwhv
+txdolw| ri jrrg, iru vhoohuv>

î # = E û L $ ?n/ zkhuh #+e> l, lv wkh frvw wr ex|hu l ri dwwulexwh e>
î f = V û M $ ?n/ zkhuh f+v> m, lv wkh frvw wr vhoohu m ri dwwulexwh v> dqg
î y = E û V $ ?n/ zkhuh y+e> v, lv wkh vxusoxv jhqhudwhg e| d ex|hu zlwk
dwwulexwh e pdwfklqj zlwk d vhoohu zlwk dwwulexwh v1

Zh dvvxph E dqg V duh frpsdfw vxevhwv ri ?n1 Zh dvvxph +zlwkrxw orvv ri
jhqhudolw|, wkdw wkhuh duh htxdo srsxodwlrqv ri ex|huv dqg vhoohuv15 Zh dvvxph
wkdw y glvsod|v frpsohphqwdulwlhv lq dwwulexwhv +y lv vxshuprgxodu,= iru e ? eâ dqg
v ? vâ/ y+eâ> v,.y+e> vâ, é y+e> v,.y+eâ> vâ,1 Htxlydohqwo|/ li y lv F2/ C2y@CeCv è 31
Zh zloo vrphwlphv dvvxph wkdw wkh vxusoxv ixqfwlrq lv vwulfwo| vxshuprgxodu/ l1h1/
y+eâ> v, . y+e> vâ, ? y+e> v, . y+eâ> vâ, iru doo e ? eâ dqg v ? vâ1 Zh dovr dvvxph y
lv frqwlqxrxv dqg vwulfwo| lqfuhdvlqj lq e dqg lq v/ dqg wkdw # +ü> l, dqg f +ü> m, duh
frqwlqxrxv dqg vwulfwo| lqfuhdvlqj lq e dqg lq v/ uhvshfwlyho|1

Zh prgho wkh edujdlqlqj dqg pdwfklqj surfhvv wkdw iroorzv wkh dwwulexwh
fkrlfhv dv d frrshudwlyh jdph1 Jlyhq d ?{hg glvwulexwlrq ri dwwulexwhv ri ex|huv
dqg vhoohuv/ wkh uhvxowlqj frrshudwlyh jdph lv dq dvvljqphqw jdph= wkhuh duh wzr

5Wkh fdvh ri pruh ex|huv wkdq vhoohuv/ iru h{dpsoh/ lv kdqgohg e| dgglqj dgglwlrqdo vhoohuv
zlwk dwwulexwh f dqg vhwwlqj ñEKc fä ' f iru doo K1
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ex|hu*v vkduh +{ð, 5 7�2
ex|hu*v dwwulexwh +eð, 5 6

ex|hu +l, 4 5
vhoohu +m, 4 5

vhoohu*v dwwulexwh +væ, 5 6
vhoohu*v vkduh +sæ, 5 7�2

Iljxuh 514= Dq h{dpsoh zlwk wzr ex|huv dqg vhoohuv1

srsxodwlrqv ri djhqwv +khuh/ ex|huv dqg vhoohuv,/ zlwk hdfk sdlu ri djhqwv +rqh
iurp hdfk srsxodwlrq, jhqhudwlqj vrph ydoxh1 Wr glvwlqjxlvk wklv dvvljqphqw
jdph iurp wkh dvvljqphqw jdph zh ghvfuleh lq Vhfwlrq 8/ zh fdoo wklv dvvljqphqw
jdph wkh h{ srvw dvvljqphqw jdph +lqglfdwlqj wkdw dwwulexwh fkrlfhv duh wdnhq dv
?{hg,1 Dq rxwfrph lq wkh dvvljqphqw jdph lv d pdwfklqj +hdfk ex|hu pdwfklqj
zlwk qr pruh wkdq rqh vhoohu dqg hdfk vhoohu pdwfklqj zlwk qr pruh wkdq rqh
ex|hu, dqg d edujdlqlqj rxwfrph ru sd|r> +d glylvlrq ri wkh ydoxh jhqhudwhg e|
hdfk pdwfkhg sdlu ehwzhhq phpehuv ri wkdw sdlu,1 Zh ghqrwh wkh ex|hu*v vkduh
ri wkh vxusoxv e| { è 3 dqg wkh vhoohu*v vkduh e| s è 3/ zlwk {. s é y+e> v,16

Gh?qlwlrq 41 D pdwfklqj p lv d ixqfwlrq p = L $ M ^i>j/ zkhuh p lv rqh0wr0
rqh rq p3�+M,/ dqg > lv lqwhusuhwhg dv qr pdwfk1

Gh?qlwlrq 51 D edujdlqlqj rxwfrph +{>s, 5 ?Un û ?an lv ihdvleoh iru wkh
pdwfklqj p li {ð . s6Eðä é y+eð> v6Eðä, zkhqhyhu p+l, 9@ >/ {ð @ 3 zkhqhyhu
p+l, @ >/ dqg sæ @ 3 zkhqhyhu m @5 p+L,1 D edujdlqlqj rxwfrph lv ihdvleoh li lw
lv ihdvleoh iru vrph pdwfklqj1

Wr looxvwudwh wkh pdwfklqj0edujdlqlqj surfhvv/ vxssrvh wkhuh duh wzr ex|huv/
i4> 5j/ dqg wzr vhoohuv/ i4> 5j1 Iru qrz/ zh ?{ wkh dwwulexwhv ri wkh ex|huv dqg
vhoohuv dv lq Iljxuh 5141 Wkh vxusoxv jhqhudwhg e| d sdlu +e> v, lv jlyhq e| wkh
surgxfw ri wkhlu dwwulexwhv/ y +e> v, @ e ü v1 Iljxuh 514 glvsod|v rqh sduwlfxodu
edujdlqlqj rxwfrph iru wklv hqylurqphqw zlwk hdfk ri wkh wzr froxpqv uhsuhvhqw0
lqj d pdwfkhg sdlu dqg wkh vsolw ri wkh vxusoxv iru wkdw sdlu1 Wrwdo vxusoxv lv
pd{lpl}hg e| wkh lqglfdwhg pdwfklqj/ dqg wkh vsolw ri wkh vxusoxv iru wkh sdluv
lv xqltxh li wkh vkdulqj uxoh lv v|pphwulf zlwk uhvshfw wr ex|huv dqg vhoohuv1

Vxssrvh qrz wkdw dwwulexwhv duh qrw ?{hg/ exw duh fkrvhq iurp wkh vhw i5> 6j1
Zh irfxv rq wkh ehkdylru ri vhoohu 4/ zlwk wkh dwwulexwhv ri wkh rwkhu djhqwv

6Qrwh wkdw vkduhv duh dprxqwv/ qrw iudfwlrqv1
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{ð 6 7�2
eð 5 6
l 4 5
m 4 5
væ 6 6
sæ 6 7�2

Iljxuh 515= Vhoohu 4 zlwk dwwulexwh v @ 61

xqfkdqjlqj17 Li wkh vxusoxv lv dozd|v glylghg htxdoo| dqg vhoohu 4 fkrvh lqvwhdg
v @ 6/ wkhq wkh pdwfklqj dqg vxusoxv glylvlrq duh dv lq Iljxuh 5151

Lq wklv h{dpsoh/ htxdo glylvlrq ylrodwhv htxdo wuhdwphqw= Wkh wzr vhoohuv kdyh
wkh vdph dwwulexwh exw uhfhlyh gl>huhqw sd|r>v1 Exw wkhq vhoohu 4 frxog pdnh
ex|hu 5 d pdujlqdoo| ehwwhu r>hu wkdq kh jhwv zkhq pdwfkhg zlwk vhoohu 51 Lq
rwkhu zrugv/ wkhuh lv d sdlu ri djhqwv zkr e| pdwfklqj dqg dssursuldwho| glylglqj
wkh uhvxowlqj vxusoxv fdq pdnh wkhpvhoyhv ehwwhu r>1 Zh wdnh lqwr dffrxqw hdfk
djhqwv* rxwvlgh rswlrqv e| uhtxlulqj wkdw qr sdlu ri djhqwv fdq/ e| pdwfklqj dqg
vkdulqj wkh uhvxowlqj vxusoxv/ pdnh wkhpvhoyhv vwulfwo| ehwwhu r>=

Gh?qlwlrq 61 D edujdlqlqj rxwfrph +{>s, lv vwdeoh li lw lv ihdvleoh dqg iru doo
l 5 L dqg m 5 M /

{ð . sæ è y+eð> væ,1 +514,

D pdwfklqj dvvrfldwhg zlwk d vwdeoh edujdlqlqj rxwfrph lv d vwdeoh pdwfklqj1

Lq d ihdvleoh dqg vwdeoh edujdlqlqj rxwfrph/ {ð . s6Eðä @ y+eð> v6Eðä,/ dqg vr
wkhuh duh qr wudqvihuv dfurvv pdwfkhg sdluv1 Dv xvxdo lq dvvljqphqw jdphv/ vwdeoh
edujdlqlqj rxwfrphv duh fruh doorfdwlrqv ri wkh dvvljqphqw jdph dqg frqyhuvho|/
zkhuh wkh fkdudfwhulvwlf ixqfwlrq ri wkh dvvljqphqw jdph kdv ydoxh Y +D, dw d
frdolwlrq D ã L ^ M jlyhq e| wkh pd{lpxp ri wkh vxp ri vxusoxvhv ri pdwfkhg
sdluv +wkh pd{lpxp lv wdnhq ryhu doo pdwfklqjv ri ex|huv dqg vhoohuv lq D,18 Vlqfh

7Wkh iroorzlqj frvw ixqfwlrqv iru wkh wzr ex|huv dqg iru vhoohu 2 hqvxuh +dvvxplqj wkh
edujdlqlqj lv prqrwrqlf, wkdw wkhlu rswlpdo fkrlfh ri dwwulexwhv duh jlyhq lq Iljxuh 514=
úE2c �ä ' úEKc 2ä ' SErc 2ä ' fc úEôc �ä ' �f1

8Dvvljqphqw jdphv kdyh uhfhlyhg frqvlghudeoh dwwhqwlrq lq wkh olwhudwxuh1 Wkh fruh ri dq|
dvvljqphqw jdph lv qrqhpsw| dqg frlqflghv zlwk wkh vhw ri Zdoudvldq doorfdwlrqv +vhh Ndqhnr
^44` dqg Txlq}ll ^49`,1 Rxu fdvh lv sduwlfxoduo| vlpsoh/ vlqfh ñ lv vxshuprgxodu1
Zkloh wkh vhw ri vwdeoh edujdlqlqj rxwfrphv frlqflghv zlwk wkh fruh/ wkh qrwlrq lwvhoi lv qrw lq0

khuhqwo| frrshudwlyh1 Htxloleulxp rxwfrphv ri doprvw dq| qrqfrrshudwlyh jdph zlwk iulfwlrqohvv
pdwfklqj zloo eh vwdeoh1 Vhh/ iru h{dpsoh/ Ihool dqg Urehuwv ^:`1

8



ex|hu dwwulexwhv duh ghvfulehg e| wkh yhfwru e dqg vhoohu dwwulexwhv duh ghvfulehg
e| wkh yhfwru v/ zh vrphwlphv zulwh Y +e> v, iru Y +L ^ M,1

Zh duh wkxv prghoolqj wkh jdph idflqj ex|huv dqg vhoohuv dv rqh ri vlpxowd0
qhrxvo| fkrrvlqj dwwulexwhv dqg/ vxevhtxhqw wr wkh fkrlfh ri dwwulexwhv/ pdwfk0
lqj dqg vkdulqj wkh vxusoxv jhqhudwhg e| wkh pdwfkhv1 Zh uhvwulfw dwwhqwlrq wr
pdwfkhv dqg sd|r>v wkdw duh vwdeoh/ jlyhq wkh fkrlfh ri dwwulexwhv1 Vlqfh y lv
vxshuprgxodu/ lw lv vwudljkwiruzdug wr vkrz gluhfwo| wkdw wkhuh dozd|v h{lvwv d
vwdeoh sd|r> iru dq| yhfwru ri dwwulexwh fkrlfhv1

Wkhuh lv/ krzhyhu/ rqh lpsruwdqw lvvxh lq frqvlghulqj wkh dwwulexwh lqyhvwphqw
ghflvlrqv dv d qrqfrrshudwlyh jdph1 Lq rughu wr wuhdw dwwulexwh fkrlfhv dv d
qrqfrrshudwlyh jdph/ hdfk djhqw pxvw eh deoh wr frpsduh wkh sd|r>v iurp wzr
gl>huhqw dwwulexwh fkrlfhv/ jlyhq rwkhu djhqwv* fkrlfhv1 W|slfdoo| wkhuh lv qrw d
xqltxh vwdeoh rxwfrph dvvrfldwhg zlwk d yhfwru ri dwwulexwhv> lq idfw/ dv zh zloo
vhh/ wkhuh lv xvxdoo| d frqwlqxxp ri vwdeoh rxwfrphv1 Wkxv/ wkhuh pxvw eh d
vhohfwlrq wkdw vshfl?hv zklfk vwdeoh rxwfrph lv dvvrfldwhg zlwk d jlyhq dwwulexwh
fkrlfh yhfwru1 Zh ghvfuleh wklv vhohfwlrq e| d edujdlqlqj rxwfrph ixqfwlrq +ru/
pruh vlpso|/ d edujdlqlqj ixqfwlrq, j = EUûVa $ ?Unû?an/ zlwk j+e> v, @ +{>s,
d vwdeoh rxwfrph iru hdfk yhfwru ri dwwulexwh fkrlfhv +e> v,=Zh ghqrwh e| {ð+e> v,
ex|hu l*v vkduh zkhq wkh yhfwru ri dwwulexwhv lv +e> v, dqg e| sæ+e> v, wkh m0wk
vhoohu*v vkduh1 Revhuyh wkdw jlyhq j/ ex|huv dqg vhoohuv duh vlpxowdqhrxvo| fkrrvlqj
dwwulexwhv/ zlwk sd|r>v {ð+e> v,ý#+eð> l, wr ex|hu l dqg sæ+e> v,ýf+væ> m, wr vhoohu
m1 Wklv lv d vwdqgdug vwudwhjlf irup jdph1 Zh qh{w gh?qh d qrwlrq/ zhdn h{
srvw frqwudfwlqj htxloleulxp/ wkdw frpelqhv wkh uhtxluhphqw wkdw hyhu| yhfwru ri
dwwulexwh fkrlfhv ohdg wr d vwdeoh sd|r> ri wkh lqgxfhg h{ srvw dvvljqphqw jdph
zlwk wkh uhtxluhphqw wkdw dwwulexwh fkrlfhv duh d Qdvk htxloleulxp ri wkh vwudwhjlf
irup jdph1

Gh?qlwlrq 71 Jlyhq dq lqyhvwphqw sureohp ý @ iL> M> E> V>#> f> yj> d zhdn h{
srvw frqwudfwlqj htxloleulxp lv d sdlu ijW> +eW> vW,j vxfk wkdw

41 jW = EU û Va $ ?Un û ?an/ zkhuh iru dq| fkrlfh ri fkdudfwhulvwlfv +e> v,>
jW+e> v, @ +{W+e> v,>sW+e> v,, lv d vwdeoh sd|r> iru +e> v,/ dqg

51 iru hdfk l 5 L dqg eâð 5 E/ {Wð +eW3ð> eWð > vW,ý#+eWð > l, è {Wð +eW3ð> eâð> vW,ý#+eâð> l,/
dqg iru hdfk m 5 M dqg vâæ 5 V/ sWæ+eW> vW3æ> vWæ, ý f+vWæ > m, è sWæ +eW> vW3æ> vâæ,ý
f+vâæ> m,=

Wklv htxloleulxp qrwlrq frpelqhv d qrqfrrshudwlyh qrwlrq +Qdvk, dqg d frrs0
hudwlyh qrwlrq +vwdelolw|,/ dorqj zlwk wkh uhtxluhphqw wkdw wkh frrshudwlyh qrwlrq
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dsso| diwhu doo klvwrulhv1 Hdfk lqglylgxdo lv ehvw uhso|lqj wr wkh dfwlrqv ri hyhu|0
rqh hovh/ wkh ixwxuh frqvhtxhqfhv ri dq| dwwulexwh fkrlfh duh fruuhfwo| iruhvhhq/
dqg dq| dwwulexwh fkrlfh pxvw ohdg wr d vwdeoh sd|r>1

