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Devwudfw

Hfrqrplvwv w|slfdoo| dqdo|}h lqglylgxdov* pdunhw ehkdylru lq lvrodwlrq
iurp wkhlu qrqpdunhw ghflvlrqv1 Zkloh wklv uhvhdufk vwudwhj| kdv jhqhudoo|
ehhq vxffhvvixo/ lw fdq ohdg wr v|vwhpdwlf huuruv zkhq djhqwv* qrqpdunhw
ehkdylru dòhfwv wkhlu pdunhw fkrlfhv1 Lq wklv sdshu zh dqdo|}h krz lq0
glylgxdov* lqyhvwphqw ehkdylru fkdqjhv dv d uhvxow ri qrqpdunhw ehkdylru1
Vshflñfdoo|/ zh dqdo|}h d prgho lq zklfk lqglylgxdov pxvw ghflgh krz wr do0
orfdwh wkhlu lqlwldo hqgrzphqw ehwzhhq wzr udqgrp lqyhvwphqwv/ zkhuh wkh
uhwxuqv duh shuihfwo| fruuhodwhg dfurvv lqglylgxdov iru wkh ñuvw lqyhvwphqw exw
lqghshqghqw dfurvv lqglylgxdov iru wkh vhfrqg1 Zh frqvlghu dq hqylurqphqw
lq zklfk phq dqg zrphq pdwfk/ zlwk zhdowklhu lqglylgxdov pruh vxffhvvixo
lq pdwfklqj1 Zh vkrz krz lqglylgxdov* frqfhuq derxw uhodwlyh zhdowk fdq
dòhfw wkhlu lqyhvwphqw ghflvlrqv/ dqg zh surylgh frqglwlrqv xqghu zklfk lq0
glylgxdov eldv wkhlu lqyhvwphqwv hlwkhu wrzdug ru dzd| iurp wkh lqyhvwphqw
zlwk fruuhodwhg uhwxuqv1 D prglñfdwlrq ri wkh prgho lv xvhg wr h{sodlq zk|
djhqwv lqyhvwphqwv pljkw h{klelw d krph frxqwu| eldv1
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Wkh dqdo|vlv ri pdunhwv dqg frqvxphu ehkdylru lq pdunhwv kdv ehhq d fhqwudo
frqfhuq�shukdsv wkh fhqwudo frqfhuq�ri hfrqrplvwv vlqfh Dgdp Vplwk1 Zkloh
hfrqrplvwv zhoo xqghuvwdqg wkdw wkhuh duh pdq| lpsruwdqw dvshfwv ri shrsohv*
olyhv wkdw duh ghwhuplqhg rxwvlgh wkrvh pdunhwv/ wkh| lqyhvwljdwh pdunhw ehkdy0
lru lq wkh krsh dqg eholhi wkdw lqglylgxdov* ehkdylru lq wkrvh pdunhwv fdq eh
vwxglhg/ xqghuvwrrg/ ru suhglfwhg lvrodwhg iurp wkh qrqpdunhw ehkdylru ri wkrvh
lqglylgxdov1 Wklv vhsdudwlrq ri kxpdq dfwlylw| lqwr pdunhw dqg qrqpdunhw frp0
srqhqwv kdv/ e| dqg odujh/ ehhq kxjho| vxffhvvixo1 Wkh irfxv rq pdunhw ehkdylru
kdv uhvxowhg lq sduvlprqlrxv jhqhudo prghov ri lqglylgxdo ghflvlrq pdnlqj wkdw
duh dssolfdeoh wr d eurdg udqjh ri sureohpv/ udwkhu wkdq lglrv|qfudwlf/ sureohp
vshflñf prghov1

Zkloh wkhuh duh vrxqg uhdvrqv xqghuo|lqj wkh prghoolqj fkrlfh wkdw vhjuh0
jdwhv pdunhw iurp qrqpdunhw ehkdylru/ wkdw vhsdudwlrq srwhqwldoo| frphv dw d
odujh frvw li lqglylgxdov* ghflvlrqv rxwvlgh pdunhwv wuxo| dòhfw wkhlu dwwlwxghv dqg
fkrlfhv lq pdunhwv1 Lq hduolhu zrun/ Froh/ Pdlodwk dqg Srvwohzdlwh +4<<5,/ zh
ghprqvwudwhg krz d sduwlfxodu ghflvlrq wkdw zdv qrw phgldwhg wkurxjk pdunhwv/
pdwfklqj ehwzhhq phq dqg zrphq/ frxog dòhfw pdunhw ehkdylru1� Lq sduwlfxodu/
zh vkrzhg wkdw li pdwfklqj ehwzhhq phq dqg zrphq lv srvlwlyho| dvvruwdwlyh lq
zhdowk/ pdwfklqj frqvlghudwlrqv jlyh shrsoh dq lqfhqwlyh wr vdyh pruh wkdq wkh|
zrxog lq wkh devhqfh ri pdwfklqj frqfhuqv1

Lq wklv sdshu zh lqyhvwljdwh krz qrqpdunhw frqfhuqv/ vxfk dv pdwfklqj/ fdq
dòhfw qrw rqo| wkh ohyho ri lqyhvwphqwv wkdw shrsoh pdnh/ exw dovr wkh frpsrvlwlrq
ri wkhlu lqyhvwphqwv1 Rxu lqwhuhvw lv lq krz/ lq d jlyhq vrflhw|/ d sduwlfxodu djhqw*v
dvvhw doorfdwlrq ghflvlrq lv lqðxhqfhg e| wkh dvvhw doorfdwlrqv ri rwkhuv lq wkdw
vrflhw|1 Zh duh sduwlfxoduo| lqwhuhvwhg lq zkhwkhu qrqpdunhw dfwlylwlhv pljkw
surylgh djhqwv zlwk dq lqfhqwlyh wr doorfdwh dvvhwv lq d pdqqhu vlplodu wr wkdw ri
rwkhu djhqwv lq wkh vrflhw|1

Zh dqdo|}h d prgho lq zklfk lqglylgxdov doorfdwh wkhlu lqlwldo hqgrzphqw eh0
wzhhq wzr udqgrp lqyhvwphqwv/ zkhuh wkh uhwxuqv duh shuihfwo| fruuhodwhg dfurvv
lqglylgxdov iru wkh ñuvw lqyhvwphqw exw lqghshqghqw dfurvv lqglylgxdov iru wkh
vhfrqg1 Wklv vwdqgdug sruwirolr fkrlfh sureohp lv dxjphqwhg zlwk d pdwfk0
lqj2pduuldjh ghflvlrq iroorzlqj wkh uhdol}dwlrq ri wkh djhqwv* lqyhvwphqwv1 Lw lv
dvvxphg wkdw iroorzlqj pdwfklqj/ frqvxpswlrq lv mrlqw/ vr wkdw/ doo hovh htxdo/
erwk phq dqg zrphq suhihu zhdowk| sduwqhuv wr srru rqhv1 Wkh dgglwlrq ri d
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pdwfklqj ghflvlrq lqwurgxfhv d wrxuqdphqw dvshfw wr wkh lqyhvwphqw ghflvlrq1
Wkh frqvxpswlrq ri dq djhqw ghshqgv qrw rqo| rq wkh uhdol}dwlrq ri wkdw djhqw*v
sruwirolr/ exw dovr rq wkh zhdowk ri wkdw djhqw*v sduwqhu lq wkh vxevhtxhqw pdwfk0
lqj1 Exw dq djhqw*v delolw| wr dwwudfw d zhdowk| sduwqhu ghshqgv qrw rqo| rq klv
ru khu rzq zhdowk/ exw dovr rq wkh zhdowk ri wkh _frpshwlwlrq/% wkh rwkhu djhqwv
ri wkh vdph vh{1

Khqfh/ wkh dgglwlrq ri d pdwfklqj ghflvlrq wr dq rwkhuzlvh vwdqgdug sruwirolr
fkrlfh sureohp dggv dq lpsruwdqw jhqhudo htxloleulxp frpsrqhqw wr wkh sureohp1
Lq wkh devhqfh ri wkh qrqpdunhw ghflvlrq/ hdfk djhqw frxog pdnh klv ru khu
lqyhvwphqw ghflvlrqv lq lvrodwlrq/ vlqfh rwkhu djhqwv*v ghflvlrqv kdyh qr hòhfw
rq wkh djhqw*v xowlpdwh frqvxpswlrq> wkh dgglwlrq ri wkh sduwlfxodu qrqpdunhw
ghflvlrq zloo jhqhudoo| pdnh wkh djhqw*v lqyhvwphqw fkrlfh ghshqg rq rwkhu djhqwv*
fkrlfhv1 Zh vkrz wkdw wkh lqfoxvlrq ri wkh pdwfklqj ghflvlrq fdxvhv djhqwv wr
fduh derxw wkh h{whqw wr zklfk wkhlu zhdowk lv fruuhodwhg wr wkdw ri rwkhu djhqwv/
dqg zloo surylgh frqglwlrqv xqghu zklfk djhqwv zdqw wr lqfuhdvh dqg ghfuhdvh/
uhodwlyh wr wkh vwdqgdug prgho/ wkdw fruuhodwlrq1