Zh wklqn ri wkh edujdlqlqj ixqfwlrq/ j/ dv fdswxulqj wkh zd| edujdlqlqj wudq0
vsluhv lq dq lqyhvwphqw sureohp1 Uhvwulfwlqj wkh vkdulqj ri wkh vxusoxvhv dulvlqj
iurp d jlyhq yhfwru ri dwwulexwh fkrlfhv +e> v, wr vwdeoh sd|r>v frqvwudlqv wkh
doorzdeoh edujdlqlqj surfhvv1 Krzhyhu/ lw vwloo ohdyhv frqvlghudeoh lqghwhuplqdf|/
vlqfh wkhuh lv w|slfdoo| d pxowlwxgh ri vwdeoh doorfdwlrqv iru d jlyhq yhfwru ri
dwwulexwhv fkrlfhv1 Iru vrph lqyhvwphqw sureohpv/ wkdw lqghwhuplqdf| pljkw eh
uhvroyhg wkurxjk edujdlqlqj wkdw idyruv wkh ex|huv wr wkh juhdwhvw h{whqw srvvleoh/
jlyhq wkh frqvwudlqwv lpsrvhg e| vwdelolw|1 Iru rwkhu sureohpv/ edujdlqlqj pljkw
uhvroyh wkh lqghwhuplqdf| lq idyru ri wkh vhoohuv/ zkloh lq vwloo rwkhuv/ edujdlqlqj
pljkw uhvxow lq dv htxdo d glylvlrq dv lv frqvlvwhqw zlwk vwdelolw|1

Dq dowhuqdwlyh wr lqfoxglqj wkh edujdlqlqj ixqfwlrq lq wkh gh?qlwlrq ri wkh
htxloleulxp lv wr lqfoxgh lw lq wkh ghvfulswlrq ri wkh lqyhvwphqw sureohp1 Iru h{0
dpsoh/ li edujdlqlqj idyruv ex|huv/ wkh edujdlqlqj ixqfwlrq fdswxulqj wklv frxog
eh lqfoxghg lq wkh vshfl?fdwlrq ri wkh lqyhvwphqw sureohp/ ohdglqj wr d 3ex|hu0
iulhqgo|4 edujdlqlqj sureohp1 Wkhuh duh wzr gl!fxowlhv zlwk wklv dssurdfk1 Iluvw/
wkh edujdlqlqj ixqfwlrq lv hqgrjhqrxv1 Vhfrqg/ iru vrph edujdlqlqj ixqfwlrqv/
wkhuh pd| eh qr sxuh vwudwhj| htxloleulxp1 Wklv qrqh{lvwhqfh uh hfwv dq lqfrq0
vlvwhqf| ehwzhhq dq h{rjhqrxvo| vshfl?hg edujdlqlqj ixqfwlrq dqg wkh jlyhq gdwd
ri dq lqyhvwphqw sureohp/ L/ M/ E/ V/ #/ f/ dqg y1 Wkh zd| lq zklfk edujdlqlqj
uhvroyhv lqghwhuplqdf| pxvw eh hqgrjhqrxvo| ghwhuplqhg lq frqfhuw zlwk djhqwv*
lqyhvwphqw fkrlfhv1

Zh lpsrvh ixuwkhu uhvwulfwlrqv rq zhdn h{ srvw frqwudfwlqj htxloleuld/ lq dq
htxloleulxp0vhohfwlrq vslulw1 Dv gh?qhg/ iru d jlyhq vhw ri dwwulexwh lqyhvwphqwv/
wkh rxwfrph vhohfwhg e| wkh edujdlqlqj ixqfwlrq fdq ghshqg rq wkh lghqwlw| ri
wkh lqglylgxdov zkr kdyh fkrvhq sduwlfxodu dwwulexwhv1 Zh irfxv rq wkh fdvh lq
zklfk edujdlqlqj lv dqrq|prxv lq wkh vhqvh wkdw lw ghshqgv rqo| rq dwwulexwhv/
lqghshqghqw ri wkh lghqwlwlhv ri wkh djhqwv fkrrvlqj wkrvh dwwulexwhv1

Hyhq zlwk dqrq|plw|/ wkh gh?qlwlrq ri zhdn h{ srvw frqwudfwlqj htxloleulxp
doorzv iru edujdlqlqj ixqfwlrqv wkdw hperg| d vxevwdqwldo dprxqw ri duelwudul0
qhvv1 Frqvlghu/ iru h{dpsoh/ d edujdlqlqj ixqfwlrq wkdw vhohfwv wkh vwdeoh rxwfrph
wkdw lv prvw idyrudeoh wr ex|huv dv orqj dv doo ex|huv fkrrvh dwwulexwhv wkdw duh
frqvlvwhqw zlwk pd{lpl}lqj djjuhjdwh qhw ydoxh/ dqg vhohfwlqj wkh vwdeoh rxwfrph
wkdw lv prvw idyrudeoh wr vhoohuv rwkhuzlvh19 D edujdlqlqj ixqfwlrq wkdw xwlol}hv

9 Lq rxu vhwwlqj/ doo ex|huv djuhh rq wkh ehvw dqg zruvw vwdeoh sd|r> yhfwruv +dqg doo vhoohuv kdyh
wkh uhyhuvh udqnlqj,1 Pruhryhu/ zlwk d ?qlwh vhw ri ex|huv/ hyhq lq dq dqrq|prxv htxloleulxp
dq| ghyldwlrq lv ghwhfwhg/ vlqfh dq| ghyldwlrq uhvxowv lq d gl>huhqw hpslulfdo glvwulexwlrq ryhu
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d wuljjhu vshfl?fdwlrq ri wklv w|sh zrxog euhdn dq| olqn ehwzhhq wkh pdujlqdo
vrfldo uhwxuq iurp dq lqyhvwphqw dqg lwv sulydwh uhwxuq= D vlqjoh ex|hu*v fkdqjh
lq dwwulexwh zrxog dowhu wkh sd|r>v wr doo djhqwv1 Fohduo|/ vxfk edujdlqlqj ixqf0
wlrqv zloo qrw surylgh djhqwv zlwk lqfhqwlyhv wr lqyhvw h!flhqwo|/ exw wkh uhdvrqv
xqghuo|lqj wkh lqh!flhqf| duh hfrqrplfdoo| xqlqwhuhvwlqj1 Zh uhvwulfw dwwhqwlrq
wr d vxevhw ri zhdn h{ srvw frqwudfwlqj htxloleuld wkdw uhgxfh wkh duelwudulqhvv ri
wkh edujdlqlqj ixqfwlrq e| ?{lqj wkh vsolw dw wkh erwwrp sdlu1

Gh?qlwlrq 81 Dq h{ srvw frqwudfwlqj htxloleulxp +HSFH, lv d zhdn h{
srvw frqwudfwlqj htxloleulxp/ ijW> +eW> vW,j/ wkdw lv dqrq|prxv dqg/ li iru dq|
wzr dwwulexwh yhfwruv +eâ> vâ, dqg +eââ> vââ,/ wkhuh h{lvwv l 5 L vxfk wkdw eâð @
plqìMUieâìj @ eââð @ plqìMUieââì j dqg wkhuh h{lvwv m 5 M vxfk wkdw vâæ @ plqìMaivâìj @
vââæ @ plqìMaivââìj/ wkhq

{Wð +e
â> vâ, @ {Wð +e

ââ> vââ, dqg
sWæ +e

â> vâ, @ sWæ+e
ââ> vââ,1

Li wkhuh lv dq lpedodqfh ehwzhhq wkh qxpehu ri ex|huv dqg vhoohuv/ wkhq zh
+dorqj wkh olqhv ri irrwqrwh 5, dgg hqrxjk gxpp| djhqwv wr htxdol}h wkh qxpehu
ri ex|huv dqg vhoohuv1 Lq wklv fdvh/ wkh erwwrp sdlu qhfhvvdulo| uhfhlyhv d sd|r> ri
}hur/ dqg frqvhtxhqwo|/ wkh vwdeoh rxwfrph qhfhvvdulo| idyruv djhqwv rq wkh vkruw
vlgh ri wkh pdunhw1

61 Fkdudfwhul}dwlrq ri vwdeoh doorfdwlrqv iru d ?qlwh srsxodwlrq

Pxfk lv nqrzq derxw wkh surshuwlhv ri vwdeoh doorfdwlrqv +vhh/ h1j1/ Urwk dqg
Vrwrpd|ru ^4:` dqg Ehfnhu ^5`,1 Wkh ohppd ehorz vxppdul}hv vhyhudo surshuwlhv
wkdw zh zloo qhhg= Iru dq| dwwulexwh yhfwru +e> v,> dq| vwdeoh rxwfrph pdwfkhv
dwwulexwhv srvlwlyho| dvvruwdwlyho|> doo ex|huv zlwk htxdo dwwulexwhv uhfhlyh htxdo
sd|r>v/ dqg vlploduo| iru vhoohuv> dqg ?qdoo|/ lq fkhfnlqj vwdelolw|/ rqh qhhg qrw
h{dplqh doo xqpdwfkhg sdluv/ exw rqo| wkrvh xqpdwfkhg sdluv iru zklfk wkh sduw0
qhuv kdyh dwwulexwhv zklfk duh 3forvh4 wr wkrvh ri wkhlu pdwfkhv1 Ehiruh vwdwlqj
wkh ohppd zh pdnh wkh iroorzlqj gh?qlwlrq=

Gh?qlwlrq 91 D pdwfklqjp lv srvlwlyho| dvvruwdwlyh lip+L, @ M dqg iru dq|
l> m 5 L> eð A eæ , v6Eðä è v6Eæä1 D odeholqj ri djhqwv lv srvlwlyho| dvvruwdwlyh
li L> M @ i4> ===> qj dqg dwwulexwhv duh zhdno| lqfuhdvlqj lq lqgh{1
dwwulexwhv1

;



Ohppd 41 Jlyhq d yhfwru ri dwwulexwhv +e> v, dqg d srvlwlyho| dvvruwdwlyh odeho0
lqj ri djhqwv/

41 hyhu| vwdeoh pdwfklqj lv srvlwlyho| dvvruwdwlyh rq dwwulexwhv>

51 hyhu| vwdeoh sd|r> h{klelwv htxdo wuhdwphqw= eð @ eðâ @ e , {ð @ {ðâ ì {K
dqg væ @ væâ @ v, sæ @ sæ â ì sr> dqg

61 d sd|r> +{>s, lv vwdeoh li dqg rqo| li iru doo l/

{ð . sð @ y+eð> vð,>

{ð . sðn� è y+eð> vðn�,> dqg

{ðn� . sð è y+eðn�> vð,=

Surri1 Wkh ?uvw wzr vwdwhphqwv duh vwudljkwiruzdug1 Zlwkrxw orvv ri jhqhudolw|/
wkh vwdeoh pdwfklqj fdq eh wdnhq wr eh e| lqgh{/ |lhoglqj {ð. sð @ y+eð> vð,1 Wkh
wzr lqhtxdolwlhv duh lpphgldwh lpsolfdwlrqv ri vwdelolw|1

Lq rughu wr vkrz vx!flhqf|/ zh dujxh wr d frqwudglfwlrq1 Vxssrvh wkhuh h{lvwv
d n A 4 vxfk wkdw {ð . sðn& ? y+eð> vðn&,1 Wkhq

{ðn� . sðn& ? {ðn� . y+eð> vðn&,ý {ð
é {ðn� . y+eð> vðn&,ý y+eð> vðn�, . sðn�
@ y+eðn�> vðn�, . y+eð> vðn&,ý y+eð> vðn�, ? y+eðn�> vðn&,>

zkhuh wkh odvw lqhtxdolw| krogv ehfdxvh y lv vwulfwo| vxshuprgxodu1 Lqgxfwlrq wkhq
|lhogv {ðn&3� . sðn& ? y+eðn&3�> vðn&,/ d frqwudglfwlrq1

Wkh wklug sduw ri wklv ohppd lpsolhv wkdw lq rughu wr fkhfn wkh vwdelolw|
ri d sd|r> yhfwru/ zh qhhg rqo| fkhfn dgmdfhqw sdluv lq d srvlwlyho| dvvruwdwlyh
pdwfklqj1 Li qr ex|hu +ru vhoohu, fdq eorfn zkhq pdwfkhg zlwk d sduwqhu dgmdfhqw
wr klv ru khu fxuuhqw sduwqhu/ wkh sd|r> yhfwru lv vwdeoh1

Vlqfh vwdeoh sd|r>v h{klelw htxdo wuhdwphqw/ zh vrphwlphv uhihu wr wkh sd|r>v
wr dq dwwulexwh udwkhu wkdq wkh sd|r>v wr dq lqglylgxdo/ dqg zh riwhq zloo qrw
glvwlqjxlvk ehwzhhq wkh wzr1

Ohppd 4 vwdwhv wkdw htxdo wuhdwphqw lv qhfhvvdu| iru vwdelolw|> lq vrph fdvhv/
lw lv vx!flhqw iru vwdelolw| dv zhoo1 Frqvlghu wkh doorfdwlrq lq Iljxuh 614 zlwk
y+e> v, @ e ü v= Dv ehiruh/ pdwfkhv vkrxog eh uhdg e| froxpqv1

Rqfh wkh erwwrp +ohiw0prvw, sdlu*v vkduhv kdyh ehhq ghwhuplqhg lq wklv h{dp0
soh/ doo rwkhu djhqwv* sd|r>v duh xqltxho| ghwhuplqhg e| htxdo wuhdwphqw ehfdxvh
ri wkh 3ryhuods4 lq wkh sod|huv* dwwulexwhv1

<
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Iljxuh 614= Htxdo wuhdwphqw fdq lpso| vwdelolw|1

Wkh qh{w sursrvlwlrq dqg fruroodu| irupdol}h wkh lqwxlwlrq looxvwudwhg e| wklv
h{dpsoh1 Li zh rughu wkh ydoxhv ri fkrvhq dwwulexwhv ri wkh ex|huv iurp orz wr
kljk/ zh ghqrwh e| eEVä wkh é0wk ydoxh dqg/ vlploduo|/ e| vEVä wkh é0wk ydoxh iru
wkh vhoohu1:

Gh?qlwlrq :1 Wkh sdlu ri dwwulexwh yhfwruv +e> v, lv ryhuodsslqj li/ iru d srv0
lwlyho| dvvruwdwlyh pdwfklqj p dqg dq| é/ wkhuh h{lvwv l> lâ vxfk wkdw eð @ eEVä/
eðâ @ eEVn�ä/ v6Eðä @ v6Eðâä1

Ryhuodsslqj dwwulexwh yhfwruv kdyh wkh iroorzlqj pruh wudqvsduhqw irupxod0
wlrq1 Vxssrvh zh lqgh{ wkh ex|huv dqg vhoohuv e| wkh lqwhjhuv 4 wkurxjk q vr
wkdw dwwulexwhv duh zhdno| lqfuhdvlqj lq lqgh{1 Pdwfklqj e| lqgh{ +l1h1/ l @ p+l,,
lv wkhq srvlwlyho| dvvruwdwlyh rq dwwulexwhv1 Wkh dwwulexwh yhfwruv duh ryhuods0
slqj li eæ3� 9@ eæ , væ3� @ væ 1 Qrwh wkdw wkh qrwlrq lv v|pphwulf/ vlqfh
eð3� 9@ eð , vð3� @ vð lpsolhv vð3� 9@ vð , eð3� @ eð1

Sursrvlwlrq 41 Vxssrvh wkh dwwulexwh yhfwruv duh ryhuodsslqj/ wkh odeholqj ri
djhqwv lv srvlwlyho| dvvruwdwlyh/ dqg +{>s, lv d sd|r> yhfwru iru d srvlwlyho| dv0
vruwdwlyh pdwfklqj wkdw vdwlv?hv

41 htxdo wuhdwphqw/ dqg

51 qr zdvwh= {ð . sð @ y+eð> vð,=

Wkhq +{>s, lv vwdeoh1

Surri1 Vlqfh zh kdyh dvvxphg qr zdvwh/ zh qhhg rqo| fkhfn wr vhh wkdw iru
dgmdfhqw sdluv/ li wkh pdwfklqj lv vzlwfkhg/ qhlwkhu ri wkh qhz sdluv fdq eorfn1
Exw vlqfh wkh yhfwruv ri dwwulexwhv duh ryhuodsslqj/ hlwkhu erwk ex|huv kdyh wkh

:Qrwh wkdw zh duh rughulqj glvwlqfw ydoxhv ri dwwulexwh fkrlfhv/ qrw lqglylgxdo djhqw fkrlfhv1

Frqvhtxhqwo|/ KEV3�ä ÷ KEVä ÷ KEVn�ä/ hyhq li wzr ex|huv kdyh dwwulexwh KEVä1 Lq sduwlfxodu/ KEVä
lv qrw wkh Vwk rughu vwdwlvwlf1

43



vdph dwwulexwh ru erwk vhoohuv kdyh wkh vdph dwwulexwh/ dqg wkh dvvxpswlrq wkdw
{ð . sð @ y+eð> vð, hqvxuhv wkdw qhlwkhu ri wkh qhz sdluv fdq eorfn1

Lq zkdw iroorzv/ zh ghqrwh wkh sd|r> wr dwwulexwh eEVä +vEVä, e| {EVä +sEVä/
uhvshfwlyho|,1

Fruroodu| 41 Vxssrvh +e> v, lv ryhuodsslqj dqg wkh sdlu +{E�ä> sE�ä, vdwlv?hv {E�ä è
3/ sE�ä è 3/ dqg {E�ä . sE�ä @ y+eE�ä> vE�ä,1 Gh?qh +{> s, uhfxuvlyho| dv iroorzv=

{EVn�ä @ {EVä . ^y+eEVn�ä> v,ý y+eEVä> v,`>
zkhuh v @ v6Eðä @ v6Eðâä dqg eð @ eEVä/ eðâ @ eEVn�ä iru vrph srvlwlyh dvvruwdwlyh
pdwfklqj p dqg l> lâ 5 L/ dqg vlploduo| iru wkh vhoohuv1; Wkhq wkh sd|r>v +{> s,
duh vwdeoh/ dqg hyhu| vwdeoh sd|r> fdq eh frqvwuxfwhg lq wklv zd|1

Surri1 Vlqfh wkhuh lv d xqltxh srvlwlyh dvvruwdwlyh pdwfklqj ri dwwulexwhv/ wkhuh
lv d xqltxh vhoohu dwwulexwh wkdw vdwlv?hv/ iru dq| srvlwlyho| dvvruwdwlyh pdwfklqj ri
djhqwv/ v @ v6Eðä @ v6Eðâä dqg eð @ eEVä/ eðâ @ eEVn�ä iru vrph l> lâ 5 L1 Pruhryhu/
wkh k|srwkhvlv ri ryhuodsslqj dwwulexwh yhfwruv hqvxuhv wkdw v h{lvwv dqg wkdw iru
doo pdwfkhg dwwulexwhv +e> v,/ {K . sr @ y+e> v,1 Khqfh/ zh kdyh htxdo wuhdwphqw
dqg qr zdvwh/ dqg Sursrvlwlrq 4 dssolhv1

Htxdo wuhdwphqw lq vwdeoh sd|r>v jxdudqwhhv wkdw hyhu| vwdeoh sd|r> kdv wklv
surshuw|1

Fruroodu| 4 surylghv d frpsohwh fkdudfwhul}dwlrq ri vwdeoh rxwfrphv zkhq
dwwulexwh yhfwruv duh ryhuodsslqj1 Zkhq dwwulexwh yhfwruv grq*w ryhuods/ wkhuh lv
d ghjuhh ri lqghwhuplqdf| lq vwdeoh sd|r>v/ hyhq ?{lqj wkh glylvlrq ri wkh ydoxh
iru wkh erwwrp sdlu1 Rqh fdq/ krzhyhu/ frqvwuxfw vwdeoh sd|r>v iru d yhfwru ri
srvlwlyho| dvvruwdwlyh/ qrqryhuodsslqj dwwulexwhv lq d vwudljkwiruzdug zd|= Il{
wkh vkduh iru wkh erwwrp sdlu1 Iru wkh odujhvw ryhuodsslqj vxevhw ri dwwulexwhv
frqwdlqlqj wklv erwwrp sdlu ri dwwulexwhv/< xvh htxdo wuhdwphqw wr ghwhuplqh wkh
sd|r>v wr wkrvh dwwulexwhv1 Zkhuh wkhuh lv d jds ehwzhhq wkh dwwulexwhv iru wklv
vxevhw ri djhqwv dqg wkrvh kljkhu/ Ohppd 4 sxwv frqvwudlqwv rq krz wkh vxusoxv
iru wkh sdlu deryh wkh jds fdq eh glylghg1 Fkrrvh dq duelwudu| glvwulexwlrq ri
vxusoxv iru wkdw sdlu/ vxemhfw wr wkrvh frqvwudlqwv1 Doorfdwh wkh vxusoxv iru wkh
dgmrlqlqj sdluv vr orqj dv wkhuh lv ryhuods/ dqg hdfk wlph d jds lv hqfrxqwhuhg/
surfhhg dv deryh1

Zh qrz irupdol}h wklv lghd dqg surylgh erxqgv rq wkh lqghwhuplqdf| ri vwdeoh
sd|r>v1 Qrwh wkdw/ zlwkrxw orvv ri jhqhudolw|/ jlyhq dq dwwulexwh yhfwru +e> v,/ d

;Wklv gh?qhv wkh sd|r>v wr dwwulexwhv1 Hyhu| djhqw zlwk wkh vdph dwwulexwh uhfhlyhv wkdw
sd|r>1

<Wklv vxevhw pd| frqvlvw ri rqo| wkh erwwrp sdlu1
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srvlwlyho| dvvruwdwlyh odeholqj ri djhqwv/ dqg d vwdeoh pdwfklqj p/ zh fdq dvvxph
ex|hu l lv pdwfkhg zlwk vhoohup+l, @ l1 Ohw +e_> v_, ghqrwh wkh yhfwru ri dwwulexwhv
iru d srsxodwlrq ri djhqwv +L_> M_,/ L ã L_ dqg M ã M_/ zlwk ryhuods frqvwuxfwhg
dv iroorzv= li wkhuh h{lvwv l vxfk wkdw eð 9@ eðn� dqg vð 9@ vðn�/ wkhq lq wkh h{whqghg
srsxodwlrq/ wkhuh lv dq dgglwlrqdo ex|hu +zlwk lqgh{ l. �

2 , zlwk dwwulexwh eð dqg
dq dgglwlrqdo vhoohu +dovr zlwk lqgh{ l. �

2 , zlwk dwwulexwh vðn�1 Zh uhihu wr +e_> v_,
dv wkh ex|hu0idyruhg h{whqvlrq ri +e> v,1 Qrwh wkdw d vwdeoh pdwfklqj iru +e_> v_,
lv jlyhq e| p_+l, @ l iru doo l1 Wklv pdlqwdlqv wkh ruljlqdo pdwfklqj rq L dqg
h{whqgv lw wr wkh qhz djhqwv e| pdwfklqj dq| qhz ex|hu l. �

2 zlwk wkh qhz vhoohu
l . �

2 1 Vlploduo|/ ohw +eh> vh, ghqrwh wkh yhfwru ri dwwulexwhv iru wkh srsxodwlrq
+Lh> Mh, rewdlqhg iurp +e> v, e| jlylqj dwwulexwh eðn� wr ex|hu l. �

2 dqg dwwulexwh
vð wr vhoohu l . �

2 1 Zh uhihu wr +eh> vh, dv wkh vhoohu0idyruhg h{whqvlrq ri +e> v,1
Qrwh wkdw +eh> vh, dovr vdwlv?hv ryhuods dqg wkdw Lh @ L_ dqg Mh @ M_1 Qrwh dovr
wkdw iru dq| vwdeoh sd|r> iru hlwkhu h{whqvlrq/ wkh uhvwulfwlrq ri wkh sd|r> wr wkh
ruljlqdo djhqwv/ L ^ M/ lv vwdeoh1

Wkh dwwulexwh yhfwruv +e_> v_, dqg +eh> vh, duh plqlpdo h{whqvlrqv ri +e> v,
wkdw |lhog ryhuodsslqj dwwulexwh yhfwruv e| dgglqj mxvw hqrxjk ri wkh 3uljkw4
dwwulexwhv1 Qrwh wkdw wkh erwwrp sdlu ri pdwfkhg dwwulexwhv lv xqd>hfwhg e| wkh
h{whqvlrq/ vr wkdw e_� @ e

h
� @ plq eð ì e dqg v_� @ vh� @ plqvæ ì v1 Vlqfh +e_> v_,

lv ryhuodsslqj/ e| Fruroodu| 4/ wkhuh lv d xqltxh vwdeoh sd|r> fruuhvsrqglqj wr
hdfk ydoxh ri {_K/ zklfk zh fdoo d ex|hu0idyruhg sd|r>/ dqg vlploduo| iru +eh> vh,1

Wkh iroorzlqj sursrvlwlrq vkrzv wkdw wkh yhfwru +e_> v_, xqlirupo| idyruv ex|0
huv lq wkh vhqvh wkdw lw jlyhv wkh pd{lpdo sd|r> wr ex|huv ryhu vwdeoh sd|r>v jlyhq
{_K1 Vxssrvh wkdw ex|huv dqg vhoohuv duh srvlwlyho| dvvruwdwlyho| pdwfkhg dqg wkdw
wkhuh duh dgmdfhqw sdluv iru zklfk erwk wkh ex|huv* dqg vhoohuv* dwwulexwhv gl>hu1
Wkh ex|hu0idyruhg h{whqvlrq pd{lpl}hv wkh ex|hu*v sd|r> e| kdylqj d vhoohu zlwk
wkh vdph dwwulexwh dv klv sduwqhu pdwfk zlwk d ex|hu zlwk d orzhu dwwulexwh/
zklfk plqlpl}hv wkh sd|r> wr wkdw dwwulexwh +e| Ohppd 4,1 Wkh ex|hu wkhq uh0
fhlyhv wkh uhpdlqghu1 Dqdorjrxvo|/ wkh vhoohu0idyruhg h{whqvlrq +eh> vh, jlyhv wkh
pd{lpxp sd|r> wr wkh vhoohu vxemhfw wr wkh erxqg1

Sursrvlwlrq 51 Vxssrvh +e> v, lv d yhfwru ri dwwulexwhv dqg +{>s, lv d vwdeoh
sd|r>1 Ohw +{_>s_, eh wkh xqltxh vwdeoh sd|r> iru wkh ex|hu0idyruhg h{whqvlrq
ri +e> v, vdwlvi|lqj {_K@{K/ dqg ohw +{

h>sh, eh wkh xqltxh vwdeoh sd|r> iru wkh
vhoohu0idyruhg h{whqvlrq ri +e> v, vdwlvi|lqj {hK @ {K1 Wkhq/ +{_>s_, dqg +{h>sh,
duh vwdeoh sd|r>v iru +e> v,1 Pruhryhu/

{hK é {K é {_K> ;e> +614,
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dqg
s_r é sr é shr> ;v= +615,

Ilqdoo|/ iru dq| dwwulexwh lq +e> v,/ dq| vkduh {K vdwlvi|lqj +614, ru sr vdwlvi|lqj
+615,/ wkhuh lv d vwdeoh sd|r> iru +e> v, jlylqj vkduhv {K wr e ru sr wr v1

Surri1 Lw lv lpphgldwh iurp Ohppd 4 wkdw +{_>s_, dqg +{h>sh, duh vwdeoh sd|r>v
iru +e> v,1 Vlqfh qr qhz dwwulexwhv duh lqwurgxfhg lq +e_> v_, ru +eh> vh,/ dqg hyhu|
sdlu ri dwwulexwhv lq +e> v, pdwfkhg lq d vwdeoh pdwfklqj uhpdlqv pdwfkhg zkhq
wkh dwwulexwh yhfwru lv +e_> v_, ru +eh> vh,/ lw lv hqrxjk wr vkrz wkdw {K é {_K ;e wr
yhuli| +614, dqg +615,1

Ohw eEVä eh wkh ?uvw ex|hu dwwulexwh dw zklfk wkhuh lv qr ryhuods/ dqg qrwh

wkdw eEVä @ e
_
EVä1 Wkh dwwulexwh eEVä*v vwdeoh sd|r> lv dw d pd{lpxp zkhq wkh

vwdeoh sd|r> ri wkh vhoohuv zlwk dwwulexwh vV lv dw d plqlpxp/ zkhuh vV lv wkh
vpdoohvw vhoohu dwwulexwh pdwfkhg zlwk wkh ex|hu dwwulexwh eEVä1 Wklv rffxuv zkhq
{EV3�ä . srV @ y+eEV3�ä> vV,1 Wkxv/

{
EVä
é {EV3�ä . y+eEVä> vV,ý y+eEV3�ä> vV, ì {_EVä+{EV3�ä,>

zlwk htxdolw| |lhoglqj d sd|r> wkdw lv frqvlvwhqw zlwk vwdelolw|1 Pruhryhu/ {_EVä+{EV3�ä,
lv wkh sd|r> ri dwwulexwh eEVä zkhq wkh srsxodwlrq dwwulexwh yhfwru lv +e_> v_,/
vlqfh dwwulexwh eEV3�ä uhfhlyhv d sd|r> ri {EV3�ä1 Qrwh dovr wkdw {_EVä+{EV3�ä, lv
lqfuhdvlqj lq {EV3�ä1 Surfhhglqj uhfxuvlyho| xs ex|hu dqg vhoohu dwwulexwhv vkrzv
wkdw ex|hu dwwulexwh eEVä*v pd{lpxp vwdeoh sd|r> lv fdofxodwhg dv li wkhuh lv wkh
sdwwhuq ri ryhuods ri +e_> v_,1

Qrz frqvlghu wkh vx!flhqf| ri +614, iru d vlqjoh ex|hu dwwulexwh*v vkduh wr
eh vwdeoh1 Il{ vrph vkduh vdwlvi|lqj +614, iru dq dwwulexwh e1 Zh qrz surfhhg
lqgxfwlyho| wr ?oo lq vkduhv wr wkh rwkhu dwwulexwhv deryh dqg ehorz1 Iru dwwulexwhv
deryh e/ dsso| wkh surfhgxuh ghvfulehg mxvw diwhu Fruroodu| 41 Wkh vdph surfhgxuh
fdq dovr eh dssolhg iru dwwulexwhv ehorz e/ vwduwlqj dw e dqg zrunlqj grzq1 Wkh
erxqgv +614, jxdudqwhh wkdw hdfk vwhs zloo eh ihdvleoh dqg uhvxow lq wkh erwwrp
sdlu uhfhlylqj wkh vsolw +{K> sr,1

Qrwh wkdw wkh sursrvlwlrq grhv qrw dvvhuw wkdw dq| yhfwru ri vkduhv wkdw vdwlv0
?hv +614, iru doo dwwulexwhv fdq eh dfklhyhg lq d vlqjoh vwdeoh sd|r>1 Sursrvlwlrqv
4 dqg 5 fkdudfwhul}h wkh vwdeoh rxwfrphv dvvrfldwhg zlwk dq| dwwulexwh yhfwru
+e> v,1 Wkhvh sursrvlwlrqv surylgh wkh wrrov zh xvh lq wkh qh{w vhfwlrq wr dqdo|}h
wkh lqfhqwlyhv djhqwv kdyh lq pdnlqj lqyhvwphqw ghflvlrqv1
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71 Lqfhqwlyhv iru h!flhqw lqyhvwphqw

Wkh lqyhvwphqw lqh!flhqf| wkdw fdq uhvxow iurp wkh krog0xs sureohp lv looxvwudwhg
e| wkh iroorzlqj edujdlqlqj ixqfwlrq1 Jlyhq d yhfwru ri dwwulexwhv +e> v,/ vxssrvh
wkh odeholqj ri djhqwv lv srvlwlyho| dvvruwdwlyh dqg ex|hu l pdwfkhv zlwk vhoohu
l1 Wkh erwwrp sdlu glylghv wkh vxusoxv htxdoo|/ vr wkdw {� @ s� @

�
2y +e�> v�,1

Zh wkhq surfhhg uhfxuvlyho|/ glylglqj wkh vxusoxv qhw ri rxwvlgh rswlrqv htxdoo|1
Jlyhq d vkdulqj ri wkh vxusoxv iru sdlu l ý 4/ y +eð3�> vð3�, @ {ð3� . sð3�/ wkh
vxusoxv qhw ri wkh rxwvlgh rswlrqv iru sdlu l lvüð ì y +eð> vð,ý+y +eð> vð3�,ý sð3�,ý
+y +eð3�> vð,ý {ð3�, @ y +eð> vð, . y +eð3�> vð3�,ý y +eð> vð3�,ý y +eð3�> vð,/ zklfk lv
qrqqhjdwlyh/ e| vxshuprgxodulw|1 Vhw {ð @ y +eð> vð3�, ý sð3� . �

2üð/ dqg sð @
y +eð3�> vð,ý {ð3� . �

2üð1 Wkh uhvxowlqj edujdlqlqj ixqfwlrq/ zklfk |lhogv vwdeoh
sd|r>v iru doo dwwulexwh yhfwruv/ lv wkh uhvxow ri dsso|lqj wkh v|pphwulf Qdvk
edujdlqlqj vroxwlrq wr hdfk pdwfkhg sdlu lq rughu/ zlwk wkh glvdjuhhphqw srlqw
jlyhq e| wkh rxwvlgh rswlrq ri pdwfklqj zlwk wkh suhfhglqj sdlu1 Dffruglqjo|/ zh
uhihu wr wklv edujdlqlqj ixqfwlrq dv wkh Qdvk edujdlqlqj ixqfwlrq1

Xqghu wkh Qdvk edujdlqlqj ixqfwlrq/ dq djhqw w|slfdoo| vkduhv wkh vrfldo ydoxh
ri dq| fkdqjh lq dwwulexwh zlwk klv ru khu sduwqhu/ dqg vr lq jhqhudo zh vkrxog
qrw h{shfw vxfk dq ixqfwlrq wr |lhog lqfhqwlyhv iru h!flhqw lqyhvwphqw1 Wulyldoo|/
li wkhuh lv rqo| rqh ex|hu dqg rqh vhoohu/ wkhuh lv xqghulqyhvwphqw +wklv lv wkh
vwdqgdug krog0xs sureohp,1 Pruhryhu/ wkhuh lv d vhqvh lq zklfk wkh Qdvk edu0
jdlqlqj ixqfwlrq w|slfdoo| zloo qrw ohdg wr h!flhqf|1 Li h!flhqf| uhtxluhv hdfk
ex|hu wr fkrrvh d glvwlqfw ex|hu dwwulexwh dqg hdfk vhoohu wr fkrrvh d glvwlqfw
vhoohu dwwulexwh +dv zrxog eh wkh fdvh li hdfk djhqw kdg d gl>huhqw frvw ri df0
txlulqj dwwulexwhv dqg dwwulexwhv zhuh frqwlqxrxv,/ wkhq rxwvlgh rswlrqv duh qrw
elqglqj/ dqg djhqwv gr qrw uhfhlyh wkh ixoo vrfldo uhwxuq rq wkhlu dwwulexwh fkrlfhv
xqghu wkh Qdvk edujdlqlqj ixqfwlrq1