Wkh qh{w vhfwlrq frqwdlqv rxu irupdo prgho dqg uhvxowv1 Lq Vhfwlrq 6/ zh
dsso| wkh prgho wr d vshflñf txhvwlrq ri lqghshqghqw lqwhuhvw/ zk| djhqwv pd|
idlo wr dghtxdwho| glyhuvli| wkhlu lqyhvwphqwv1 Zh xvh d yduldqw ri wkh prgho iurp
Vhfwlrq 5 wr vkrz wkdw li vrph djhqwv lq d jurxs duh h{rjhqrxvo| frqvwudlqhg vr dv
wr suhyhqw wkhp iurp rswlpdoo| glyhuvli|lqj/ frqfhuq iru uhodwlyh udqn zloo lqgxfh
doo djhqwv wr lqdghtxdwho| glyhuvli|/ hyhq wkrxjk wkh| pd| qrw eh frqvwudlqhg1
Zh frqfoxgh lq Vhfwlrq 7 zlwk d glvfxvvlrq dqg lqwhusuhwdwlrq ri rxu uhvxowv/ dqg
d glvfxvvlrq ri uhodwhg olwhudwxuh1

2ë Aüi W?ñit|4i?| �L_i*

Wkhuh lv d frqwlqxxp ri phq dqg d frqwlqxxp ri zrphq/ hdfk xqlirupo| glv0
wulexwhg rq ^3> 4`12 Pdoh l 5 ^3> 4` lv hqgrzhg zlwk h+l, xqlwv ri wkh pdoh jrrg/
zkhuh h = ^3> 4` $ ?n lv vwulfwo| lqfuhdvlqj1 Lq dgglwlrq wr wklv jrrg/ wkhuh lv d
qrqfrqvxpdeoh fdslwdo jrrg dqg d surgxfhg ihpdoh frqvxpswlrq jrrg1 Iru vlp0
solflw|/ zh dvvxph wkdw rqo| ihpdohv kdyh wkh fdslwdo jrrg/ dqg khqfh wkh delolw|
wr surgxfh wkh ihpdoh frqvxpswlrq jrrg1 Ihpdohv duh h{ dqwh lghqwlfdo/ dqg hdfk
ihpdoh lv hqgrzhg zlwk rqh xqlw ri wkh fdslwdo jrrg/ zklfk vkh fdq lqyhvw lq hlwkhu
ri wzr lqyhvwphqw surmhfwv1 Wkhuh lv d frpprq surmhfw iru zklfk wkh udqgrp udwh
ri uhwxuq lv lghqwlfdo dfurvv ihpdohv dqg lv ghqrwhg e| d= Wkh vhfrqg surmhfw lv
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d sulydwh ydoxh surmhfw rq zklfk wkh udwh ri uhwxuq lv lqglylgxdo vshflñf dqg zloo
eh ghqrwhg eð> zh dvvxph d dqg eð wdnh rq ydoxhv ehwzhhq }hur dqg rqh1 Zh dovr
dvvxph wkdw d dqg hdfk eð duh lqghshqghqwo| glvwulexwhg/ zlwk wkh glvwulexwlrq
ixqfwlrqv ryhu wkh ñuvw dqg vhfrqg lqyhvwphqwv jlyhq e| K dqg I uhvshfwlyho|/
dqg wkh ghqvlw| ixqfwlrqv ghqrwhg k dqg i 1 Wkh zhdowk ri ihpdoh djhqw l lv jlyhq
e| |ð @ {ðd. +4ý {ð,eð/ zkhuh {ð ghqrwhv wkh iudfwlrq ri khu fdslwdo lqyhvwhg lq
wkh frpprq surmhfw1 Wkh ihpdoh djhqwv pdnh wkhlu lqyhvwphqw ghflvlrqv sulru wr
wkh uhdol}dwlrq ri wkh udwhv ri uhwxuq rq wkh wzr surmhfwv1

Ihpdohv* suhihuhqfhv duh jlyhq e| Hix+�f, . az+�h,j/ zkhuh �f ghqrwhv wkh +udq0
grp, frqvxpswlrq ohyho ri wkh ihpdoh jrrg dqg �h ghqrwhv wkh +udqgrp, frq0
vxpswlrq ri wkh pdoh jrrg1 Vlqfh frqvxpswlrq ri wkh pdoh jrrg lv mrlqw/ lw lv
ghwhuplqhg e| wkh lghqwlw| ri wkh pdoh wkdw wkh ihpdoh pdwfkhv zlwk1 Zh ghqrwh
e| z wkh yrq Qhxpdqq xwlolw| ri pdwfklqj zlwk pdoh m/ wkdw lv/ z+m, @ az +h+m,,1
Lw lv lpsruwdqw wr nhhs lq plqg wkdw vlqfh wkh xwlolw| ixqfwlrq ryhu pdoh pdwhv z
lv wkh frpsrvlwlrq ri wkh hqgrzphqw ixqfwlrq h dqg wkh xwlolw| ixqfwlrq ryhu pdoh
jrrg az/ hyhq li wkh xwlolw| ixqfwlrq ryhu wkh pdoh jrrg lv frqfdyh/ wkh hqgrz0
phqw ixqfwlrq h pd| eh vxfk wkdw wkh frpsrvlwlrq lv hlwkhu frqyh{ ru frqfdyh +ru
qhlwkhu,1 Pdohv suhihuhqfhv duh lqfuhdvlqj lq wkh frqvxpswlrq ri erwk wkh pdoh
jrrg +zklfk lv suhghwhuplqhg, dqg wkh ihpdoh jrrg1 Dv zloo ehfrph fohdu/ lw lv
xqqhfhvvdu| wr eh pruh vshflñf derxw pdoh suhihuhqfhv1

Wkh vhtxhqfh ri hyhqwv lv dv iroorzv1 Iluvw/ hdfk ihpdoh fkrrvhv dq doorfdwlrq ri
khu fdslwdo ehwzhhq wkh wzr lqyhvwphqw surmhfwv1 Diwhu wkh uhwxuqv ri wkh surmhfwv
duh uhdol}hg/ pdohv dqg ihpdohv pdwfk1 Diwhu pdwfklqj/ djhqwv mrlqwo| frqvxph wkh
jrrgv dydlodeoh wr wkh sdlu1 Zh dvvxph wkdw wkhuh lv qr frpplwphqw whfkqrorj|
iru hqiruflqj djuhhphqwv/ zklfk uxohv rxw dq| vruw ri lqvxudqfh pdunhw dprqj
wkh ihpdohv1 Khqfh wkh rqo| ghflvlrqv wkdw wkh djhqwv pdnh duh wkhlu pdwfklqj
ghflvlrqv dqg wkh ihpdohv* lqyhvwphqw ghflvlrqv1 Vlqfh doo pdohv ydoxh ihpdoh
zhdowk/ dqg doo ihpdohv ydoxh pdoh zhdowk +dv phdvxuhg e| h,/ wkh rqo| vwdeoh
pdwfklqj +lq wkh vhqvh ri Urwk dqg Vrwrpd|hu +4<<3,, lv srvlwlyho| dvvruwdwlyh lq
zhdowk1 Wklv doorzv xv wr uhvwulfw dwwhqwlrq wr srvlwlyho| dvvruwdwlyh pdwfklqjv/
zlwkrxw vshfli|lqj wkh pdwfklqj surfhvv1

Zh uhvwulfw dwwhqwlrq wr v|pphwulf htxloleuld/ zklfk vxevwdqwldoo| vlpsolñhv
wkh dqdo|vlv vlqfh li doo ihpdohv pdnh lghqwlfdo lqyhvwphqw ghflvlrqv/ zh fdq dvvxph
wkdw wkh glvwulexwlrq ri ihpdohv* zhdowk ghshqgv rqo| rq wklv frpprq ghflvlrq
dqg wkh uhdol}hg djjuhjdwh udwh ri uhwxuq/ d1 Lw lv uhodwlyho| vwudljkwiruzdug wr
ghwhuplqh wkh htxloleulxp pdwfklqj rxwfrph lq wklv fdvh1 Vlqfh pdwfklqj lv
srvlwlyho| dvvruwdwlyh lq zhdowk/ d sruwirolr doorfdwlrq { 5 ^3> 4` lv d v|pphwulf
htxloleulxp li hdfk ihpdoh ñqgv lw rswlpdo wr fkrrvh wkdw sruwirolr doorfdwlrq
zkhq doo rwkhu ihpdohv gr vr1 Qrwh wkdw/ dsduw iurp {ð @ { @ 4/ wkh suredelolw|
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wkdw ihpdoh l dvvljqv wr dqrwkhu ihpdoh kdylqj wkh vdph ñqdo zhdowk dv khu lv
}hur/ luuhvshfwlyh ri khu sruwirolr ghflvlrq1 Wkxv/ srvlwlyh dvvruwdwlyh pdwfklqj
rq zhdowk ghwhuplqhv khu xwlolw| iru doo sruwirolr ghflvlrqv1 Li {ð @ { @ 4 wkhq
doo ihpdohv duh rqo| lqyhvwlqj lq wkh frpprq surmhfw/ dqg lq wkdw fdvh zh dvvxph
hdfk ihpdoh lv udqgrpo| pdwfkhg zlwk d pdoh1