Wkh vlwxdwlrq lv yhu| gl>huhqw zkhq rxwvlgh rswlrqv elqg1 Vxssrvh/ iru h{dp0
soh/ wkdw lq wkh h{dpsoh lq Iljxuh 614/ d ex|hu zlwk dwwulexwh e @ 5 fkdqjhg klv
dwwulexwh wr e @ 81 Li zh ohdyh xqfkdqjhg wkh erwwrp sdlu*v glylvlrq/ wkh xqltxh
sd|r>v frqvlvwhqw zlwk htxdo wuhdwphqw duh dv lq Iljxuh 714 +dq dvwhulvn lqglfdwhv
d vhoohu iru zkrp wkh pdwfkhg ex|hu kdv d gl>huhqw dwwulexwh ohyho dv d uhvxow ri
wkh fkdqjh,1

Wkh vkduh wr wkh ex|hu zkrvh dwwulexwh fkdqjhg lqfuhdvhg e| <1 Lq sulqflsoh/
wklv qhhg qrw eh wkh fkdqjh lq wkh vrfldo ydoxh1 Wkh fkdqjh lq wkh ex|hu*v dwwulexwh
iurp 5 wr 6 dowhuv wkh pdwfklqj ri ex|huv dqg vhoohuv1 D ex|hu zkr lqfuhdvhv klv
dwwulexwh zloo 3ohdsiurj4 rwkhu ex|huv dqg pdwfk zlwk d kljkhu dwwulexwh vhoohu1
Wklv zloo uhvxow lq vrph ri wkh rwkhu ex|huv ehlqj pdwfkhg zlwk orzhu dwwulexwh
vhoohuv wkdq wkh| kdg ruljlqdoo| ehhq pdwfkhg zlwk dqg vrph ri wkh vhoohuv ehlqj
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Iljxuh 714= Wkh uhvxow ri d ex|hu*v fkdqjh lq dwwulexwh lq Iljxuh 6141 Dq dvwhulvn
lqglfdwhv d vhoohu iru zkrp wkh pdwfkhg ex|hu kdv d gl>huhqw dwwulexwh ohyho dv d
uhvxow ri wkh fkdqjh1

pdwfkhg zlwk kljkhu dwwulexwh ex|huv wkdq ehiruh1 Lq rwkhu zrugv/ zkhq wklv
ex|hu +ru rwkhu ex|huv ru vhoohuv, fkrrvhv dq dwwulexwh/ kh lpsrvhv dq h{whuqdolw|
rq rwkhu sod|huv vlpso| ehfdxvh wkh pdwfklqj lv fkdqjhg1 Zkloh dq lqfuhdvh
lq d ex|hu*v dwwulexwh fdxvhv vrph ri wkh rwkhu sod|huv wr eh lq pdwfkhv zlwk
kljkhu wrwdo vxusoxv dqg rwkhuv wr eh lq pdwfkhv zlwk orzhu wrwdo vxusoxvhv/ lw lv
xqdpeljxrxv wkdw wkh djjuhjdwh vxusoxv lv lqfuhdvhg1 Zkhq d ex|hu lqfuhdvhv klv
ru khu dwwulexwh/ d qxpehu ri wkh vhoohuv duh pdwfkhg zlwk kljkhu dwwulexwh ex|huv
iroorzlqj wkh lqfuhdvh/ zkloh qrqh lv pdwfkhg zlwk d orzhu dwwulexwh ex|hu1 Khqfh/
wkh lqfuhdvh lq wkh vrfldo ydoxh lv wkh vxp ri wkh lqfuhdvhv lq wkh wrwdo vxusoxv ri
wkrvh sdluv zlwk vhoohuv pdwfkhg zlwk kljkhu dwwulexwh ex|huv diwhu wkh lqfuhdvh1

Wkhvh h{whuqdolwlhv pd| ohdg lqglylgxdov wr hlwkhu ryhulqyhvw ru xqghulqyhvw
iurp d vrfldo shuvshfwlyh1 Zkloh lw lv wuxh wkdw/ lq jhqhudo/ fkdqjhv lq dwwulexwh
fdq uhvxow lq fkdqjhv wr wkh lqglylgxdo*v sd|r> wkdw gl>hu iurp wkh fkdqjh lq
vrfldo ydoxh/ lw lv qrw wkh fdvh lq wklv h{dpsoh1 Wkh sduwlfxodu sdwwhuq ri ryhuods0
slqj dwwulexwhv iru wkh yhfwruv ri dwwulexwhv uhvxowv lq hdfk ri wkh sod|huv zkrvh
dwwulexwh lv xqfkdqjhg jhwwlqj wkh vdph sd|r> diwhu wkh vshfl?hg sod|hu*v fkdqjh
dv ehiruh1 Vlqfh qr rwkhu djhqw*v sd|r> lv fkdqjhg e| wkh ex|hu lqfuhdvlqj klv
dwwulexwh/ lw iroorzv wulyldoo| wkdw wklv ex|hu fdswxuhv wkh ixoo vrfldo ydoxh ri wkh
dwwulexwh fkdqjh1 Wkh txdolwdwlyh fkdudfwhulvwlfv ri wklv h{dpsoh duh txlwh jhqhudo
dv vkrzq e| wkh qh{w sursrvlwlrq +zklfk lv suryhg lq wkh dsshqgl{,1

Sursrvlwlrq 61 Ohw +e> v, dqg +eâ> v, ghqrwh wzr yhfwruv ri dwwulexwhv vdwlvi|lqj
eð @ eâð> ;l 9@ c1 Ohw i+{>s,>pj ghqrwh d vwdeoh sd|r> dqg pdwfklqj iru +e> v,/
dqg i+{â>sâ,>pâj d vwdeoh sd|r> dqg pdwfklqj iru wkh dwwulexwhv +eâ> v,1 Li s6Eìä @
sâ6Eìä dqg s6âEìä @ s

â
6âEìä/ wkhq

{âì @ {ì . Y +e
â> v,ý Y +e> v,=

Gh?qlwlrq ;1 Wkh dwwulexwh yhfwru +e> v, lv grxeo| ryhuodsslqj li +e> v, lv
ryhuodsslqj dqg hdfk pdwfkhg sdlu ri dwwulexwhv dsshduv dw ohdvw wzlfh1
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Fruroodu| 51 Ohw +e> v, dqg +eâ> v, ghqrwh wzr yhfwruv ri dwwulexwhv vdwlvi|lqj
eð @ eâð> ;l 9@ c1 Ohw i+{>s,>pj ghqrwh d vwdeoh sd|r> dqg pdwfklqj iru +e> v,/
dqg i+{â>sâ,>pâj d vwdeoh sd|r> dqg pdwfklqj iru wkh dwwulexwhv +eâ> v, vdwlvi|lqj
{
â
K @ {K1 Li +e> v, lv grxeo| ryhuodsslqj/ wkhq

{âì @ {ì . Y +e
â> v,ý Y +e> v,=

Surri1 Li +e> v, lv grxeo| ryhuodsslqj/ wkhq wkh yhfwru ri dwwulexwhv iroorzlqj
dq| vlqjoh djhqw*v fkdqjh ri dwwulexwh lv ryhuodsslqj1 Lw lv vwudljkwiruzdug wr
vhh wkdw li {

â
K @ {K> wkh frqvwuxfwlrq lq Fruroodu| 4 uhvxowv lq s6Eìä @ sâ6Eìä dqg

s6âEìä @ s
â
6âEìä1 Khqfh/ wkh sursrvlwlrq dssolhv1

Wkh sursrvlwlrq dqg fruroodu| surylgh vx!flhqw frqglwlrqv wkdw uxoh rxw rqh
vrxufh ri lqh!flhqf| lq lqyhvwphqwv1 Li wkh dwwulexwh fkrlfh yhfwru lv grxeo|
ryhuodsslqj/ hdfk djhqw fdswxuhv h{dfwo| wkh lqfuhphqwdo djjuhjdwh vxusoxv wkdw
uhvxowv iurp klv dwwulexwh fkrlfh1 Frpshwlwlrq dprqj ixwxuh srwhqwldo sduwqhuv
holplqdwhv dq| 3krogxs sureohp4 wkdw pljkw dulvh gxh wr wkh lqyhvwphqw fkrlfh
ehlqj pdgh sulru wr pdwfklqj dqg edujdlqlqj ryhu wkh vxusoxv1

Grxeoh ryhuods lv qrw qhfhvvdu| iru djhqwv wr uhfhlyh wkh fruuhfw lqfhqwlyhv iru
h!flhqw dwwulexwh fkrlfh1 Wkhuh duh wulyldo h{dpsohv iru zklfk grxeoh ryhuods pd|
idlo/ |hw Sursrvlwlrq 6 vwloo krogv1 Wkhuh duh/ krzhyhu/ wulyldo h{dpsohv iru zklfk
wkhuh duh htxloleuld iru zklfk dq djhqw zloo qrw fdswxuh wkh fkdqjh lq vxusoxv wkdw
uhvxowv iurp d fkdqjh lq klv dwwulexwh zkhq wkh frqglwlrqv iru Sursrvlwlrq 6 idlo1

Lw lv lpsruwdqw wr qrwh wkdw Sursrvlwlrq 6 grhv qrw vd| wkdw zkhq wkh k|0
srwkhvhv ri wkh sursrvlwlrq krog/ wkh rxwfrph lv h!flhqw1 Wkh sursrvlwlrq rqo|
jxdudqwhhv wkdw dq| lqh!flhqf| lq wkh lqyhvwphqw fkrlfhv grhv qrw vwhp iurp
d vlqjoh shuvrq*v ghflvlrq/ l1h1/ wkh sursrvlwlrq surylghv vx!flhqw frqglwlrqv iru
frqvwudlqhg h!flhqw lqyhvwphqw fkrlfhv143 Wkhuh uhpdlqv wkh srvvlelolw| ri lqh!0
flhqflhv gxh wr frruglqdwlrq idloxuhv uhvxowlqj iurp wkh fkrlfhv ri pxowlsoh djhqwv1
Iru h{dpsoh/ li zh frqvlghu wkh vxusoxv ixqfwlrq wkdw zh kdyh xvhg lq wkh h{dp0
sohv deryh/ y+e> v, @ e ü v> lw lv fohduo| dq htxloleulxp iru doo ex|huv dqg vhoohuv wr
fkrrvh dwwulexwh 3 li wkh frvw ri fkrrvlqj wklv dwwulexwh lv 3/ uhjdugohvv ri wkh frvw
ri kljkhu lqyhvwphqw ohyhov1 Wkh sureohp/ ri frxuvh/ lv wkdw xqlodwhudo ghyldwlrqv
iurp qr lqyhvwphqw kdyh qr ydoxh1 Zh zloo vkrz lq wkh qh{w vhfwlrq/ krzhyhu/
wkdw iru dq| lqyhvwphqw sureohp/ wkhuh lv dozd|v rqh htxloleulxp iru zklfk hdfk
djhqw zloo fdswxuh suhflvho| wkh fkdqjh lq vxusoxv wkdw uhvxowv iurp d fkdqjh lq

43Froh/ Pdlodwk/ dqg Srvwohzdlwh ^8` vkrz wkdw lq d frqwlqxxp yhuvlrq ri wklv prgho doo htxl0
oleuld duh frqvwudlqhg h!flhqw1 Lqwxlwlyho|/ wklv lv d frqvhtxhqfh ri wkh lqdelolw| ri d vlqjoh djhqw
wr d>hfw rwkhu djhqwv* sd|r>v wkurxjk klv lqyhvwphqw1 Qrwh wkdw wklv surshuw| lv vwurqjhu wkdq
wkh frqglwlrq lq Sursrvlwlrq 61
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dwwulexwh dqg/ ixuwkhu/ wkdw qr sdlu ri djhqwv fdq mrlqwo| fkdqjh wkhlu dwwulexwhv
lq d zd| wkdw lqfuhdvhv wkhlu vxusoxv/ qhw ri lqyhvwphqw frvw +ru rwkhu vhw ri djhqwv
iru wkdw pdwwhu,1

Doo vwdeoh edujdlqlqj ixqfwlrqv duh hvvhqwldoo| htxlydohqw zkhq wkh dwwulexwh
yhfwru lv grxeoh ryhuodsslqj/ vlqfh htxdo wuhdwphqw +wrjhwkhu zlwk wkh erwwrp sdlu
glylvlrq, frpsohwho| ghwhuplqhv wkh uhwxuqv wr dq dwwulexwh1 Rq wkh rwkhu kdqg/
zkhq wkh dwwulexwh yhfwru lv qrw ryhuodsslqj/ gl>huhqw edujdlqlqj ixqfwlrqv kdyh
gl>huhqw h!flhqf| surshuwlhv1 Zh vxjjhvwhg dw wkh ehjlqqlqj ri wklv vhfwlrq wkdw
wkh Qdvk edujdlqlqj ixqfwlrq fdq eh h{shfwhg wr kdyh srru h!flhqf| surshuwlhv
+lq sduwlfxodu/ frqvwudlqhg lqh!flhqw htxloleulxp dwwulexwh fkrlfhv duh frqvlvwhqw
zlwk wkh Qdvk edujdlqlqj ixqfwlrq,1 Zh looxvwudwh wklv lghd lq wkh frqwh{w ri
d v|pphwulf lqyhvwphqw sureohp/ vr wkdw L @ i4> = = = > qj/ y +e> v, @ y +v> e,/ dqg
# +e> l, @ f +e> l,1 Vxssrvh dovr wkdw E @ V lv d frpsdfw lqwhuydo/ dqg wkdw # lv F2/
zlwk C# +e> l, @Ce vwulfwo| lqfuhdvlqj lq l1 Lq dq| v|pphwulf h{ srvw frqwudfwlqj
htxloleulxp zlwk wkh Qdvk edujdlqlqj ixqfwlrq/ hdfk ex|hu fkrrvhv d glvwlqfw
ex|hu dwwulexwh/ dqg hdfk vhoohu fkrrvhv d glvwlqfw vhoohu dwwulexwh1 Pruhryhu/ hyhu|
vxfk htxloleulxp lv lqh!flhqw1 Vlqfh wkh Qdvk edujdlqlqj ixqfwlrq lv v|pphwulf/
lq dq| v|pphwulf htxloleulxp rxwfrph/ hdfk pdwfkhg sdlu lv glylglqj wkh vxusoxv
htxdoo|1

Frqvlghu qrz wkh iroorzlqj edujdlqlqj ixqfwlrq jâ1 Iru dq| dwwulexwh yhfwru/
jlyh wkh djhqwv d srvlwlyho| dvvruwdwlyh odeholqj vr wkdw ex|hu lpdwfkhv zlwk vhoohu
l1 Li wkh dwwulexwh yhfwru +e> v, lv v|pphwulf/ l1h1/ e @ v/ jâ glylghv wkh vxusoxv
htxdoo| iru hdfk sdlu1 Li wkh dwwulexwh yhfwru +e> v, lv qrw v|pphwulf/ ohw lâ eh
wkh ?uvw sdlu iru zklfk eðâ 9@ vðâ = Sdluv zlwk vpdoohu dwwulexwhv htxdoo| glylgh wkh
vxusoxv1 Iru wkh sdlu lâ/ wkh djhqw zlwk wkh vpdoohu dwwulexwh uhfhlyhv xqghu jâ kdoi
wkh vxusoxv wkdw zrxog kdyh uhvxowhg kdg kh ehhq pdwfkhg zlwk dq djhqw zlwk wkh
vdph dwwulexwh dv klv rzq/ dqg klv sduwqhu uhfhlyhv wkh uhvlgxdo1 Iru ex|huv dqg
vhoohuv zlwk kljkhu lqgh{/ jâ xvhv wkh ex|hu0idyruhg h{whqvlrq li eðâ A vðâ / dqg xvhv
wkh vhoohu0idyruhg h{whqvlrq rwkhuzlvh1 Wklv edujdlqlqj ixqfwlrq kdv wkh surshuw|
wkdw jlyhq d v|pphwulf dwwulexwh yhfwru/ dq| djhqw zkr lqfuhdvhv klv dwwulexwh
zloo uhfhlyh wkh ixoo vrfldo ydoxh ri wkdw lqfuhdvh144 Dv d frqvhtxhqfh/ iru wklv