D frpprq lqyhvwphqw ohyho { iru doo zrphq uhvxowv lq d ghwhuplqdwh glvwul0
exwlrq ri ihpdoh zhdowk dqg khqfh d ghwhuplqdwh pdwfklqj frqglwlrqdo rq dq
lqglylgxdo ihpdoh*v zhdowk1 Dq htxloleulxp lv fkdudfwhul}hg e| d frpprq ohyho {
wkdw pd{lpl}hv hdfk zrpdq*v h{shfwhg xwlolw| jlyhq wklv pdwfklqj uhodwlrq1

Iluvw zh fdofxodwh wkh glvwulexwlrq ri ihpdoh zhdowk wkdw zloo uhvxow iurp d
frpprq glylvlrq ri fdslwdo ehwzhhq wkh wzr surmhfwv1 Wklv glvwulexwlrq zloo gh0
whuplqh wkh suredelolw| glvwulexwlrq ryhu pdwfkhv wkdw uhvxowv iurp dq duelwudu|
ihpdoh*v lqyhvwphqw ghflvlrq1

Dvvxph wkdw {ðâ @ { iru doo lâ 9@ l1 Iru d jlyhq uhdol}dwlrq d/ ihpdoh zhdowk
zlwklq wkh srsxodwlrq lv glvwulexwhg rq ^{d> {d. +4ý {,` zlwk d iudfwlrq I ++| ý {d, @ +4ý {,,
kdylqj zhdowk ohvv wkdq ru htxdo wr |1 Vlqfh wkh udqn/ �vð/ ri ihpdoh l zlwk zhdowk
�|ð lv wkh iudfwlrq ri ihpdohv zlwk zhdowk ohvv wkdq ru htxdo wr �|ð/

�vð @ I ++�|ð ý {d, @ +4ý {,, =
Wkh suredelolw|/ frqglwlrqdo rq d/ ri khu udqn ehlqj ohvv wkdq ru htxdo wr vð ? 4
lv jlyhq e|ô

Su i�vð é vðmdj @ Su iI ++�|ð ý {d, @ +4ý {,, é vðmdj
@ Su

q
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@ Su
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=

Ihpdoh l lv lqyhvwlqj {ð lq wkh frpprq surmhfw/ vr �|ð @ {ðd. +4ý {ð, eð/ dqg zh
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Wdnlqj h{shfwdwlrqv ryhu wkh uhwxuqv ri wkh frpprq surmhfw +zklfk lv uhdol}hg
diwhu ihpdoh l fkrrvhv {ð, |lhogv wkh suredelolw| glvwulexwlrq ixqfwlrq ryhu ihpdoh
l*v udqn frqwlqjhqw rq khu fkrlfh ri {ð dorqh/ ghqrwhg J+vð>{ð,/

J+vð>{ð, @
] �

f
I

%
+4ý {,I3�+vð, . +{ý {ð,d

4ý {ð

&
k+d,gd=

D ihpdoh djhqw*v udqn lq wkh rxwsxw glvwulexwlrq ghwhuplqhv khu htxloleulxp
pdwfk/ dqg vr khu frqvxpswlrq ri wkh pdoh jrrg/ vshflñfdoo|/ ihpdoh l ri udqn vð
lv pdwfkhg zlwk pdoh vð dqg vr uhfhlyhv xwlolw| z +vð,1 Zh qrz h{solflwo| ghñqh
wkh v|pphwulf htxloleulxp sruwirolr ghflvlrq1

Ghñqlwlrq 41 D sruwirolr doorfdwlrq { lv d v|pphwulf htxloleulxp li/ iru doo l/
{ð @ { vroyhv

pd{
]]

x+{ðd. +4ý {ð,eð,k+d,i+eð,gdgeð .
]
z+vð,J+gvð>{ð,=

Frqvlghu iru d prphqw wkh vshfldo fdvh zkhuh erwk x dqg z duh olqhdu1 Lq
wklv fdvh/ ihpdohv duh erwk ulvn qhxwudo dqg _udqn qhxwudo/% wkdw lv/ ihpdohv fduh
rqo| derxw wkh h{shfwhg udqn lq wkh zhdowk glvwulexwlrq1 Krzhyhu/ vlqfh udqn lv
qrw d olqhdu ixqfwlrq ri zhdowk/ pd{lpl}lqj wkh h{shfwhg ydoxh ri rqh*v zhdowk
udqn lv qrw wkh vdph dv pd{lpl}lqj h{shfwhg zhdowk1 Wklv lpsolhv wkdw wkhuh lv
d wudghrò ehwzhhq h{shfwhg frqvxpswlrq dqg h{shfwhg zhdowk udqn1 Rxu ñuvw
revhuydwlrq lv wkdw li wkh glvwulexwlrqv duh v|pphwulf/ d ihpdoh*v h{shfwhg zhdowk
udqn lv lqghshqghqw ri khu sruwirolr fkrlfh1

Ohppd 41 Vxssrvh wkh glvwulexwlrqv ri wkh uhwxuqv rq wkh surmhfwv duh v|pphw0
ulf +l1h1/ I +{, @ 4ý I +4ý {, dqg K+{, @ 4ýK+4ý {, iru doo { 5 ^3> 4` ,1 Wkhq
d ihpdoh*v h{shfwhg udqn htxdov �2 / lqghshqghqw ri khu sruwirolr fkrlfh {ð1

Surri1 Iluvw/ qrwh wkdw I3�+v, . I3�+4ý v, @ 41 Qrz/
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zkhuh wkh odvw htxdolw| krogv ehfdxvh d dqg 4ýd duh lghqwlfdoo| glvwulexwhg +l1h1/
k+d, @ k+4ý d, ,1 Vlqfh J+vð>{ð, lv v|pphwulf/

U
vðJ+gvð>{ð, @

�
2 1

Wkh ñuvw rughu frqglwlrq dvvrfldwhg zlwk d ihpdoh djhqw*v sureohp lv]]
xâ+{ðd. +4ý {ð,eð, +dý eð,k+d,i+eð,gdgeð . C

C{ð

]
z+vð,J+gvð>{ð, @ 3=

Vwdqgdug rswlpdo sruwirolr dujxphqwv/ zklfk ljqruh pdwfklqj hòhfwv/ zrxog lp0
so| wkdw wkh ñuvw whup lq wkh deryh h{suhvvlrq lv htxdo wr }hur1 Wr vhh krz
frqfhuqv derxw uhodwlyh zhdowk fdq dowhu lqyhvwphqw ghflvlrqv/ frqvlghu wkh iro0
orzlqj dssur{lpdwlrq wr wkh vhfrqg whup=

C

C{ð

]
z+vð,J+gvð>{ð, ä zâ+4

5
,
C

C{ð

]
+vðý4

5
,J+gvð>{ð,.

4

5
zââ+

4

5
,
C

C{ð

]
+vðý4

5
,2J+gvð>{ð,=

Wklv h{suhvvlrq vhsdudwhv wkh vhfrqg whup lqwr dq h{shfwhg udqn frpsrqhqw/ dqg
d yduldqfh ri udqn frpsrqhqw1

Li ihpdoh l lqyhvwv {ð lq wkh ñuvw surmhfw/ wkh vxssruw ri wkh glvwulexwlrq ri khu
srvvleoh rxwsxw frqglwlrqdo rq wkh uhdol}hg ydoxh ri d lv ^{ðd> {ðd. +4ý {ð,` = Li doo
rwkhu ihpdohv lqyhvw { lq wkh ñuvw surmhfw/ wkh vxssruw ri wkh h{ srvw glvwulexwlrq
ri ihpdoh rxwsxw frqglwlrqdo rq d lv ^{d> {d. +4ý {,`1 Lw iroorzv wkhuhiruh wkdw
li {ð A {/ wkh vxssruw ri ihpdoh l*v frqglwlrqdo glvwulexwlrq ri rxwsxw olhv vwulfwo|
lqvlgh wkh vxssruw iru wkh djjuhjdwh glvwulexwlrq iru doo d é 4= Vlploduo|/ li {ð ? {
dqg d é 4/ wkhq zkloh wkh h{shfwhg ohyho ri ihpdoh l*v rxwsxw lv vwloo wkh vdph/
wkh xsshu dqg orzhu vxssruwv ri khu frqglwlrqdo glvwulexwlrq h{fhhgv wkrvh ri wkh
djjuhjdwh glvwulexwlrq1 Wkxv/ zkloh ihpdoh l fdqqrw dòhfw khu h{shfwhg zhdowk
udqn ehfdxvh ri wkh dvvxphg v|pphwu|/ vkh pd| uhgxfh wkh yduldqfh ri udqn e|
lqyhvwlqj pruh khdylo| lq wkh frpprq surmhfw1

Lq wkh iroorzlqj h{dpsoh zh looxvwudwh krz frqfhuqv ryhu wkh yduldqfh ri rqh*v
zhdowk udqn fdq dowhu htxloleulxp rxwfrphv1 Lq wkh htxloleulxp ri wkh h{dpsoh zh
frqvlghu/ zkhq djhqwv kdyh frqfdyh suhihuhqfhv ryhu wkhlu udqn wkh| lqyhvw ohvv lq
surmhfwv zkrvh uhwxuqv duh lglrv|qfudwlf dqg pruh lq surmhfwv zkrvh uhwxuqv duh
fruuhodwhg zlwk wkh uhwxuqv ri rwkhu djhqwv wkdq wkh| zrxog li wkhvh frqfhuqv zhuh
devhqw1 Li wkhlu suhihuhqfhv ryhu wkhlu zhdowk udqn duh frqyh{ wkhq wkh uhyhuvh lv
wuxh1

H{dpsoh= Dvvxph wkdw x+f, @ G�f ý f2/ z+m, @ g�m ý gm2/ dqg wkdw G� dqg
g� duh erwk srvlwlyh1 Wkh ixqfwlrqv x dqg z zloo eh lqfuhdvlqj lq wkh uhohydqw
udqjh dv orqj dv G� è 5 dqg g� è 5g +vlqfh f> m 5 ^3> 4`,1 Zh dovr dvvxph wkdw
hdfk eð lv xqlirupo| glvwulexwhg rq ^3> 4`1 Zh zloo dvvxph wkdw d lv v|pphwulfdoo|

:



glvwulexwhg rq ^3> 4`/ vr wkdw Hd @ �
2 1 Jlyhq rxu txdgudwlf suhihuhqfh vshflñfdwlrq

rqo| wkh ñuvw wzr prphqwv ri wkh glvwulexwlrq ryhu |ð dqg vð pdwwhu1 Vlqfh erwk
d dqg eð duh v|pphwulfdoo| glvwulexwhg/ wkhq dv vkrzq deryh/ wkh h{shfwhg ydoxh
ri d ihpdoh*v vwdwxv ohyho lv lqghshqghqw ri khu lqyhvwphqw sruwirolr ghflvlrq1 Dv
zh zloo vkrz ehorz/ wkh yduldqfh ri d ihpdoh djhqw*v vwdwxv lv qrw lqghshqghqw ri
khu lqyhvwphqw ghflvlrq1 Vlploduo|/ vlqfh H|ð @ {ðd. +4ý {ð,eð @ �

2 / ihpdoh l fdq
rqo| dòhfw wkh yduldqfh ri khu rxwsxw/ exw qrw lwv h{shfwhg ydoxh1

Wkh yduldqfh ri |ð/ dqg khqfh ri frqvxpswlrq/ lv jlyhq e|

H
+ë
{ðd. +4ý {ð,eð ý 4

5

ê2,
@ {2ð â

2
@ . +4ý {ð,2 â2K =

Wkh fkrlfh ri {ð wkdw plqlpl}hv wkh yduldqfh ri |ð wkxv vroyhv

{ðâ
2
@ ý +4ý {ð,â2K @ 3>

zklfk lpsolhv

{ð @
â2K

â2@ . â
2
K

ì {W= +4,

Wkh frqvxpswlrq yduldqfh plqlpl}lqj sruwirolr doorfdwlrq/ {W/ zloo sod| dq
lpsruwdqw uroh lq zkdw iroorzv1

Wkh uhpdlqghu ri wklv vhfwlrq suryhv wkh iroorzlqj sursrvlwlrq1 D v|pphwulf
htxloleulxp lv lqwhulru li wkh htxloleulxp sruwirolr doorfdwlrq kdv vwulfwo| srvlwlyh
zhljkw rq erwk wkh frpprq surmhfw dqg wkh sulydwh ydoxh surmhfw1

Sursrvlwlrq 41 Vxssrvh x+f, @ G�f ý f2/ z+m, @ g�m ý gm2/ zlwk G� è 5/
g� è pd{ i3> 5gj1 Dvvxph wkh frpprq surmhfw uhwxuq glvwulexwlrq lv v|pphwulf
dqg wkdw wkh sulydwh surmhfw uhwxuqv duh xqlirupo| glvwulexwhg rq ^3> 4`1 Li d
v|pphwulf htxloleulxp h{lvwv/ lw lv xqltxh1 Li d v|pphwulf lqwhulru htxloleulxp
h{lvwv/ wkhq 7g{W é +4ý {W,2 dqg wkh iudfwlrq lq wkh frpprq surmhfw lv jlyhq e|

{3 ì 4 . {W ýs+4ý {W,2 ý 7g{W
5

>

zklfk lv d vwulfwo| lqfuhdvlqj ixqfwlrq ri g dqg htxdov {W zkhq g @ 31 Wkxv/ li
ihpdohv duh udqn ulvn dyhuvh +g A 3,/ wkh| lqyhvw pruh wkdq {W lq wkh frpprq
surmhfw/ zkloh li wkh| duh udqn ulvn orylqj +g ? 3,/ wkh| lqyhvw ohvv wkdq {W lq wkh
frpprq surmhfw1

Iru ý4 é g é 3/ d v|pphwulf lqwhulru htxloleulxp h{lvwv li 7g{W é +4 ý {W,2
dqg +4ý {3,2 è ýg1

;



Iru g è 3/ d v|pphwulf lqwhulru htxloleulxp h{lvwv li 7g{W é +4 ý {W,2 dqg
+4ý {3,2 è 5g{W1

Iru g é ý4/ d v|pphwulf htxloleulxp h{lvwv dqg lw lv wkh erxqgdu| htxloleulxp
dw { @ 31

Iru 5g{W è +4ý {W,2/ d v|pphwulf htxloleulxp h{lvwv dqg lw lv wkh erxqgdu|
htxloleulxp dw { @ 41

Vlqfh ihpdohv fdqqrw dòhfw hlwkhu wkh h{shfwhg ydoxh ri wkhlu frqvxpswlrq ru
wkh h{shfwhg ydoxh ri wkhlu udqn +Ohppd 4,/ vr zh fdq ljqruh wklv frpsrqhqw
lq wkhlu sd|rò1 Wkh uhohydqw sduw ri wkh h{shfwhg sd|rò ri ihpdoh djhqw l wkhq
kdv wzr sduwv= wkh yduldqfh ri frqvxpswlrq dqg wkh yduldqfh ri udqn/ zklfk zh
ghqrwh e| D+{ð>{, dqg E+{ð>{,/ uhvshfwlyho|1 Wkh yduldqfh ri frqvxpswlrq lv

D+{ð>{, @ H+{ðd. +4ý {ð,eð ý 4@5,2 @ {2ðâ2@ . +4ý {ð,2 â2K =
Ohppd 51 Wkh yduldqfh ri udqn lv jlyhq e|

E+{ð>{, @

;AA?AA=
E%ð3%ä2j2@nE�3%ðä2j2K

E�3%ä2 > li {ð è {>

�
e ý E�3%ä

SE�3%ðä > li {ð ? {=

Surri1 Frqvlghu ñuvw {ð è {1 Lq wklv fdvh/ wkh vxssruw ri ihpdoh l*v zhdowk
lv frqwdlqhg zlwklq wkh vxssruw ri wkh djjuhjdwh glvwulexwlrq ri ihpdoh zhdowk1
Frqglwlrqdo rq d/ wkh udqn ri ihpdoh l lv jlyhq e| i+{ð ý {,d. +4ý {ð,eðj @+4ý{,
iru doo d dqg eð1 Wkh yduldqfh ri wkh udqn lv wkhq +uhfdoo wkdw d dqg eð duh
lqghshqghqw,

H
+é
+{ð ý {,d. +4ý {ð,eð

4ý { ý 4
5

è2,
@
+{ð ý {,2 â2@ . +4ý {ð,2 â2K

+4ý {,2 = +5,

Frqvlghu qrz {ð ? {1 Qrz/ wkh glvwulexwlrq ri srvvleoh rxwsxw ohyhov/ frqgl0
wlrqdo rq d/ grhv qrw olh zlwklq wkh vxssruw ri wkh djjuhjdwh rxwsxw glvwulexwlrq/
dqg wkh udqnv 3 dqg 4 rffxu zlwk srvlwlyh suredelolw|1 Ghqrwlqj ihpdoh l*v udqn
e| vð +eð> d,/ zh kdyh

vð +eð> d, @

;AAA?AAA=
3> li eð é +{ý {ð,d@+4ý {ð,>
^+{ð ý {,d. +4ý {ð,eð` @+4ý {,> li +{ý {ð,d@+4ý {ð, ? eð

? ^+{ý {ð,d. +4ý {,` @+4ý {ð,>
4> li ^+{ý {ð,d. +4ý {,` @+4ý {ð, é eð=

Wkxv/ zlwk suredelolw| +{ý{ð,d@+4ý{ð,/ ihpdoh l kdv zhdowk udqn 3/ zlwk suredelo0
lw| +{ý{ð,+4ýd,@+4ý{ð,/ udqn 4/ dqg zlwk wkh uhvlgxdo suredelolw|/ +4ý{,@+4ý{ð,/

<



khu udqn lv xqlirupo| glvwulexwhg ehwzhhq 3 dqg 41 Wkh yduldqfh ri khu udqn lv
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HK
é
+vð+eð>d,ý 4

5
,2md

è
@

4

7
û Su ivð @ 3j. 4

7
û Su ivð @ 4j.