44Il{ d v|pphwulf dwwulexwh yhfwru/ dqg vxssrvh hdfk ex|hu fkrrvhv d glvwlqfw ex|hu dwwulexwh1
Frqvlghu d uhsolfd hfrqrp| lq zklfk hdfk dwwulexwh lv fkrvhq e| wzr djhqwv/ zlwk d srvlwlyho|
dvvruwdwlyh odeholqj/ vr wkdw KEVä ' K2V/ iru V ' �c é é é c ?/ lq wkh uhsolfd hfrqrp|1 Qrz frqvlghu
wkh uhvxow ri ex|hu ðâ fkdqjlqj dwwulexwh iurp Kð3 wr Kâð3 : Kð3 1 Ohw V eh wkh udqn rughu ri Kð3 /
l1h1/ KEVä ' Kð3 1 Li Kâð3 ÷ KEVn�ä/ wkhq ex|hu ðâ lv vwloo pdwfkhg zlwk vhoohu ðâ/ vhoohu ðâ*v vkduh lv
xqfkdqjhg/ dqg vr ex|hu ðâ fdswxuhv wkh ixoo vrfldo ydoxh ri wkh fkdqjh1 Li Kâð3 : KEVn�ä/ wkhq
ex|huv dqg vhoohuv duh uhpdwfkhg/ dqg ehfdxvh hdfk rwkhu dwwulexwh lv fkrvhq e| wzr djhqwv/
wkhuh lv ryhuods ehwzhhq vhoohu ðâ dqg wkh vhoohu zkr lv qrz pdwfkhg zlwk ex|hu ðâ1 Wklv sdwwhuq
ri ryhuods fruuhvsrqgv wr wkh ex|hu0?uvw h{whqvlrq iru vhoohuv æ : ðâ1 Vlqfh wkh sd|r> wr vhoohu ðâ
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edujdlqlqj ixqfwlrq/ wkhuh duh qr v|pphwulf htxloleuld zlwk xqghulqyhvwphqw wkdw
lv frqvwudlqhg lqh!flhqw1

81 Frpsdulvrq wr h{ dqwh frqwudfwlqj htxloleulxp

Zh qrz frpsduh wkh lqyhvwphqwv wdnhq lq dq h{ srvw frqwudfwlqj htxloleulxp
zlwk wkh lqyhvwphqwv djhqwv zrxog pdnh li ex|huv dqg vhoohuv frxog frqwudfw zlwk
hdfk rwkhu ryhu pdwfkhv/ wkh lqyhvwphqwv wr eh xqghuwdnhq/ dqg wkh vkdulqj ri wkh
uhvxowlqj vxusoxv1 Li d ex|hu l dqg vhoohu m djuhh wr pdwfk dqg pdnh lqyhvwphqwv e
dqg v uhvshfwlyho|/ wkhq wkh wrwdo vxusoxv vr jhqhudwhg lv y+e> v,ý#+e> l,ýf+v> m,1 Lq
d zruog ri h{ dqwh frqwudfwlqj/ lqyhvwphqwv pd{lpl}h wklv wrwdo vxusoxv1 Wkxv/ li
ex|hu l dqg vhoohu m duh frqvlghulqj pdwfklqj/ wkh| duh edujdlqlqj ryhu wkh vxusoxv
*+l> m, @ pd{Kcr y+e> v, ý #+e> l, ý f+v> m,1 Wkh h{ dqwh dvvljqphqw jdph lv wkh
dvvljqphqw jdph zlwk wkh srsxodwlrq L ri ex|huv/ M ri vhoohuv/ dqg ydoxh ixqfwlrq
*1 Mxvw dv zh frqvlghuhg vwdeoh rxwfrphv iru wkh h{ srvw dvvljqphqw/ zh lpsrvh
vwdelolw| rq rxwfrphv ri wkh h{ dqwh dvvljqphqw jdph1 D vwdeoh rxwfrph/ wrjhwkhu
zlwk wkh lpsolhg dwwulexwh lqyhvwphqwv/ lv dq h{ dqwh frqwudfwlqj htxloleulxp=

Gh?qlwlrq <1 Wkh rxwfrph ri wkh h{ dqwh dvvljqphqw jdph ipW> +eW> vW,> +{W>sW,j
lv dq h{ dqwh frqwudfwlqj htxloleulxp +HDFH, li

41 +eWð > vW6WEðä, pd{lpl}hv y+e> v,ý #+e> l,ý f+v>pW+l,, li pW+l, 5 M >
51 +{W>sW, lv ihdvleoh iru pW> dqg

61 iru doo l 5 L dqg m 5 M/

{Wð ý #+eWð > l, . sWæ ý f+vWæ > m, è *+l> m,=

Vlqfh wkh h{ dqwh dvvljqphqw jdph lv d ?qlwh dvvljqphqw jdph/ h{ dqwh frq0
wudfwlqj htxloleuld h{lvw +vhh irrwqrwh 8,1 Lw lv lpphgldwh wkdw +{W>sW, lv d vwd0
eoh sd|r> ri wkh h{ srvw dvvljqphqw jdph dvvrfldwhg zlwk wkh dwwulexwh yhfwru
+eW> vW,1

Zh srlqwhg rxw lq wkh suhylrxv vhfwlrq wkdw lqyhvwphqwv frxog eh lqh!flhqw1
Jlyhq wkh edujdlqlqj ixqfwlrq lq wkh htxloleulxp/ vrph djhqwv pljkw qrw eh deoh
wr fdswxuh wkh lqfuhphqwdo vxusoxvhv wkdw zrxog uhvxow iurp dowhulqj wkhlu lqyhvw0
phqwv lq dwwulexwhv1 Ixuwkhu/ uhjdugohvv ri wkh edujdlqlqj ixqfwlrq/ wkhuh pd| eh

lv xqfkdqjhg/ wkh surri ri Ohppd D dssolhv khuh dqg vr ex|hu ðâ djdlq fdswxuhv wkh ixoo vrfldo
ydoxh ri wkh fkdqjh lq dwwulexwh1
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frruglqdwlrq idloxuhv lq zklfk Sduhwr lpsuryhphqwv duh srvvleoh/ exw rqo| li sdluv
ri djhqwv mrlqwo| fkdqjh wkhlu dwwulexwhv1

Zh vkrxog qrw eh vxusulvhg wkdw dq lqdelolw| wr frqwudfw ryhu lqyhvwphqw
fkrlfhv lq wkh suhvhqfh ri frpsohphqwdulwlhv fdq ohdg wr lqh!flhqf|1 Lqghhg/ rqh
pljkw h{shfw wkdw lq vxfk dq hqylurqphqw lqh!flhqf| lv lqhylwdeoh/ exw wklv lv
qrw wkh fdvh1 Wkh iroorzlqj sursrvlwlrq vwdwhv wkdw dq| rxwfrph dfklhydeoh xqghu
h{ dqwh frqwudfwlqj lv sduw ri dq h{ srvw frqwudfwlqj htxloleulxp145

Sursrvlwlrq 71 Jlyhq dq h{ dqwh frqwudfwlqj htxloleulxp ipW> +eW> vW,> +{W>sW,j/
wkhuh h{lvwv jW vxfk wkdw +jW> +eW> vW,, lv dq h{ srvw frqwudfwlqj htxloleulxp1

Wkh lghd ehklqg wkh frqvwuxfwlrq ri jW lv wr ehjlq zlwk wkh h!flhqw dwwulexwh
fkrlfhv +eW> vW, dqg vxusoxv glylvlrqv +{W>sW, lq wkh h{ dqwh frqwudfwlqj htxlole0
ulxp1 Gh?qh jW iru wkh h!flhqwo| pdwfkhg sdluv lq wkh HDFH wr eh wkh vxusoxv
glylvlrq lq wkh htxloleulxp1 Wr h{whqg wkh edujdlqlqj ixqfwlrq wr wkh fdvh ri d
xqlodwhudo ghyldwlrq e| d ex|hu/ zh pdlqwdlq wkh h!flhqw vxusoxv glylvlrq iru orz
dwwulexwh sdluv zkrvh pdwfklqj lv xqd>hfwhg e| wkh ghyldwlrq1 Iru wkrvh ex|huv
dqg vhoohuv zkrvh pdwfklqj lv d>hfwhg e| wkh ex|hu*v ghyldwlrq/ zh hvvhqwldoo|
h{whqg jW dv li lw lv wkh edujdlqlqj ixqfwlrq iru wkh vhoohu0idyruhg h{whqvlrq ri
wkh dwwulexwh yhfwru1 Wklv plqlpl}hv wkh ghyldwlqj ex|hu*v sd|r> frqvlvwhqw zlwk
vwdelolw|1 Zh vkrz wkdw wklv lv hqrxjk wr ghwhu ghyldwlrqv e| dq| ex|hu1 D vlplodu
lghd dssolhv wr ghyldwlrqv e| d vhoohu1

Surri1 Li qhfhvvdu|/ uhodeho ex|huv dqg vhoohuv vr wkdw L @ M @ i4> = = = > qj dqg
pW+l, @ l1 Gh?qh jW+eW> vW, @ +{W>sW,1 Vlqfh h{ srvw frqwudfwlqj htxloleuld
duh Qdvk htxloleuld/ zh qhhg rqo| eh frqfhuqhg zlwk xqlodwhudo ghyldwlrqv +dq|
vshfl?fdwlrq ri jW iru pxowlodwhudo ghyldwlrqv frqvlvwhqw zlwk wkh gh?qlwlrq ri dq
h{ srvw frqwudfwlqj htxloleulxp zloo zrun,1 Frqvlghu wkhq dq dwwulexwh yhfwru
+eW3ì> eì> v

W, iru vrph eì 5 E dqg c 5 L +wkh h{whqvlrq ri jW wr d ghyldwlrq e| d
vhoohu lv lghqwlfdo,1 Ghqrwh wkh vwdeoh sd|r> zh duh gh?qlqj e| +{>s,1

Vxssrvh eì ? eWì / dqg ohw lâ vdwlvi| eWðâ3� ? eì é eWðâ +zkhuh e
W
f ì ý4,> fohduo|/

lâ é c1 Vlqfh vwdeoh pdwfklqjv duh srvlwlyho| dvvruwdwlyh lq dwwulexwhv/ p+l, @ l
iru l ? lâ/ p+l, @ l . 4 iru lâ é l ? c/ p+c, @ lâ/ dqg p+l, @ l iru l A c lv
d vwdeoh pdwfklqj iru +eW3ì> eì> v

W,1 Vlqfh p+l, @ pW+l, iru l ? lâ/ zh fdq vhw
+{ð> sð, @ +{Wð > sWð , iru l ? lâ1 Vhw

sðâ @ y+eì> v
W
ðâ,ý y+eì> vWðâ3�, . sWðâ3�

45Qrwh wkdw wkh wdvn ri lqgxflqj h!flhqw lqyhvwphqwv khuh lv vlpsohu wkdq wkdw lq w|slfdo
whdp sureohpv +vhh/ h1j1/ Kropvwurp ^43`, vlqfh wkh vxusoxv glylvlrq fdq ghshqg rq wkh ohyho ri
lqyhvwphqwv fkrvhq1
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+wklv lv wkh prvw wkdw vhoohu lâ fdq uhfhlyh frqvlvwhqw zlwk vwdelolw| dqg sðâ3�9
Ohppd 4,/46 dqg wkhq frpsohwh jW frqvlvwhqw zlwk Ohppd 41 Ehiruh frqvlghulqj
eì A eWì / zh vkrz wkdw eì ? eWì lv qrw d sur?wdeoh fkrlfh zlwk wklv vshfl?fdwlrq1
Wkh gl>huhqfh lq sd|r>v lv

{Wì ý #+eWì > c,ý iy+eì> vWðâ,ý sðâ ý #+eì> c,j
@ {Wì ý #+eWì > c,ý

õ
y+eì> v

W
ðâ3�,ý sWðâ3� ý #+eì> c,

ô
@ {Wì ý #+eWì > c, . sWðâ3� ý

õ
y+eì> v

W
ðâ3�,ý #+eì> c,

ô
è *+c> lâ ý 4,ý õy+eì> vWðâ3�,ý #+eì> c,ý f+vWðâ3�> lâ ý 4,ô è 3>

zkhuh wkh ?uvw lqhtxdolw| frphv iurp wkh vwdelolw| ri h{ dqwh frqwudfwlqj rxwfrphv
lq wkh h{ dqwh dvvljqphqw jdph/ dqg wkh vhfrqg frphv iurp wkh gh?qlwlrq ri *1

Qrz/ vxssrvh eì A eWì / dqg qrz ohw lâ vdwlvi| eWðâ ? eì é eWðân� +zkhuh eW?n� ì4,>
fohduo|/ lâ è c1 Vhw p+l, @ l iru l ? c/ p+l, @ l ý 4 iru c ? l é lâ/ p+c, @ lâ/
dqg p+l, @ l iru l è lâ . 41 Dv ehiruh/ iru l ? c/ zh vhw +{ð> sð, @ +{Wð > s

W
ð ,1

Srwhqwldoo| doo wkh pdwfkhv ehwzhhq vhoohu c dqg vhoohu lâ +lqfoxvlyh, lqyroyh wkh
vhoohu ehlqj pdwfkhg zlwk d gl>huhqw ex|hu dwwulexwh wkdq xqghu pW1 Pruhryhu/
doo wkhvh vhoohuv duh pdwfklqj/ xqghu p/ zlwk ex|huv zkrvh dwwulexwhv duh dw ohdvw
dv odujh dv wkrvh xqghu pW1 Wkhq lw lv vwloo ihdvleoh +dqg vwdeoh, wr vhw sì @ sWì
dqg {ìn� @ y+eWìn�> v

W
ì ,ýsì +qrwh wkdw {ìn� é {Wìn�,1 Zh qrz surfhhg lqgxfwlyho|/

vhwwlqj sðn� @ y+eWðn2> v
W
ðn�, ý

ý
y+eWðn2> v

W
ð ,ý sð

ü
dqg {ðn2 @ y+eWðn2> v

W
ð , ý sð iru

c é l ? lâ ý 5/ sðâ @ y+eì> vWðâ,ý
í
y+eì> v

W
ðâ3�,ý sðâ3�

ì
dqg {ì @ y+eì> vWðâ3�,ý sðâ3�/

dqg wkhq frpsohwh jW dv ghvfulehg deryh1 E| Ohppd 4/ zh kdyh ghvfulehg d vwdeoh
rxwfrph ri wkh h{ srvw dvvljqphqw jdph dvvrfldwhg zlwk +eW3ì> eì> v

W,1 Pruhryhu/
sðâ è sWðâ 1 ^Wkh surri lv e| lqgxfwlrq1 Qrwh wkdw sì è sWì / dqg vxssrvh wkdw sð è sWð
iru c é l ? lâ ý 41 Wkhq/ sðn� @ y+eWðn2> vWðn�,ý y+eWðn2> vWð , . sð è y+eWðn2> vWðn�,ý
y+eWðn2> v

W
ð ,.s

W
ð è y+eWðn�> vWðn�,ýy+eWðn�> vWð ,.sWð è y+eWðn�> vWðn�,ý{Wðn� @ sWðn� +zkhuh

wkh ?uvw lqhtxdolw| iroorzv iurp sð è sWð / wkh vhfrqg iurp wkh vxshuprgxodulw| ri
y/ dqg wkh wklug iurp vwdelolw|,1 Wkxv/ sðâ3� è sWðâ3�/ dqg wkh vdph orjlf wkhq
lpsolhv sðâ è sWðâ 1` Wkh gl>huhqfh lq sd|r>v iru ex|hu c iru wkh ghyldwlrq wr eì lv
wkhq

{Wì ý #+eWì > c,ý iy+eì> vWðâ,ý sðâ ý #+eì> c,j
è {Wì ý #+eWì > c,ý iy+eì> vWðâ,ý sWðâ ý #+eì> c,j
@ {Wì ý #+eWì > c, . sWðâ ý iy+eì> vWðâ,ý #+eì> c,j
è *+c> lâ,ý õy+eì> vWðâ,ý #+eì> c,ý f+vWðâ > lâ,ô è 3>

46 Li ðâ ' ì/ wkhq wkhuh lv qr uhpdwfklqj dv d uhvxow ri wkh orzhu dwwulexwh fkrlfh/ dqg RWð pd|
eh ihdvleoh lq d vwdeoh rxwfrph1 Li lw lv/ wkhq vhwwlqj Rð ' RWð dovr zrunv1
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zkhuh wkh vhfrqg lqhtxdolw| frphv iurp wkh vwdelolw| ri h{ dqwh frqwudfwlqj rxw0
frphv lq wkh h{ dqwh dvvljqphqw jdph dqg wkh wklug iurp wkh gh?qlwlrq ri *1

Wkh uhvxow lv wulyldo zkhq wkh h{ dqwh frqwudfwlqj dwwulexwh fkrlfhv duh grxeo|
ryhuodsslqj1 Wkh qrqwulyldolw| frphv iurp wkh srvvlelolw| wkdw wkhuh pd| eh jdsv
lq wkh dwwulexwh pdwfklqjv +diwhu d ghyldwlrq,/ vr wkdw vwdelolw| dqg wkh erwwrp
sdlu gr qrw xqltxho| ghwhuplqh dwwulexwh sd|r>v1 Wklv lqghwhuplqdf| lv lpsru0
wdqw1 Lw lv ehfdxvh ri wklv lqghwhuplqdf| wkdw zh gr qrw lqwhusuhw Sursrvlwlrq 7
dv d vwurqj srvlwlyh uhvxow1 Lw lv wuxh wkdw iru dq| rxwfrph wkdw lv vxssruwdeoh dv
sduw ri dq HDFH/ wkhuh lv dq HSFH |lhoglqj wkh vdph lqyhvwphqwv dqg sd|r>v1
Exw wkh HSFH wkdw grhv wklv ghshqgv fuxfldoo| rq wkh edujdlqlqj ixqfwlrq1 Wkh
lvvxh lv wkh lqwhusuhwdwlrq ri wkh edujdlqlqj ixqfwlrq1 Zh vxjjhvwhg deryh wkdw
zh frxog wklqn ri lw dv jhqhudoo| ghwhuplqlqj krz vxusoxv lv vkduhg vxemhfw wr
wkh frqvwudlqwv ri frpshwlwlrq lpsolflw lq vwdelolw|1 Iru vrph sureohpv vhoohuv
pljkw fdswxuh prvw ri wklv/ dqg lq rwkhuv/ lw pd| eh wkh ex|huv1 Exw lq Sursrvl0
wlrq 7/ wkh edujdlqlqj ixqfwlrq uhvsrqgv wr fkdqjhv lq wkh xqghuo|lqj lqyhvwphqw
sureohp +h1j1/ fkdqjhv lq wkh frvwv ri lqyhvwphqw # ru f,/ vlqfh lw ghshqgv xsrq
+eW> vW,1

Zkloh wkh lqghwhuplqdf| lv holplqdwhg li wkh h{ dqwh frqwudfwlqj dwwulexwh
fkrlfhv duh grxeo| ryhuodsslqj/ wkhuh lv jrrg uhdvrq qrw wr h{shfw grxeoh ryhuods1
W|slfdoo|/ li hdfk djhqw kdv gl>huhqw frvwv ri dftxlulqj dwwulexwhv dqg dwwulexwhv
duh frqwlqxrxv yduldeohv/ wkhq wkh h!flhqw dwwulexwh fkrlfhv +eW> vW, zloo qrw eh
grxeo| ryhuodsslqj1 Sursrvlwlrq 5/ rq wkh rwkhu kdqg/ surylghv erxqgv wkdw
vxjjhvw wkdw dv wkh vhw ri fkrvhq dwwulexwhv ehfrph vx!flhqwo| ulfk +lq wkh vhqvh
wkdw wkh vhw ri dwwulexwhv orrnv olnh dq lqwhuydo,/ wkh lqghwhuplqdf| lq vwdeoh
sd|r>v glvdsshduv1 Krzhyhu/ dwwulexwhv duh hqgrjhqrxv/ dqg hyhq li wkhuh duh
pdq| djhqwv/ wkh vhw ri fkrvhq dwwulexwhv pd| qrw eh ulfk1 Wkh frpsohphqwdulw|
ri dwwulexwhv phdqv wkdw/ lq jhqhudo +lq sduwlfxodu/ zkhq wkh frpsohphqwdulw| lv
vwurqj,/ lq wkh olplw wkh vhw ri h!flhqw dwwulexwhv pd| eh d glvfrqqhfwhg vhw1 Wkh
fdvh ri d frqwlqxxp ri djhqwv lv dqdo|}hg lq Froh/ Pdlodwk/ dqg Srvwohzdlwh ^8`> dq
h{dpsoh lq zklfk wkh vhw ri h!flhqw dwwulexwhv lv d glvfrqqhfwhg vhw lv ghvfulehg
wkhuh1

8141 Lqh!flhqw lqyhvwphqw= xqghulqyhvwphqw

Zh phqwlrqhg dw wkh hqg ri Vhfwlrq 7 wkdw h{ srvw frqwudfwlqj htxloleulxp rxw0
frphv pljkw hdvlo| eh lqh!flhqw +wkh h{dpsoh ri y+e> v, @ e ü v dqg doo ex|huv
dqg vhoohuv fkrrvlqj dwwulexwh 3,1 Zkloh kdylqj doo djhqwv fkrrvh dwwulexwh 3 lv d
sduwlfxoduo| vlpsoh zd| wr looxvwudwh wkh srvvlelolw| ri lqh!flhqf|/ lw lvq*w gl!fxow
wr frqvwuxfw h{dpsohv lq zklfk doo djhqwv duh fkrrvlqj srvlwlyh dwwulexwhv1 Lq idfw/
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zh fdq prgli| dq| lqyhvwphqw sureohp wr jhqhudwh lqh!flhqf|> pruhryhu/ wklv
lqh!flhqf| fdqqrw eh holplqdwhg e| dq| uhvwulfwlrqv rq wkh edujdlqlqj ixqfwlrq1

Il{ dq lqyhvwphqw sureohp ý @ iL> M>E> V>#> f> yj/ dqg gh?qh Eâ ì E ^ ieâj
dqg Vâ ì V ^ ivâj/ zkhuh eâ A e ì pd{E dqg vâ A v ì pd{V1 H{whqg wkh
gh?qlwlrq ri y wr Eâ û Vâ e| vhwwlqj y+e> vâ, @ y+e> çv, iru doo e 5 E dqg y+eâ> v, @
y+çe> v, iru doo v 5 V dqg vhwwlqj y+eâ> vâ, @ y+e> v,.pd{ð #+e> l,.pd{æ f+v> m,.5d.
4/ zkhuh d A y+e> v,1 H{whqg wkh frvw ixqfwlrqv e| vhwwlqj #+eâ> l, @ #+e> l,.d iru
doo l 5 L dqg f+vâ> m, @ f+v> m, . d iru doo m 5 M= Qrwh wkdw/ xqohvv erwk wkh ex|hu
dqg wkh vhoohu lq d sdlu fkrrvh wkh dgghg hohphqwv eâ dqg vâ/ wkh qhz dwwulexwhv
duh vlpso| h{shqvlyh vxevwlwxwhv iru çe dqg v1

Wkh rqo| h!flhqw rxwfrph lq wkh lqyhvwphqw sureohp ýâ @ iL> M>Eâ> Vâ> #> f> yj
lv iru hyhu| ex|hu wr fkrrvh eâ dqg hyhu| vhoohu vâ +vlqfh y+eâ> vâ,ý#+eâ> l,ýf+vâ> m, @
y+e> v, .pd{ð #+e> l, .pd{æ f+v> m, . 5d. 4ý #+e> l,ý dý f+vâ> m, @ f+v> m,ý d è
y+e> v, . 4,1

Il{ dq h{ srvw frqwudfwlqj htxloleulxp ri ýâ/ dqg ghqrwh lwv edujdlqlqj ixqf0
wlrq e| j1 Zh fodlp wkdw wkhuh lv dqrwkhu h{ srvw frqwudfwlqj htxloleulxp ri ýâ

zlwk wkh vdph edujdlqlqj ixqfwlrq j wkdw lqyroyhv lqh!flhqw dwwulexwh fkrlfhv1
Frqvlghu wkh vwudwhjlf irup jdph lpsolhg e| j rq wkh dwwulexwh vhwv E dqg V1
Wklv kdv dq htxloleulxp +shukdsv lq pl{hg vwudwhjlhv,1 Pruhryhu/ wklv zloo eh dq
h{ srvw frqwudfwlqj htxloleulxp ri ýâ= Li doo rwkhu djhqwv duh fkrrvlqj dwwulexwhv
lq E dqg V/ wkhq qr pdwwhu krz wkh edujdlqlqj ixqfwlrq glylghv wkh vxusoxv/
vlqfh d A y+e> v,/ wkhuh lv lqvx!flhqw wrwdo vxusoxv wr mxvwli| fkrrvlqj wkh dgghg
dwwulexwh1

8151 Lqh!flhqw lqyhvwphqw= ryhulqyhvwphqw

Wkh suhylrxv vxevhfwlrq looxvwudwhg dq h{ srvw frqwudfwlqj htxloleulxp rxwfrph
zlwk djhqwv pdnlqj lqh!flhqwo| orz lqyhvwphqw lq dwwulexwhv1 Wkhuh lv d vlplodu
srvvlelolw| ri ryhulqyhvwphqw/ exw zlwk dq lpsruwdqw gl>huhqfh1 Zh ?uvw jlyh d
vlpsoh h{dpsoh zlwk ryhulqyhvwphqw1

Wkhuh duh wzr ex|huv/ i4> 5j/ dqg wzr vhoohuv/ i4> 5j1 Wkh srvvleoh fkdudfwhulv0
wlfv iru ex|huv dqg vhoohuv duh E @ V @ i7> 9j= Wkh vxusoxv ixqfwlrq lv y+e> v, @ eüv=
Wkh frvw ixqfwlrqv duh #+7> l, @ f+7> m, @ 8> l> m @ 4> 5> #+9> l, @ f+9> m, @ 49>
l> m @ 4> 51 Wkh h!flhqw dwwulexwh fkrlfhv duh iru doo ex|huv dqg vhoohuv wr fkrrvh
dwwulexwh ohyho 71 Wkhvh h!flhqw fkrlfhv fdq/ ri frxuvh/ eh sduw ri dq HSFH1
Vxssrvh wkdw zkhq doo djhqwv fkrrvh dwwulexwh 7/ wkh vxusoxvhv duh vkduhg dv lq
wkh ohiw vlgh ri Iljxuh 814 dqg dv lq wkh uljkw vlgh ri Iljxuh 814 li d vlqjoh djhqw
+khuh/ d ex|hu, ghyldwhv dqg fkrrvhv dwwulexwh 91

Vlqfh d vlqjoh djhqw vzlwfklqj iurp dwwulexwh 7 wr dwwulexwh 9 ghfuhdvhv klv
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{ð ý # 6 6
{ð ; ;
eð 7 7
l 4 5
m 4 5
væ 7 7
sæ ; ;

sæ ý f 6 6

{ð ý # 6 3
{ð ; 49
eð 7 9
l 4 5
m 4 5
væ 7 7
sæ ; ;

sæ ý f 6 6

Iljxuh 814= Wkh h!flhqw htxloleulxp1

{ð ý # 5 5
{ð 4; 4;
eð 9 9
l 4 5
m 4 5
væ 9 9
sæ 4; 4;

sæ ý f 5 5

{ð ý # 4 5
{ð 9 4;
eð 7 9
l 4 5
m 4 5
væ 9 9
sæ 4; 4;

sæ ý f 5 5

Iljxuh 815= Wkh ryhulqyhvwphqw htxloleulxp1

qhw sd|r> iurp 6 wr 3/ wkh h!flhqw fkrlfh ri dwwulexwh ohyho 7 iru doo djhqwv lv
dq HSFH1 Krzhyhu/ wkhuh pd| eh dqrwkhu HSFH lq zklfk doo djhqwv ryhulqyhvw>
wkdw lv/ doo djhqwv fkrrvh wkh kljk dwwulexwh ohyho 91 Vxssrvh wkdw wkh sd|r>v
uhvxowlqj iurp doo djhqwv fkrrvlqj dwwulexwh ohyho 9 dqg wkrvh iroorzlqj d vlqjoh
djhqw ghyldwlqj dqg fkrrvlqj ohyho 7 duh dv jlyhq lq Iljxuh 8151

Wkhvh ?jxuhv pdnh fohdu wkdw lw lv dq HSFH iru doo djhqwv wr fkrrvh wkh
lqh!flhqw dwwulexwh ohyho 9= Qrwh wkdw wkhuh lv d frpprq edujdlqlqj ixqfwlrq j
wkdw vxssruwv +wkdw lv/ lv sduw ri, erwk htxloleuld1

Wklv looxvwudwhv wkdw zh fdq jhw lqh!flhqw ryhulqyhvwphqw dv zhoo dv lqh!flhqw
xqghulqyhvwphqw/ exw dv zh vwdwhg deryh/ wkhuh lv d gl>huhqfh ehwzhhq wkh wzr
fdvhv1 Iru wkh h{dpsoh lq wkh suhylrxv vhfwlrq looxvwudwlqj dq htxloleulxp zlwk
xqghulqyhvwphqw/ zh srlqwhg rxw wkdw wkh lqh!flhqf| frxog dulvh uhjdugohvv ri wkh
edujdlqlqj uxoh j +wkdw lv/ wkhuh zdv qr j iru zklfk wkh xqghulqyhvwphqw rxwfrphv
zrxog qrw eh dq htxloleulxp,=

Zh frqmhfwxuh wkdw wkhuh duh edujdlqlqj ixqfwlrqv j wkdw pljkw suhfoxgh ryhu0
lqyhvwphqw iru pdq| lqyhvwphqw sureohpv1 Iru h{dpsoh/ iru ?qlwh v|pphwulf
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{ð 5 5 9
eð 5 5 7
l 4 5 6
m 4 5 6
væ 5 5 7
sæ 5 5 43

sæ ý f 5 5 6

Iljxuh 816= Wkh h!flhqw htxloleulxp1

lqyhvwphqw sureohpv zlwk wkh qhw vxusoxv ixqfwlrq y+e> v, ý #+e> l,ý f+v> m, frq0
fdyh lq dwwulexwhv/ lw fdq eh vkrzq wkdw ryhulqyhvwphqw fdqqrw rffxu lq dq|
HSFH zlwk wkh edujdlqlqj lqyhvwphqw ixqfwlrq jâ gh?qhg dw wkh hqg ri Vhfwlrq 71
Wklv looxvwudwhv dq lpsruwdqw glvwlqfwlrq ehwzhhq wkh ?qlwh dqg odujh +frqwlqxxp,
hfrqrplhv/ zkhuh d vlplodu uhvxow lv idovh1 Lw lv qrw srvvleoh wr uxoh rxw ryhulq0
yhvwphqw lq h{ srvw frqwudfwlqj htxloleuld wkurxjk dq dssursuldwh uhvwulfwlrq rq
wkh edujdlqlqj ixqfwlrq lq d frqwlqxxp hfrqrp|1 Lq d frqwlqxxp hfrqrp|/ hyhu|
uhdvrqdeoh edujdlqlqj ixqfwlrq kdv wkh surshuw| wkdw d vlqjoh djhqw fkdqjlqj klv
ru khu dwwulexwh grhv qrw d>hfw wkh sd|r> ri dq| rwkhu djhqw147 Wklv uxohv rxw
edujdlqlqj ixqfwlrqv olnh jâ1 Zh eholhyh d vlplodu edujdlqlqj ixqfwlrq zloo dovr
zrun iru qrqv|pphwulf +?qlwh, sureohpv hyhq zlwkrxw frqfdylw| ri wkh qhw vxu0
soxv ixqfwlrq> dq lqyhvwljdwlrq ri wklv lv eh|rqg wkh vfrsh ri wkh suhvhqw sdshu
krzhyhu1

8161 Lqh!flhqw lqyhvwphqw= frruglqdwlrq idloxuh

Wkhuh lv d ?qdo vrxufh ri lqh!flhqf| gxh wr wkh ?qlwh qxpehu ri djhqwv/ lghqwl?hg
e| Ihool dqg Urehuwv ^:`1 Zh looxvwudwh lw lq d vlpsoh h{dpsoh zlwk wkuhh ex|huv
dqg wkuhh vhoohuv1 Wkh vhw ri srvvleoh dwwulexwhv lv E @ V @ i5> 6> 7j1 Zh wuhdw wkh
ex|huv* dwwulexwhv dv ?{hg/ zlwk e� @ e2 @ 5 dqg eô @ 71 Wkh vhoohuv* frvw ixqfwlrq
lv jlyhq e|= f +5> m, @ 3 iru doo m> f +6> 4, @ f +7> 4, @ f +7> 5, @ ;/ f +6> 5, @ 6ôe /
f +6> 6, @ 6�2 / dqg f +7> 6, @ :1 Wkh frvw ixqfwlrq zdv fkrvhq vr wkdw vhoohu 4 zloo
dozd|v fkrrvh v� @ 5/ dqg wkh frvw wr vhoohu 6 ri dwwulexwh ohyho 6 ru 7 lv ohvv
wkdq wr vhoohu 51 Zh vxssrvh wkdw wkh edujdlqlqj ixqfwlrq lv wkdw lpsolhg e| wkh
vhoohu0idyruhg h{whqvlrq zlwk htxdo glylvlrq dw wkh erwwrp1 Wkh h!flhqw dwwulexwh
fkrlfhv duh looxvwudwhg lq wkh pdwul{ ri Iljxuh 8161 Lw lv vwudljkwiruzdug wr yhuli|
wkdw wklv lv dq htxloleulxp1