HK^+vð+eð>d,ý 4
5
,2md> vð 5 +3> 4,`û Su+vð 5 +3> 4,,

@
+{ý {ð,
7+4ý {ð, .

] r3�E�ä

r3�Efä
+vð+eð>d,ý 4

5
,2 geð

@
+{ý {ð,
7+4ý {ð, .

] �

f
+vð ý 4

5
,2
ë
gvð
geð

ê3�
gvð

@
+{ý {ð,
7+4ý {ð, .

+4ý {,
+4ý {ð,

] �

f
+vð ý 4

5
,2 gvð

@
+{ý {ð,
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+4ý {,
45 +4ý {ð, @

4

7
ý +4ý {,
9 +4ý {ð, = +6,

Vlqfh wklv lv lqghshqghqw ri d/ wklv lv dovr wkh xqfrqglwlrqdo yduldqfh ri udqn iru
{ð é {1

Wkh sureohp ri ihpdoh djhqw l fdq eh zulwwhq dv

plq
%ð
^D+{ð>{, . gE+{ð>{,` =

Zkloh D+{ð>{, lv reylrxvo| frqyh{ lq {ð/ E+{ð>{, lv pruh frpsolfdwhg +sduwlfx0
oduo| iru {ð ? {,/ dqg pd| qrw eh frqwlqxrxvo| glòhuhqwldeoh lq {ð dw {1

Lq wkh iroorzlqj/ zh ñuvw frqvlghu wkh uljkw dqg ohiw ghulydwlyhv ri wkh ihpdoh*v
remhfwlyh ixqfwlrq1 D qhfhvvdu| frqglwlrq iru dq lqwhulru htxloleuld dw { lv wkdw
wkh ohiw ghulydwlyh ri wkh djhqw*v remhfwlyh ixqfwlrq lv qrqsrvlwlyh dqg wkh uljkw
ghulydwlyh lv qrqqhjdwlyh dw {ð @ {1 Zh vkrz wkdw lq wklv fdvh/ wkh wzr ghulydwlyhv
duh htxdo dqg vr htxdo }hur/ doorzlqj xv wr vroyh iru dq lqwhulru htxloleulxp doorfd0
wlrq zkhq lw h{lvwv1 Zh wkhq h{dplqh wkh uhohydqw vhfrqg rughu whupv wr hvwdeolvk
frqglwlrqv xqghu zklfk dq lqwhulru htxloleulxp h{lvwv1 Ilqdoo|/ zh h{dplqh wkh
frqglwlrqv xqghu zklfk erxqgdu| htxloleuld pljkw h{lvw1

Wkh ghulydwlyh ri D+{ð>{,. gE+{ð>{, zlwk uhvshfw wr {ð iru {ð è { lv

5

é
{ð .

g+{ð ý {,
+4ý {,2

è
â2@ ý 5

é
4 .

g

+4ý {,2
è
+4ý {ð,â2K =
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Wklv lv sursruwlrqdo wr

5

é
{ð .

g+{ð ý {,
+4ý {,2

è
+4ý {W,ý 5

é
4 .

g

+4ý {,2
è
+4ý {ð,{W= +7,

Wkh ghulydwlyh lv qrqqhjdwlyh dw {ð @ { rqo| li

{ý {W ý g{W

4ý { è 3= +8,

Wkh ghulydwlyh ri d ihpdoh*v remhfwlyh ixqfwlrq zkhq {ð ? { lv qrqsrvlwlyh
rqo| li

5
k
{ð+â

2
@ . â

2
K,ý â2K

l
.
g+4ý {,
9+4ý {ð,2 é 3>

zklfk/ glylglqj e| +â2@ . â
2
K,5/ dqg pdnlqj xvh ri wkh idfw wkdw â

2
K @ 4@45/ |lhogv

+{ð ý {W,ý g{
W+4ý {,
+4ý {ð,2 é 3= +9,

Hydoxdwlqj dw {ð @ {/

{ý {W ý g{W

4ý { é 3= +:,

Vlqfh +8, dqg +:, pxvw krog vlpxowdqhrxvo| iru { wr eh dq lqwhulru htxloleulxp/
wkh uljkw dqg ohiw kdqg ghulydwlyhv duh erwk htxdo wr }hur1 Wklv jlyhv xv d vlpsoh
txdgudwlf lq {/ zklfk kdv wzr vroxwlrqv

{n ì 4 . {W .
s
+4ý {W,2 ý 7g{W
5

>

dqg

{3 ì 4 . {W ýs+4ý {W,2 ý 7g{W
5

= +;,

Iru wkh urrwv wr eh uhdo/ zh qhhg +dv fodlphg,

7g{W é +4ý {W,2= +<,

Li g ? 3/ rqo| {3 lv dgplvvleoh/ ehfdxvh {n lv vwulfwo| odujhu wkdq rqh1 Zkloh
erwk urrwv duh ihdvleoh iru vrph ydoxhv ri g è 3/ zh vkrz ehorz wkdw rqo| {3 lv
frqvlvwhqw zlwk wkh vhfrqg rughu frqglwlrqv1 Qrwh wkdw {3 lv lqfuhdvlqj lq g> li
g @ 3/ wkhq {3 @ {W/ zkloh li g A 3/ {3 A {W dqg li g ? 3/ {3 ? {W=

Dgglwlrqdoo|/ iru {3 wr eh ehwzhhq }hur dqg rqh/

4 . {W ý
t
+4ý {W,2 ý 7g{W é 5>

44



zklfk lv lpsolhg e| {W ? 41
Lq rughu wr yhuli| wkdw {ð @ {3 lv d vroxwlrq wr wkh ihpdoh l*v sureohp lw

lv vxïflhqw wr vkrz wkdw khu remhfwlyh ixqfwlrq lv frqyh{ +uhfdoo wkdw zh kdyh
zulwwhq khu sureohp dv d plqlpl}dwlrq sureohp,1 Zh ñqg vxïflhqw frqglwlrqv
iru wkh ghulydwlyhv lq +7, dqg +9, wr eh erwk qrqghfuhdvlqj lq {ð1 Wkh ghulydwlyh
ri wkh h{suhvvlrq lq +7, zlwk uhvshfw wr {ð lv qrqqhjdwlyh li

4 .
g

+4ý {,2 è 3>

zklfk/ hydoxdwhg dw { @ {3/ lv +4ý {3,2 è ýg1 Lw lv vwudljkwiruzdug wr yhuli|
wkdw wklv krogv zlwk htxdolw| dw g @ ý4 dqg lv ylrodwhg iru doo g ? ý41

Wkh ghulydwlyh ri wkh ohiw kdqg vlgh ri +9, zlwk uhvshfw wr {ð lv qrqqhjdwlyh li

4ý 5g+4ý {,{
W

+4ý {ð,ô è 3= +43,

Wklv frqglwlrq lv dozd|v vdwlvñhg li g ? 31 Li g è 3/ d qhfhvvdu| dqg vxïflhqw
frqglwlrq iru +43, wr krog iru doo {ð é { lv wkdw lw krog dw {ð @ {=

4ý 5g{W

+4ý {,2 è 3= +44,

Hydoxdwlqj dw { @ {3 |lhogv +4ý {3,2 è 5g{W1
Zh qrz vkrz zk|/ iru wkh fdvh g è 3/ wkh urrw {n lv qrw d v|pphwulf htxl0

oleulxp1 Hydoxdwlqj +44, dw { @ {n dqg vlpsoli|lqj |lhogv wkh lqhtxdolw|

+4ý {W,2 ý 7g{W è 5 +4ý {W,
t
+4ý {W,2 ý 7g{W . 7g{W>

zklfk lq wxuq uhtxluhv t
+4ý {W,2 ý 7g{W è 5 +4ý {W, >

ru
ý7g{W è 6 +4ý {W,2 >

zklfk lv lpsrvvleoh1 Exw wklv lpsolhv wkdw wkh ihpdoh*v remhfwlyh ixqfwlrq zkhq
{ @ {n lv qrw txdvlfrqyh{ lq d qhljkerukrrg ri {ð @ { @ {

n1
Zh wxuq qrz wr wkh srvvlelolw| ri erxqgdu| htxloleuld1 Zh frqvlghu ñuvw wkh

fdvh zkhuh g A 31 Wkhuh fdqqrw eh d erxqgdu| htxloleulxp dw { @ 3/ ehfdxvh
lqhtxdolw| +8, zrxog qhhg wr krog dw { @ 3/ zklfk lv lpsrvvleoh zkhq g A 31 Li
{ @ 4/ dqg ihpdoh l vhwv {ð @ 4/ wkhq doo ihpdohv kdyh wkh vdph rxwsxw1 Lq wklv

45



fdvh wkh ydoxh ri khu remhfwlyh ixqfwlrq lv â2@.g@45/ vlqfh wkh pdoh pdwfk txdolw|
lv xqlirupo| glvwulexwhg rq wkh xqlw lqwhuydo dqg khqfh kdv yduldqfh 4@451 Li rq
wkh rwkhu kdqg/ d ihpdoh ghyldwhv e| vhwwlqj {ð ? 4/ wkhq vkh uhfhlyhv wkh ehvw
pdwfk li eð A d ru wkh zruvw pdwfk eð ? d1 Vlqfh wkh hyhqw d @ e lv d suredelolw|
}hur hyhqw/ dqg d dqg e duh v|pphwulfdoo| glvwulexwhg durxqg �

2 / vkh zloo uhfhlyh
udqn 4 ru 3 zlwk suredelolw| �

2 1 Wklv lpsolhv wkdw li d ihpdoh vhwv {ð ? 4/wkhq wkh
ehvw vkh fdq gr lv vhw {ð @ {

W/ lq zklfk fdvh wkh ydoxh ri khu remhfwlyh ixqfwlrq
lv +{W,2 â2@ . +4ý {W,2â2K . g@71 Wkxv/ iru wkhuh wr eh d erxqgdu| htxloleulxp dw
{ @ 4/zh pxvw kdyh

+{W,2 â2@ . +4ý {W,2 â2K . g@7 è â2@ . g@45>
ru/ uhduudqjlqj/

g@9 è +4ý +{W,2,â2@ ý +4ý {W,2 â2K =
Exw vxevwlwxwlqj iru â2K @

�
�2 rq wkh ohiw kdqg vlgh dqg glylglqj e|

ý
â2@ . â

2
K

ü
|lhogv

5g{W è +4ý +{W,2, +4ý {W,ý +4ý {W,2 {W
@ +4ý {W,2 >

ru

g è +4ý {W,2
5{W

A 3= +45,

Lw lv zruwk qrwlqj wkdw li 5g{W ? +4ý {W,2 ? 7g{W/ wkhq qr v|pphwulf htxl0
oleulxp h{lvwv +vlqfh erwk +<, dqg +45, duh ylrodwhg1

Frqvlghu qrz g ? 31 Iurp +45,/ { @ 4 fdqqrw eh d erxqgdu| htxloleulxp1
Wkh rwkhu srvvleoh erxqgdu| htxloleulxp lv dw { @ 31 Lq wklv fdvh/ wkh glvwulexwlrq
ri djjuhjdwh rxwsxw lv xqlirup rq wkh xqlw lqwhuydo/ dqg khqfh d ihpdoh*v uhodwlyh
zhdowk udqn lv htxdo wr khu rxwsxw1 Lq wklv fdvh khu remhfwlyh ixqfwlrq lv jlyhq e|
+djdlq iurp wkh h{suhvvlrqv ri D+{ð>{, dqg E+{ð>{,,

+4 . g,
k
{2ð â

2
@ . +4ý {ð,2â2K

l
=

Wklv remhfwlyh ixqfwlrq lv plqlpl}hg dw {ð @ 3 li dqg rqo| li g é ý4> rwkhuzlvh
{ð @ {W/ dqg wkhuh fdqqrw eh d erxqgdu| htxloleuld dw {ð @ { @ 31

ôë �ý*|ðT*i UL44L? ThLéiU|t

Dv zh glvfxvvhg deryh/ wkh prgho looxvwudwhv krz d frqfhuq iru uhodwlyh srvlwlrq
fdq ohdg djhqwv wr eldv wkhlu ghflvlrqv hlwkhu wrzdug ru dzd| iurp wkh dyhudjh
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lqyhvwphqw vwudwhj| ri wkhlu uhihuhqfh jurxs1 Zh qrz frqvlghu dq lqwhuhvwlqj
dssolfdwlrq ri wklv revhuydwlrq1 Hfrqrplvwv kdyh iru vrph wlph sx}}ohg wkdw
lqglylgxdov lqdghtxdwho| khgjh wkhlu lqyhvwphqwv dfurvv frxqwulhv +vhh/ h1j1 Ohzlv
+4<<<,,1 Wkh dqdo|vlv ri rxu prgho vxjjhvwv d srvvleoh h{sodqdwlrq1 Zh vkrz
wkdw li vrph djhqwv duh frqvwudlqhg wr eldv wkhlu sruwirolr +iru h{dpsoh/ uxohv
wkdw uhvwulfw lqvwlwxwlrqv wr lqyhvw rqo| lq krph0frxqwu| frpsdqlhv,/ wkhq wklv
zloo lqgxfh doo rwkhu djhqwv wr dovr eldv wkhlu sruwirolr lq rughu wr plqlpl}h wkh
yduldqfh ri wkhlu udqn zlwk uhvshfw wr wkh frqvwudlqhg jurxs1

Wr looxvwudwh wklv srlqw/ zh frqvlghu lq wklv vhfwlrq d prglñfdwlrq ri wkh prgho
deryh1 Zh frqvlghu wkh fdvh lq zklfk wkhuh duh wzr frpprq surmhfwv +zklfk zh
frxog lqwhusuhw dv grphvwlf dqg iruhljq pdunhw sruwirolrv,/ zlwk hdfk surmhfw*v
uhwxuqv glvwulexwhg v|pphwulfdoo| dqg lqghshqghqwo| rq wkh xqlw lqwhuydo1 Doo
rwkhu ghwdlov ri wkh prgho duh xqfkdqjhg1

Vxssrvh ihpdohv duh udqn ulvn dyhuvh1 Zh ñuvw dujxh wkdw lq dq| v|pphw0
ulf htxloleulxp/ wkh sruwirolr doorfdwlrq ehwzhhq wkh wzr frpprq surmhfwv pxvw
plqlpl}h wkh yduldqfh ri wkh frpprq surmhfw sruwirolr uhwxuqv1 Wklv lpsolhv wkdw
sxuh khuglqj fdqqrw h{sodlq sruwirolr eldv1 Zh wkhq vkrz wkdw li vrph iudfwlrq
ri wkh srsxodwlrq lv irufhg wr eldv wkhlu sruwirolr/ wkhq wklv fdq lqgxfh wkh rwkhu
djhqwv wr eldv wkhlu sruwirolr lq d vlplodu gluhfwlrq1

Sursrvlwlrq 51 Dvvxph wkh frpprq surmhfw uhwxuqv duh v|pphwulfdoo| dqg lq0
ghshqghqwo| glvwulexwhg rq ^3> 4`/ dqg wkdw wkh sulydwh surmhfw uhwxuqv duh xql0
irupo| glvwulexwhg rq ^3> 4`1 Vxssrvh ihpdohv duh udqn ulvn dyhuvh dqg wkdwý
{�> {2> 4ý {� ý {2ü lv d v|pphwulf htxloleulxp sruwirolr1 Wkhq/ {�@

ý
{� . {2

ü
lv wkh vkduh lq wkh ñuvw frpprq surmhfw wkdw plqlpl}hv wkh yduldqfh ri uhwxuqv
iurp wkh frpprq surmhfw sruwirolr1

Surri1 Vxssrvh doo ihpdohv rwkhu wkdq l fkrrvh sruwirolr
ý
{�> {2> 4ý {� ý {2ü1

Ghñqh { ì {� . {2 dqg ð ì {�@{1 Vlqfh d ihpdoh*v rswlpdo sruwirolr rswlpdoo|
doorfdwhv wkh lqyhvwphqw lq frpprq surmhfwv ehwzhhq wkh wzr frpprq surmhfwv/
lw lv hqrxjk wr dujxh wkdw/ iru ðð 9@ ð/ wkh udqn ri ihpdoh l xqghu sruwirolr
+ðð{> +4ý ðð,{> 4ý {, lv d phdq suhvhuylqj vsuhdg ri khu udqn xqghu sruwirolr
+ð{> +4ý ð,{> 4ý {,1