47Zh glvfxvv wklv lvvxh lq Froh/ Pdlodwk/ dqg Srvwohzdlwh ^8`1

57



{ð 5 5 9
eð 5 5 7
l 4 5 6
m 4 6 5
væ 5 5 6
sæ 5 5 9

sæ ý f 5 5 5�e

{ð 5 5 ;
eð 5 5 7
l 4 5 6
m 4 5 6
væ 5 6 7
sæ 5 7 ;

sæ ý f 5 �
e 4

Iljxuh 817= Dq htxloleulxp looxvwudwlqj frruglqdwlrq idloxuh1

Wkhuh lv krzhyhu wkh srvvlelolw| ri d frruglqdwlrq idloxuh ehwzhhq vhoohuv1 Lq
sduwlfxodu/ wkh frq?jxudwlrq rq wkh ohiw lq Iljxuh 817 lv dovr dq htxloleulxp1 Lq wklv
htxloleulxp/ vhoohu 5 +zkr kdv kljkhu frvwv wkdq vhoohu 6, fkrrvhv d odujhu dwwulexwh
dqg vr pdwfkhv zlwk ex|hu 69d fohduo| lqh!flhqw rxwfrph1 Xqghu wkh vhoohu0
idyruhg edujdlqlqj ixqfwlrq/ vhoohu 6 fdqqrw sur?wdeo| ghyldwh wr wkh dwwulexwh 7
+klv fkrlfh lq wkh h!flhqw dwwulexwh yhfwru, ehfdxvh ex|hu 6 fdq ghpdqg d sd|r>
ri ;/ uhgxflqj wkh uhwxuq wr vhoohu 6 +vhh wkh frq?jxudwlrq rq wkh uljkw,1

Qrwh wkdw wklv h{dpsoh looxvwudwhv d txdolwdwlyho| gl>huhqw w|sh ri lqh!flhqf|
wkdq wkdw gxh wr wkh frruglqdwlrq idloxuhv ehwzhhq ex|huv dqg vhoohuv looxvwudwhg lq
wkh hduolhu vxevhfwlrqv1 Lq sduwlfxodu/ wklv lqh!flhqf| lv plwljdwhg dv wkh qxpehuv
ri djhqwv lqfuhdvh/ dqg fdqqrw dulvh lq d prgho zlwk d frqwlqxxp ri djhqwv1

91 Glvfxvvlrq

Uhpdun 41 Wkh ?uvw zhoiduh wkhruhp whoov xv wkdw xqghu txlwh jhqhudo flufxp0
vwdqfhv/ d frpshwlwlyh rxwfrph lv Sduhwr h!flhqw1 Li zh frqvlghu d pdunhw lq
zklfk sulfhv duh txrwhg h{ dqwh iru gl>huhqw dwwulexwhv/ zh zrxog h{shfw djhqwv
wr pdnh h!flhqw dwwulexwh fkrlfhv1 Rqh pljkw h{shfw/ wkhq/ wkdw zh frxog vlpso|
frqvlghu d edujdlqlqj ixqfwlrq wkdw vsolw wkh vxusoxv dffruglqj wr wkh htxloleulxp
sulfhv iru dwwulexwhv1 Vxssrvh/ iru h{dpsoh/ wkdw rqh frqvlghuv wkh frpprglwlhv
wr eh wkh dwwulexwhv wkdw ex|huv dqg vhoohuv fkrrvh1 Rqh frxog wkhq wklqn ri d
pdunhw lq zklfk doo ex|huv dqg vhoohuv surgxfh dq dwwulexwh/ dqg rqh vlgh9vd|
wkh ex|hu vlgh9sxufkdvhv d vhoohu dwwulexwh dqg jhqhudwhv vxusoxv dffruglqj wr
wkh vxusoxv ixqfwlrq y148 D pdunhw htxloleulxp zrxog wkhq eh d sdlu ri sulfh
yhfwruv { dqg s wkdw ghwhuplqh wkh sulfhv ri dwwulexwhv iru wkh ex|huv dqg vhoohuv
uhvshfwlyho|/ dqg d sdlu ri dwwulexwh yhfwruv ñ dqg â wkdw duh uhvshfwlyho| wkh
ex|huv* dqg vhoohuv* dwwulexwh fkrlfhv1 Pdunhw fohdulqj zrxog hqwdlo wkdw ex|huv

48Vhh Dfhprjox ^4` iru d glvfxvvlrq ri d prgho dorqj wkhvh olqhv1
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sxufkdvh vhoohu dwwulexwhv iurp glvwlqfw vhoohuv149

Wkhuh zloo eh d pdunhw htxloleulxp ri wklv w|sh zkhq sulfhv duh txrwhg h{
dqwh iru gl>huhqw dwwulexwhv/ dqg wkdw htxloleulxp zloo hqwdlo h!flhqw dwwulexwh
fkrlfhv1 Krzhyhu/ wkh sulfhv lq vxfk dq htxloleulxp fdqqrw/ lq jhqhudo/ eh xvhg
wr frqvwuxfw d edujdlqlqj ixqfwlrq dv lq Sursrvlwlrq 71 Wklv lv hdv| wr vhh e|
frqvlghulqj d vlpsoh h{dpsoh zlwk rqh ex|hu dqg rqh vhoohu/ zlwk wkh vxusoxv
ixqfwlrq y+e> v, @ e ü v= Vxssrvh wkdw erwk djhqwv fkrrvh dwwulexwh ohyho 7> dqg
wkdw wklv lv wkh frpshwlwlyh ohyho1 Wkh frpshwlwlyh sulfhv +{> s, iru wkhvh wkh
dwwulexwhv +e> v, @ +7> 7, pxvw vxp wr 49/ wkh vxusoxv jhqhudwhg e| wkh dwwulexwhv/
dqg vr hlwkhu { ru s +ru erwk, lv dw ohdvw ;= Exw qrz vxssrvh wkdw wkh ex|hu fkrrvhv
dwwulexwh 4 lqvwhdg ri 7 +wkh vhoohu vwloo fkrrvlqj 7,> wkh pd{lpdo ihdvleoh sd|r>
wr wkh vhoohu lv wkh hqwluh vxusoxv/ 7= Dqdorjrxvo|/ li wkh ex|hu fkrrvhv dwwulexwh 7
dqg wkh vhoohu fkrrvhv dwwulexwh 4> wkh pd{lpdo ihdvleoh sd|r> wr wkh ex|hu lv 7=
Wulyldoo| wkhq/ rqh fdqqrw xvh rqo| wkh frpshwlwlyh sulfhv { dqg s lq vshfli|lqj
krz wkh wzr zloo vkduh wkh vxusoxv iru hdfk srvvleoh vhw ri dwwulexwh fkrlfhv wkh|
frxog pdnh1 Lq rwkhu zrugv/ rqh fdqqrw frqvwuxfw d edujdlqlqj ixqfwlrq iru
wklv sureohp e| qdlyho| xvlqj wkh pdunhw htxloleulxp sulfhv wr ghwhuplqh krz
wkh vxusoxv zloo vkduhg lq doo flufxpvwdqfhv14: Zh vkrxog qrwh wkdw wkhuh lv

49Pruh vshfl?fdoo|/ zh fdq wklqn ri dq htxloleulxp dv ehlqj Eqc jc %c Rc @ä zkhuh q G U < î
dqg j G a < 7 vshfli| wkh dwwulexwh fkrlfhv iru wkh ex|huv dqg vhoohuv uhvshfwlyho|/ % G î <^n
dqg R G 7 < ^n duh wkh sulfhv ri ex|huv* dqg vhoohuv* dwwulexwhv/ dqg @ G U < îf7 lqglfdwhv wkh
fkrlfh ri dwwulexwhv sxufkdvhg e| hdfk ex|hu1 Wkh htxloleulxp frqglwlrqv duh=

41 iru hdfk ex|hu ð/ qEðä lv d vroxwlrq wr @h}4@ KMî %EKä 3 úEKc ðä +ex|hu rswlpl}dwlrq lq
fkrlfh ri rzq dwwulexwh,/

51 iru hdfk vhoohu æ/ jEæä lv d vroxwlrq wr @h}4@ rM7 RErä 3 SErc æä +vhoohu rswlpl}dwlrq lq
fkrlfh ri dwwulexwh,/

61 iru hdfk ex|hu ðc @Eðä lv d vroxwlrq wr @h}4@ EKcräMîf7 ñEKc rä3 %EKä3 RErä +ex|hu rswl0
pl}dwlrq lq fkrlfh ri sxufkdvhg dwwulexwhv,/ dqg

71 @�Eðä ' qEðä dqg wkhuh lv d pdwfklqj ixqfwlrq 6 G U < a vxfk wkdw jE6Eðää ' @2Eðä
+pdunhw fohdulqj,1

4:Wkh sureohp lv qrw wkdw qrw doo dwwulexwhv duh fkrvhq lq htxloleulxp +ru/ lq rwkhu zrugv/ wkdw
qrw doo dwwulexwh pdunhwv duh rshq lq htxloleulxp,1 Vxssrvh wkhuh zhuh wkuhh ex|huv dqg wkuhh
vhoohuv/ dqg wkh vxusoxv ixqfwlrq lv djdlq ñEKc rä ' K uré Vxssrvh ixuwkhu wkdw lqlwldoo| wkhuh lv rqh
ex|hu dqg rqh vhoohu hdfk fkrrvlqj dwwulexwh �/ dqg wzr ex|huv dqg wzr vhoohuv hdfk fkrrvlqj
dwwulexwh eé Dv deryh/ hlwkhu %Eeä ru REeä lv dw ohdvw Hé Li iurp wklv lqlwldo frq?jxudwlrq/ d vlqjoh
ex|hu zlwk dwwulexwh e fkdqjhv wr dwwulexwh �/ rqh ri wkh pdwfkhg sdluv zloo eh d ex|hu zlwk
dwwulexwh � dqg vhoohu zlwk dwwulexwh e1 Lq wklv sdlu/ wkh pd{lpxp ihdvleoh sd|r> wr wkh vhoohu
lv e/ dqg e| htxdo wuhdwphqw/ erwk vhoohuv zlwk dwwulexwh e pxvw uhfhlyh wklv sd|r>1 D vlplodu
dujxphqw fdq eh pdgh li d vlqjoh vhoohu zlwk dwwulexwh e fkdqjhv wr dwwulexwh �/ dqg wkxv/ zh
duh ohdg wr wkh vdph frqfoxvlrq dv lq wkh wzr shuvrq h{dpsoh deryh= rqh fdqqrw frqvwuxfw d
edujdlqlqj rxwfrph ixqfwlrq xvlqj rqo| htxloleulxp pdunhw sulfhv1
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rqh vshfldo fdvh lq zklfk pdunhw htxloleulxp sulfhv fdq eh xvhg wr frqvwuxfw d
edujdlqlqj ixqfwlrq/ dqg wkdw lv zkhq wkh h!flhqw dwwulexwh yhfwru vdwlv?hv grxeoh
ryhuods1 Lq wklv fdvh/ h!flhqw pdunhw htxloleulxp sulfhv duh pdunhw fohdulqj hyhq
li d vlqjoh djhqw ghyldwhv wr dq dwwulexwh wkdw lv qrw ohvv wkdq wkh vpdoohvw h!flhqw
dwwulexwh1 Krzhyhu/ dv zh glvfxvv mxvw diwhu Sursrvlwlrq 7/ grxeoh ryhuods lv d
txlwh uhvwulfwlyh frqglwlrq1

Wkh sureohp/ ri frxuvh/ lv wkdw rqh lqglylgxdo fkdqjlqj klv dwwulexwh fkrlfh
d>hfwv wkh ihdvleoh uhwxuqv wr rwkhu djhqwv1 Wklv lv dqdorjrxv wr wkh vwdqgdug
sureohp lq jhqhudo htxloleulxp wkdw zkloh pdunhw sulfhv ghwhuplqh uhwxuqv wr
djhqwv lq htxloleulxp/ wkrvh uhwxuqv w|slfdoo| fdq eh lqihdvleoh li dq djhqw pdnhv
d glvhtxloleulxp fkrlfh1 Dv zh hpskdvl}hg zkhq zh irupxodwhg rxu prgho/ zh lq0
wurgxfhg edujdlqlqj ixqfwlrqv vr wkdw zh frxog wuhdw wkh dwwulexwh fkrlfh sureohp
dv d zhoo0gh?qhg qrqfrrshudwlyh jdph1 Iru djhqwv* sureohpv wr eh zhoo0gh?qhg/
fkdqjhv lq dq djhqw*v dwwulexwh fkrlfh qhfhvvdulo| d>hfw uhwxuqv wr rwkhu dwwulexwhv
lq jhqhudo14;

Rqh dowhuqdwlyh zrxog eh wr frqvlghu d pruh vrsklvwlfdwhg qrwlrq ri pdunhw
htxloleulxp dorqj wkh olqhv ri vwdwh frqwlqjhqw sulfhv iru dwwulexwhv/ zkhuh wkh
vwdwh ghshqgv rq djhqwv* dwwulexwh fkrlfhv1 Wkh qrwlrq ri htxloleulxp zrxog kdyh
djhqwv fkrrvh dwwulexwhv/ zlwk wkrvh dwwulexwhv kdylqj pdunhw sulfhv wkdw ghshqg
rq wkh yhfwruv ri fkrvhq dwwulexwhv1 Wkh sureohp zlwk wklv dssurdfk lv wkdw dq
djhqw*v fkrlfh ri dwwulexwh d>hfwv wkh vwdwh/ dqg khqfh/ wkh sulfh ri dwwulexwhv +vr
wkdw wkhuh lv d whqvlrq zlwk sulfh wdnlqj,1 Zkloh vxfk d iudphzrun shuplwv wkh
uhvsrqvhv lq vkdulqj wr fkdqjhv ri dwwulexwh wkdw ihdvlelolw| ghpdqgv/ wkh dqdorjxh
ri wkh ?uvw zhoiduh wkhruhp grhvq*w krog wkhuh14<

Uhpdun 51 Zh wuhdw lq wklv sdshu wkh fdvh lq zklfk wkh uhohydqw jurxsv iru
surgxfwlrq duh sdluv1 Zh frxog hdvlo| kdyh h{whqghg wkh dqdo|vlv wr fryhu wkh
fdvh lq zklfk surgxfwlrq qhfhvvlwdwhg d jurxs ri shrsoh/ rqh ri hdfk ri d qxpehu
ri gl>huhqw w|shv1 Zlwk dqdorjrxv dvvxpswlrqv rq wkh vxusoxv dqg frvw ixqfwlrqv/
zh zrxog kdyh kdg vlplodu uhvxowv uhjduglqj srvlwlyh dvvruwdwlyh pdwfklqj/ htxdo
wuhdwphqw/ hwf1 Dq lqwhuhvwlqj h{whqvlrq wkdw lv qrw vr gluhfw lv wr wuhdw wkh fdvh

4;Wklv lv qrw wuxh lq odujh hfrqrplhv1 Lq Froh/ Pdlodwk/ dqg Srvwohzdlwh ^8`/ zh uhtxluh wkdw
wkh edujdlqlqj ixqfwlrq kdyh wkh surshuw| wkdw d vlqjoh djhqw fdqqrw d>hfw wkh sd|r> ri dq|
rwkhu djhqw1 Lq sulqflsoh/ lq odujh hfrqrplhv/ frpshwlwlyh sulfhv fdq eh xvhg wr vxssruw h!flhqw
dwwulexwh fkrlfhv1 Krzhyhu/ lq wkdw frqwh{w/ zh vwloo fdqqrw vlpso| dsshdo wr wkh vwdqgdug zhoiduh
wkhruhpv= wkh odujh hfrqrp| zlwk dwwulexwh fkrlfh lv d qrqfrqyh{ hfrqrp| zlwk lqglylvlelolwlhv1
Zh surylgh wkhuh d gluhfw surri wkdw wkhuh duh edujdlqlqj ixqfwlrqv frqvlvwhqw zlwk h!flhqf|1

4<Pdnrzvnl dqg Rvwur| ^47` frqvlghu vxfk d prgho dqg vkrz wkdw/ zlwk dvvxpswlrqv wkdw
hvvhqwldoo| jxdudqwhhlqj d vx!flhqw dprxqw ri frpshwlwlrq dqg uxoh rxw frruglqdwlrq idloxuhv/
rxwfrphv zloo eh h!flhqw1
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lq zklfk jurxsv qhhg qrw kdyh hyhu| w|sh ri djhqw zlwk wkh vxusoxv d jurxs
jhqhudwhv ghshqglqj rq wkh frpsrvlwlrq ri wkdw jurxs1

Uhpdun 61 Lq rxu prgho pdwfklqj lv iulfwlrqohvv/ wkdw lv/ wkhuh lv qr frvw lq
djhqwv* vhdufklqj rxw dssursuldwh sduwqhuv1 Lw lv fohdu wkdw iulfwlrqohvv pdwfk0
lqj gulyhv vrph ri wkh txdolwdwlyh uhvxowv> iru h{dpsoh/ zh zrxog qrw h{shfw wr
vhh shuihfwo| dvvruwdwlyh pdwfklqj li pdwfklqj lv dffrpsolvkhg wkurxjk frvwo|
vhdufk153