Zh ñuvw ghvfuleh wkh glvwulexwlrq ri ihpdoh l*v udqn iru duelwudu| ðð1 Wkhvh
fdofxodwlrqv duh yhu| vlplodu wr wkrvh iru wkh fdvh ri d vlqjoh frpprq surmhfw1 Iru
jlyhq uhdol}dwlrqv ri d�dqg d2/ ihpdoh zhdowk zlwklq wkh srsxodwlrq lv glvwulexwhg
rq ^ð{d�.+4ý ð,{d2> ð{d�.+4ý ð,{d2.+4ý{,` zlwk d iudfwlrq I ++|ýð{d�ý
+4ý ð,{d2,@ +4ý {,, kdylqj zhdowk ohvv wkdq ru htxdo wr |1 Vlqfh wkh udqn/ �vð/ ri
ihpdoh l zlwk zhdowk �|ð lv wkh iudfwlrq ri ihpdohv zlwk zhdowk ohvv wkdq ru htxdo
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Wkh suredelolw|/ frqglwlrqdo rq d� dqg d2/ ri khu udqn ehlqj ohvv wkdq ru htxdo wr
vð ? 4 lv jlyhq e| +vlqfh I

3� +{, @ { iru { 5 ^3> 4`,

Su i�vð é vðmdj @ Su
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Vlqfh ihpdoh l lv dovr lqyhvwlqj { lq wkh frpprq surmhfwv/ �|ð @ ðð{
ý
d� ý d2ü .

{d2 . +4ý {, eð/ dqg zh kdyh
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Wdnlqj h{shfwdwlrqv ryhu wkh uhwxuqv ri wkh frpprq surmhfwv |lhogv wkh suredelo0
lw| glvwulexwlrq ixqfwlrq ryhu ihpdoh l*v udqn frqwlqjhqw rq khu fkrlfh ri ðð dorqh/
ghqrwhg J+vð> ðð,/

J+vð> ðð, @ H@�c@2I
%
vð .

+ð ý ðð,{
ý
d� ý d2ü

+4ý {,

&
=

Wkh xqliruplw| ri I dqg wkh v|pphwu| ri wkh glvwulexwlrqv ri d� dqg d2 lpso|
wkdw J lv dovr v|pphwulf=

J+vð> ðð, @ H@�c@2
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4ý I
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4ý vð ý +ð ý ðð,{
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+4ý {,
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&,
@ 4ýJ+4ý vð> ðð,=

Qrw vxusulvlqjo|/ li ðð @ ð/ wkh glvwulexwlrq ri udqn lv xqlirup rq ^3> 4`1 Zh
zdqw wr vkrz wkdw zkhq ðð 9@ ð/ wkh glvwulexwlrq ri udqn lv d phdq suhvhuylqj
vsuhdg ri wkh xqlirup glvwulexwlrq1 Vlqfh J+ü> ðð, lv v|pphwulf/ zh qhhg rqo|
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vkrz wkdw iru dq| vð 5 +3> 4,> wkh ghqvlw| ri J +ü> ðð, qhyhu h{fhhgv 4/ dqg wkdw lw
lv vwulfwo| ohvv wkdq 4 rq d srvlwlyh phdvxuh vhw ri vð1

Ohw } @ d� ý d2> zh ghqrwh wkh ghqvlw| ri } e| n1 Wkh udqgrp yduldeoh } lv
glvwulexwhg v|pphwulfdoo| rq ^ý4=4`1 Vxssrvh í ì +ð ý ðð,{@ +4ý {, A 31 Vlqfh
} lv v|pphwulfdoo| glvwulexwhg durxqg 3/ wkh iroorzlqj dqdo|vlv dovr fryhuv wkh
srvvlelolw| í ? 31 Il{ vð1 Zh frqvlghu ñuvw wkh fdvh vð ? í dqg 4 ý vð ? í1 Wkh
ñuvw lqhtxdolw| lpsolhv wkdw iru orz uhdol}dwlrqv ri }/ vð.í} ? 3 / zkloh wkh vhfrqg
lqhtxdolw| lpsolhv wkdw iru odujh uhdol}dwlrqv ri }/ vð . í} A 41 Wkxv/

J +vð> ðð, @
] 3rð*l

3�
I +vð . í}, n +}, g} .

] E�3rðä*l

3rð*l
I +vð . í},n +}, g}

.
] �

E�3rðä*l
I +vð . í}, n +}, g}

@
] E�3rðä*l

3rð*l
+vð . í}, n +}, g} .

] �

E�3rðä*l
n +}, g}>

vlqfh I +vð . í}, @ 3 iru vð . í} é 3 dqg I +vð . í}, @ 4 iru vð . í} è 41 Wkh
ghqvlw| ri J lv wkhq +xvlqj Ohleql}*v uxoh,

j +vð> ðð, @
] E�3rðä*l

3rð*l
n +}, g}=

Wkh rwkhu fdvhv duh kdqgohg dqdorjrxvo|/ vr wkdw zh kdyh

j +vð> ðð, @

;AAAA?AAAA=

U E�3rðä*l
3rð*l n +}, g}> li vð ? í dqg 4ý vð ? í>U E�3rðä*l
3� n +}, g}> li vð è í dqg 4ý vð ? í>U �
3rð*l n +}, g}> li vð ? í dqg 4ý vð è í>
4> li vð è í dqg 4ý vð è í=

Qrwh wkdw j +vð> ðð, ? 4 lq doo fdvhv h{fhsw iru wkh odvw1

Wklv uhvxow lpsolhv wkdw wkh udqn yduldqfh plqlpl}lqj ydoxh ri ðð htxdov ð=
Krzhyhu/ wr wkh h{whqw wkdw wklv glòhuv iurp wkh frqvxpswlrq yduldqfh plqlpl}0
lqj ohyho ri ðð> wkh rswlpdo fkrlfh zloo lqyroyh wudglqj rò wkhvh frvwv1 Vlqfh dw wkh
udqn +frqvxpswlrq, yduldqfh plqlpl}lqj ydoxh/ wkh ñuvw0rughu hòhfw ri vkliwlqj ðð
iurp wklv ydoxh lv }hur/ wkh rswlpdo fkrlfh zloo olh vwulfwo| ehwzhhq wkh udqn dqg
frqvxpswlrq yduldqfh plqlpl}lqj ydoxhv1 Vlqfh wklv lv wuxh iru doo ri wkh ihpdohv/
lw lpsolhv wkdw wkh rqo| htxloleulxp ydoxh ri ð lv wkh frqvxpswlrq yduldqfh plq0
lpl}lqj ydoxh/ zklfk lv 4@5 zkhq wkh surmhfwv duh v|pphwulfdoo|/ lqghshqghqwo|
dqg lghqwlfdoo| glvwulexwhg1

49



Zh qh{w vkrz wkdw li vrph iudfwlrq ri wkh srsxodwlrq lv frqvwudlqhg wr lqyhvw
pruh wkdq 425 ri wkh uhvrxufhv wkdw wkh| ghyrwh wr lqyhvwlqj lq wkh frpprq
surmhfwv lq rqh ri wkhvh surmhfwv/ wklv lqgxfhv rwkhu ihpdohv wr lqyhvw uhodwlyho|
pruh lq wklv surmhfw dv zhoo1

Sursrvlwlrq 61 Li d iudfwlrq ò A 3 ri wkh ihpdohv lv frqvwudlqhg wr vhw ðð @ çð A
4@5 / wkhq lq wkh v|pphwulf htxloleulxp/ doo rwkhu ihpdohv vhw ðð A 4@51