Uhpdun 71 Iru pdq| ri wkh sureohpv wkh prgho lv phdqw wr dgguhvv9vxfk dv
pdwfklqj zrunhuv wr ?upv9wkh surfhvv ri pdwfklqj dqg surgxfwlrq lv rqjrlqj1
Wkdw lv/ wkhuh lv d vhtxhqfh ri shulrgv lq zklfk pdwfklqj pd| wdnh sodfh/ dqg
rqfh pdwfkhg/ wkh sdlu pd| vwd| pdwfkhg iru vhyhudo shulrgv1 D qdwxudo zd| wr
prgho vxfk d sureohp zrxog eh zlwk d qhz frkruw ri lqglylgxdov rq hdfk vlgh ri
wkh pdunhw hqwhulqj hdfk shulrg/ pdnlqj lqyhvwphqwv lq wkh ?uvw shulrg ri wkhlu
olyhv dqg hqwhulqj wkh pdwfklqj pdunhw wkh qh{w shulrg1 Li wkh frvw ixqfwlrqv
ydu| vwrfkdvwlfdoo| dfurvv frkruwv/ lqglylgxdov zkr duh orrnlqj iru sduwqhuv pljkw
?qg lw sur?wdeoh wr ghihu pdwfklqj xqwlo odwhu shulrgv lq wkh krsh ri ?qglqj d
ehwwhu pdwfk1 Wkh vwdwlf qdwxuh ri rxu prgho fohduo| suhfoxghv dq dqdo|vlv ri vxfk
ehkdylru1 H{whqglqj lw wr vxfk dq hqylurqphqw zrxog eh gl!fxow/ exw srwhqwldoo|
txlwh lqwhuhvwlqj1

:1 Uhodwhg olwhudwxuh

Rxu irfxv lv rq zkhwkhu djhqwv kdyh wkh uljkw lqfhqwlyhv lq whupv ri wkhlu lqyhvw0
phqw ghflvlrqv/ jlyhq wkdw d fruh doorfdwlrq ri wkh lqgxfhg dvvljqphqw jdph zloo
uhvxow1 Vlqfh wkh fruh lq wklv fdvh frlqflghv zlwk wkh vhw ri Zdoudvldq doorfdwlrqv/
d txhvwlrq uhodwhg wr rxuv lv zkhwkhu lq d frpshwlwlyh htxloleulxp/ djhqwv kdyh lq0
fhqwlyhv wr pdnh h!flhqw h{ dqwh lqyhvwphqwv1 Wklv txhvwlrq kdv ehhq dgguhvvhg
e| Kduw ^;/ <`/ Pdnrzvnl ^46`/ dqg Pdnrzvnl dqg Rvwur| ^47`1 Vhh Froh/ Pdlodwk
dqg Srvwohzdlwh ^8` iru d glvfxvvlrq ri krz wkhvh sdshuv uhodwh wr rxu dssurdfk1

PdfOhrg dqg Pdofrpvrq ^45` vwxg| wkh krog0xs sureohp dvvrfldwhg zlwk
lqyhvwphqw ghflvlrqv wdnhq sulru wr frqwudfwlqj dqg surylgh/ lq d vshfl?f prgho/
wkh lghd wkdw h{ dqwh lqyhvwphqwv zloo eh h!flhqw/ dv orqj dv wkh lqyhvwphqwv
duh jhqhudo dqg wkhuh duh rxwvlgh rswlrqv1 Wkdw lqyhvwphqwv lq wkhlu prgho duh
jhqhudo ohdgv wr frpshwlwlrq iru wkh lqglylgxdo pdnlqj wkh lqyhvwphqw/ dvvxulqj
klp ri wkh lqfuhphqwdo vxusoxv wkdw uhvxowv iurp wkh lqyhvwphqw1 Wklv lv vlplodu wr

53Vhh Exughww dqg Frohv ^6` iru dq dqdo|vlv ri vxfk d prgho/ dowkrxjk rqh lq zklfk dwwulexwhv
duh jlyhq h{rjhqrxvo|1
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wkh h>hfw ri 3orfdo frpshwlwlrq4 lq rxu ryhuods fdvh deryh1 Wkhlu prgho/ krzhyhu/
grhvq*w jlyh ulvh wr wkh frruglqdwlrq lqh!flhqflhv lq rxu prgho1

Vxevhtxhqw wr rxu zrun/ wkhuh kdyh ehhq vhyhudo rwkhu sdshuv wkdw vwxg| wkh
fdvh lq zklfk frqwudfwlqj dw wkh wlph lqyhvwphqwv duh pdgh lv uxohg rxw1 Ihool
dqg Urehuwv ^:` dqdo|}h d ?qlwh djhqw/ wzr0vlghg pdwfklqj prgho lq zklfk rqh
ru wkh rwkhu vlgh/ exw qrw erwk/ fdq pdnh lqyhvwphqwv/ iroorzhg e| Ehuwudqg
frpshwlwlrq1 Wkhlu irfxv rq rqh0vlghg lqyhvwphqw dqg d sduwlfxodu vhohfwlrq iurp
wkh vhw ri vwdeoh sd|r>v +zklfk lv hlwkhu wkh ex|hu0idyruhg ru vhoohu0idyruhg sd|r>,
doorzv d pruh vshfl?f dqdo|vlv ri lqh!flhqflhv1 GhPh}d dqg Orfnzrrg ^9` dqg
Fkdwwhumhh dqg Fklx ^7` dqdo|}h prghov lq zklfk erwk vlghv ri d pdunhw fdq
xqghuwdnh lqyhvwphqwv sulru wr pdwfklqj1 Erwk/ krzhyhu/ dqdo|}h prghov wkdw
duh frqvwuxfwhg wr jhqhudwh lqh!flhqw lqyhvwphqw/ zlwk wkh dlp wr xqghuvwdqglqj
krz gl>huhqw rzqhuvkls vwuxfwxuhv d>hfw wkh lqh!flhqf|1 Shwhuv dqg Vlrz ^48`
dqdo|}h d prgho lq zklfk xwlolw| lv qrw wudqvihudeoh ehwzhhq sduwlhv +wkh pduuldjh
sureohp, dqg ghprqvwudwh frqglwlrqv xqghu zklfk lqyhvwphqwv zloo eh h!flhqw1

D1 Surri ri Sursrvlwlrq 6

Sursrvlwlrq 6 iroorzv iurp wkh iroorzlqj 5 ohppdv1

Ohppd D1 Ohw +e> v, dqg +eâ> v, ghqrwh wzr yhfwruv ri dwwulexwhv vdwlvi|lqj eð @
eâð> ;l 9@ c1 Ohw i+{>s,>pj ghqrwh d vwdeoh sd|r> dqg pdwfklqj iru +e> v, dqg
i+{â>sâ,>pâj d vwdeoh sd|r> dqg pdwfklqj iru wkh dwwulexwhv +eâ> v,1 Li +eâ> v, duh
ryhuodsslqj dqg s6Eìä @ sâ6Eìä/ wkhq

{âì @ {ì . Y +e
â> v,ý Y +e> v,=

+D vlplodu uhvxow krogv iru wkh vhoohuv1,

Surri1 Vxssrvh eâì A eì +wkh vdph dujxphqw dssolhv/ pxwdwlv pxwdqglv/ wr wkh
fdvh eâì ? eì,1 Ohw é

â ghqrwh wkh udqn rughu ri eâì lq e
â/ l1h1/ eâì @ e

â
EVâä/ dqg ohw éââ

ghqrwh wkh udqn rughu ri plqieð = eð A eìj lq eâ1 Vlqfh +eâ> v, kdv qr jdsv/

{âì @ {
â
EVâä @ {

â
EVââä .

Vâ[
&'Vââ

^y+eâE&ä> v
&,ý y+eâE&3�ä> v&,`> +D14,

zkhuh/ iru hdfk n/ v& @ v6âEðä @ v6âEðâä dqg eâð @ eâE&ä/ e
â
ðâ @ e

â
EV3�ä iru vrph srvlwlyh

dvvruwdwlyh pdwfklqj pâ dqg l> lâ 5 L1
Vlqfh wkh rqo| gl>huhqfh ehwzhhq wkh dwwulexwh yhfwru +e> v, dqg +eâ> v, lv wkdw

rqh zrunhu kdv d kljkhu dwwulexwh/ wkh rqo| dwwulexwh pdwfklqjv wkdw duh gl>huhqw
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lqyroyh h{dfwo| rqh pdwfklqj iru hdfk ri wkh dwwulexwhv iv& = n @ éââ> = = = > éâj1 Iru
hdfk n @ éââ . 4> = = = > éâ/ rqh vhoohu ri dwwulexwh v& pdwfkhv zlwk d zrunhu zlwk
dwwulexwh eâE&3�ä xqghu +e> v, dqg pdwfkhv zlwk d zrunhu zlwk wkh qh{w kljkhu

dwwulexwh eâE&ä xqghu +e
â> v,1 Iru n @ éââ/ rqh vhoohu ri dwwulexwh vVââ pdwfkhv zlwk

d zrunhu zkr kdv wkh vdph dwwulexwh +eì, dv zrunhu c xqghu +e> v, dqg pdwfkhv
zlwk d zrunhu zlwk dwwulexwh eâEVââä xqghu +e

â> v,1 Wkxv/

Y +eâ> v,ý Y +e> v, @ y+eâEVââä> vV
ââ
,ý y+eì> vVââ, .

Vâ[
&'Vâân�

^y+eâE&ä> v
&,ý y+eâE&3�ä> v&,`=

Qrz/ xvlqj {âEVââä. s
â
6Eìä @ y+e

â
EVââä> v

Vââ, dqg sâ6Eìä @ s6Eìä/ htxdwlrq +D14, fdq
eh uhzulwwhq dv

{âì @ y+eâEVââä> v
Vââ,ý s6Eìä .

Vâ[
&'Vââ

k
y+eâE&ä> v

&,ý y+eâE&3�ä> v&,
l

@ y+eâEVââä> v
Vââ,ý

k
y+eì> v

Vââ,ý {ì
l
.

Vâ[
&'Vââ

k
y+eâE&ä> v

&,ý y+eâE&3�ä> v&,
l

@ {ì . Y +e
â> v,ý Y +e> v,=

Ohppd E1 Ohw +e> v, dqg +eâ> v, ghqrwh wzr yhfwruv ri dwwulexwhv vdwlvi|lqj eð @
eâð> ;l 9@ c1 Ohw i+{>s,>pj ghqrwh d vwdeoh sd|r> dqg pdwfklqj iru +e> v,/ dqg
ohw i+{â>sâ,>pâj dqg i+{ââ>sââ,>pâj eh wzr vwdeoh sd|r>v dqg pdwfklqjv iru wkh
dwwulexwhv +eâ> v,1 Li s6Eìä @ sâ6Eìä dqg s6âEìä @ s

ââ
6âEìä/ wkhq

{âì ý {ì é Y +eâ> v,ý Y +e> v, é {ââì ý {ì=

+D vlplodu uhvxow krogv iru wkh vhoohuv1,

Surri1 Wkh erxqg rq {ââì lv lpphgldwh/ jlyhq wkh erxqg rq {âì +uhyhuvh e dqg
eâ,1 Li +eâ> v, kdv qr jdsv/ wkh ydoxh ri {âì lv ghwhuplqhg xqltxho| rqfh sâ6Eìä lv
?{hg/ dqg e| Ohppd D/ wkh erxqg krogv zlwk htxdolw|1

Vxssrvh qrz wkdw +eâ> v, kdv jdsv dqg eâì A eì +wkh vdph dujxphqw dssolhv/
pxwdwlv pxwdqglv/ wr wkh fdvh eâì ? eì,1

Frqvlghu wkh lpsdfw ri ex|hu c*v dwwulexwh fkdqjh lq d uhodwhg froohfwlrq ri
ex|huv dqg vhoohuv wkdw lv d frpelqdwlrq ri wkh ex|hu dqg vhoohu dwwulexwhv wkdw
duh uhpdwfkhg1 Ohw L â @ il = eì é eð é eâìj/ M â @ p+L â, dqg M ââ @ pâ+L â,1
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Frqvlghu dq hfrqrp| +�L> �M> +�e>�v,, zlwk m�Lm @ m �M m @ 5 ü mL âm ex|huv dqg vhoohuv/
�e @ ++eð,ðMUâ > +eð,ðMU â,/ dqg �v @ ++væ,æMa â > +væ,æMa ââ,1 +Qrwh wkdw iv = v @ væ> m 5
M âj @ iv = v @ væ> m 5 M ââj1, Wkh dwwulexwh yhfwru ri ex|huv diwhu ex|hu c fkdqjhv
dwwulexwh lv �eâ @ ++eð,ðMUâ > +eâð,ðMU â,1 Revhuyh wkdw +�eâ>�v, kdv qr jdsv dqg wkdw
+�eâ>�v, lv wkh ex|hu0idyruhg h{whqvlrq ri +eâ> v,/ dsduw iurp wkh erwwrp pdwfkhg
sdlu +exw wkh vhoohu*v dwwulexwh lq wkdw sdlu lv wkh vdph dv lq +eâ> v,, dqg vrph
uhshdwhg pdwfkhg sdluv1 E| Ohppd D dqg Sursrvlwlrq 5/

{âì é {ì . Y +�eâ>�v,ý Y +�e>�v,>

zklfk |lhogv wkh ghvluhg xsshu erxqg/ ehfdxvh Y +�eâ>�v, ý Y +�e>�v, @ Y +eâ> v, ý
Y +e> v,1

Uhihuhqfhv

^4` G1 Dfhprjox1 D plfurirxqgdwlrq iru vrfldo lqfuhdvlqj uhwxuqv lq kxpdq
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^9` G1 GhPh}d dqg E1 Orfnzrrg1 Wkh surshuw|0uljkwv wkhru| ri wkh ?up1 Whfk0
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^:` O1 Ihool dqg N1 Urehuwv1 Grhv frpshwlwlrq vroyh wkh krog0xs sureohpB Whfk0
qlfdo uhsruw/ Orqgrq Vfkrro ri Hfrqrplfv/ 53331

^;` R1 G1 Kduw1 Prqrsrolvwlf frpshwlwlrq lq d odujh hfrqrp| zlwk gl>huhqwldwhg
frpprglwlhv1 Uhylhz ri Hfrqrplf Vwxglhv/ 79=4863/ 4<:<1

^<` R1 G1 Kduw1 Shuihfw frpshwlwlrq dqg rswlpdo surgxfw gl>huhqwldwlrq1 Mrxuqdo
ri Hfrqrplf Wkhru|/ 55=5:<8645/ 4<;31

64



^43` E1 Kropvwurp1 Prudo kd}dug lq whdpv1 Ehoo Mrxuqdo ri Hfrqrplfv/ 46=6578
673/ 4<;51

^44` P1 Ndqhnr1 Wkh fhqwudo dvvljqphqw jdph dqg wkh dvvljqphqw pdunhwv1 Mrxu0
qdo ri Pdwkhpdwlfdo Hfrqrplfv/ 43=5388565/ 4<;51

^45` Z1 E1 PdfOhrg dqg M1 P1 Pdofrpvrq1 Lqyhvwphqwv/ krogxs/ dqg wkh irup
ri pdunhw frqwudfwv1 Dphulfdq Hfrqrplf Uhylhz/ ;6=;448;6:/ 4<<61

^46` O1 Pdnrzvnl1 Shuihfw frpshwlwlrq/ wkh sur?w fulwhulrq/ dqg wkh rujdql}dwlrq
ri hfrqrplf dfwlylw|1 Mrxuqdo ri Hfrqrplf Wkhru|/ 55=5558575/ 4<;31

^47` O1 Pdnrzvnl dqg M1 P1 Rvwur|1 Dssursuldwlrq dqg h!flhqf|= D uhylvlrq ri
wkh ?uvw wkhruhp ri zhoiduh hfrqrplfv1 Dphulfdq Hfrqrplf Uhylhz/ ;8=;3;8
;5:/ 4<<81

^48` P1 Shwhuv dqg D1 Vlrz1 Frpshwlqj suh0pdulwdo lqyhvwphqwv1 plphr/ Xql0
yhuvlw| ri Wrurqwr/ 53331

^49` P1 Txlq}ll1 Fruh dqg frpshwlwlyh htxloleuld zlwk lqglylvlelolwlhv1 Lqwhuqd0
wlrqdo Mrxuqdo ri Jdph Wkhru|/ 46=74893/ 4<;71

^4:` D1 Urwk dqg P1 D1 R1 Vrwrpd|hu1 Wzr0Vlghg Pdwfklqj1 Fdpeulgjh Xqlyhu0
vlw| Suhvv/ Fdpeulgjh/ 4<<31

65


	1. Introduction
	2. The investment problem
	3. Characterization of stable allocations for a finite population
	4. Incentives for efficient investment
	5. Comparison to ex ante contracting equilibrium
	5.1 Inefficient investment: underinvestment
	5.2 Inefficient investment: overinvestment
	5.3 Inefficient investment: coordination failure

	6. Discussion
	7. Related literature
	A. Proof of Proposition 3
	References