Vxssrvh wkh ihpdohv lq ^3> ò, duh frqvwudlqhg/ dqg wkdw wkh| fkrrvh sruwirolr
+çð{> +4ý çð,{> 4ý {,1 Vxssrvh doo ihpdohv rwkhu wkdq l lq ^ò> 4` fkrrvh sruwirolr
+ð{> +4ý ð,{> 4ý {,1 Dv ehiruh/ zh ñuvw ghvfuleh wkh glvwulexwlrq ri ihpdoh l*v
udqn iru duelwudu| ðð= Khuh wkhuh duh wzr glòhuhqw glvwulexwlrqv ri ihpdoh uhwxuqv1
Krzhyhu/ wkh udqn ri ihpdoh l zloo eh d zhljkwhg dyhudjh ri khu udqn lq hdfk ri
wkhvh wzr srsxodwlrqv/ zlwk wkh zhljkwv jlyhq e| wkh uhvshfwlyh iudfwlrqv ri wkh
wrwdo srsxodwlrq1 Khqfh

vð @ +4ý ò,I
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Wklv lpphgldwho| lpsolhv wkdw khu h{shfwhg udqn lv 425 uhjdugohvv ri khu lqyhvw0
phqw ghflvlrq1 Wklv lpsolhv wkdw wkh suredelolw| glvwulexwlrq ixqfwlrq ryhu ihpdoh
l*v udqn frqwlqjhqw rq khu fkrlfh ri ðð dorqh/ zklfk zh djdlq ghqrwh e| J+vð> ðð,>
lv d zhljkwhg dyhudjh ri khu suredelolw| glvwulexwlrq zlwklq hdfk ri wkhvh srsxod0
wlrqv/ ru
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E| wkh vdph orjlf dv ehiruh/ li ihpdoh l vhwv ðð @ ð> wkh yduldqfh ri khu udqn
dprqj wkh srsxodwlrq ri ihpdohv ^ò> 4` lv plqlpl}hg/ dqg wkh ñuvw0rughu frvw ri
ghyldwlqj lv }hur1 Khqfh/ li ð @ 4@5> wkhq wkh ñuvw0rughu frvw ri ghyldwlqj lq wkh
gluhfwlrq ri çð lv }hur erwk lq whupv ri wkh yduldqfh ri khu frqvxpswlrq dqg wkh
yduldqfh ri khu udqn dprqj wkh ^ò> 4` ihpdohv1 Khqfh lw zrxog eh rswlpdo wr gr
vr1 Krzhyhu/ li lw lv rswlpdo wr gr iru khu/ lw lv rswlpdo iru doo ri wkh ihpdohv
m 5 ^ò> 4`= Khqfh/ lq htxloleulxp ð A 4@5= Pruhryhu/ vlqfh lq htxloleulxp ðð @ ð>
wklv lpsolhv wkdw doo wkh ihpdohv lq ^ò> 4` kdyh plqlpl}hg wkh yduldqfh ri udqn

4:



dprqj wkh srsxodwlrq ^ò> 4` dqg khqfh/ dw wkh pdujlq/ wkh| duh rò lqfuhdvlqj
wkh yduldqfh ri wkhlu frqvxpswlrq djdlqvw ghfuhdvlqj wkh yduldqfh ri wkhlu udqn
dprqjvw wkh ihpdohv lq ^3> ò,=

eë #ðtUýttðL?

41 Lq od|lqj rxw wkh prgho/ zh phqwlrqhg wkdw wkhuh frxog eh vxewoh glòhuhqfhv
ehwzhhq d prgho zlwk d frqwlqxxp ri phq dqg d frqwlqxxp ri zrphq dqg d
prgho lq zklfk wkh qxpehu ri djhqwv zhuh ñqlwh1 Lq d prgho zlwk d ñqlwh qxpehu
ri djhqwv/ wkhuh zrxog w|slfdoo| eh d srvlwlyh glvwdqfh ehwzhhq wkh zhdowk ri dq|
wzr zrphq1 Ehfdxvh ri wklv/ yhu| vpdoo fkdqjhv lq dq| zrpdq*v zhdowk/ xs ru
grzq/ zloo qrw dòhfw wkh pdq zlwk zkrp vkh zdv pdwfkhg1 Odujh fkdqjhv/ ri
frxuvh/ zloo dòhfw wkh zhdowk ri khu sduwqhu1 Frqvhtxhqwo|/ d zrpdq zloo ñqg
dwwudfwlyh d orwwhu| zlwk d odujh suredelolw| ri d vxïflhqwo| vpdoo orvv dqg d vpdoo
suredelolw| ri d odujh jdlq1 Wklv skhqrphqrq lv looxvwudwhg e| Urevrq +4<<9e,/
zkr vkrzv lq d elrorjlfdoo| prwlydwhg prgho wkdw ñqlwhqhvv fdq lqgxfh djhqwv
zkr duh _ixqgdphqwdoo|% ulvn qhxwudo wr fkrrvh vrph ulvn| orwwhulhv1 Urevrq*v
prgho wkxv vkduhv zlwk rxu prgho wkh surshuw| wkdw hyhq zkhq lqglylgxdov duh
_ixqgdphqwdoo|% ulvn qhxwudo/ wkhlu dwwlwxghv wrzdug ulvn ryhu zhdowk zloo ghshqg
rq wkh vkdsh ri wkh ixqfwlrq uhodwlqj zhdowk wr wkh lwhpv ryhu zklfk ixqgdphqwdo
suhihuhqfhv duh ghñqhg1e Wklv dovr looxvwudwhv wkdw rxu uhvwulfwlrq wr v|pphwulf
udqgrp yduldeohv lv qrw zlwkrxw frvw1
51 Lq dgglwlrq wr wkh zrun phqwlrqhg deryh/ Urevrq kdv sxuvxhg d uhvhdufk
djhqgd wkdw lv frqfhswxdoo| forvho| uhodwhg wr rxu dssurdfk1 Urevrq +4<<5, od|v
rxw d prgho ri ghflvlrq pdnlqj lq zklfk lw lv dvvxphg wkdw djhqwv fduh qrw
rqo| derxw wkhlu zhdowk/ exw dovr derxw wkhlu uhodwlyh vwdqglqj lq wkh zhdowk
glvwulexwlrq +vwdwxv,1 Kh dvvxphv wkdw lqglylgxdov kdyh lghqwlfdo xwlolw| ixqfwlrqv
wkdw duh frqfdyh lq zhdowk/ exw frqyh{ lq vwdwxv1 Kh xvhv wklv iudphzrun wr vkrz
wkdw hyhq wkrxjk dq lqglylgxdo*v xwlolw| ixqfwlrq lv frqfdyh lq zhdowk lwvhoi/ xwlolw|
fdq qhyhuwkhohvv eh frqyh{ lq zhdowk ryhu vrph udqjhv ehfdxvh ri wkh lqgluhfw
xwlolw| lq vwdwxv1 Kh ixuwkhu lqyhvwljdwhv zklfk lqfrph glvwulexwlrqv zrxog kdyh
wkh surshuw| wkdw qr lqglylgxdo zrxog dffhsw idlu jdpeohv1

Dv grhv rxu sdshu/ wkdw sdshu looxvwudwhv krz d frqfhuq iru uhodwlyh vwdqglqj
fdq dòhfw ulvn dwwlwxghv1 Krzhyhu/ lw wdnhv wkh frqfhuq iru vwdwxv/ ru uhodwlyh udqn/
dv h{rjhqrxvo| jlyhq1 Wkh sdshu phqwlrqhg deryh/ Urevrq +4<<9e,/ krzhyhu/
hqgrjhql}hv wkh frqfhuq1 Lq wkdw prgho pdohv fduh derxw pd{lpl}lqj h{shfwhg
qxpehu ri ròvsulqj dqg ihpdohv pdwfk zlwk pdohv wr pd{lpl}h uhvrxufhv shu
ròvsulqj1 Li d pdoh kdv wzlfh wkh uhvrxufhv dv d vhfrqg pdoh/ kh zloo eh deoh
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wr dwwudfw wzlfh wkh qxpehu ri ihpdohv/ dqg frqvhtxhqwo|/ zloo kdyh wzlfh wkh
h{shfwhg qxpehu ri ròvsulqj1 Khqfh dv lq rxu prgho/ pdohv fduh derxw wkhlu
uhodwlyh zhdowk srvlwlrq qrw ehfdxvh lw lv h{rjhqrxvo| srvlwhg/ exw ehfdxvh lw
dòhfwv htxloleulxp txdqwlwlhv1

Zkloh wkhuh lv d forvh uhodwlrqvkls ehwzhhq rxu zrun dqg wkdw ri Urevrq/ wkhuh
duh dovr vhyhudo vxevwdqwldo glòhuhqfhv1 Urevrq*v irfxv lv rq wkh ulvn dwwlwxghv wkdw
zrxog olnho| dulvh iurp hyroxwlrqdu| suhvvxuhv gxh wr elrorj|1 Zh ehjlq iurp wkh
frqyhqwlrqdo hfrqrplf dvvxpswlrq ri ulvn dyhuvlrq ryhu frqvxpswlrq/ dqg duh
lqwhuhvwhg lq krz wkh lqfoxvlrq ri ghflvlrqv wkdw duh qrw phgldwhg e| pdunhwv/
vxfk dv pdwfklqj/ fdq dowhu wkh dwwlwxghv wrzdug ulvn| jdpeohv ryhu zhdowk1 Rxu
hpskdvlv lv qrw rq h{sodlqlqj zklfk ulvn dwwlwxghv zloo eh kdug0zluhg1 Lqvwhdg/ zh
dvn/ wdnlqj dv jlyhq zkdwhyhu wkh kdug0zlulqj ri dwwlwxghv wrzdugv ulvn lv/ krz gr
qrqpdunhw phgldwhg dfwlylwlhv dòhfw ghflvlrq pdnlqjB Pruh jhqhudoo|/ rxu zrun
lv glvwlqjxlvkhg iurp hyroxwlrqdu| prghov lq wkdw djhqwv duh ixoo| udwlrqdo/ dqg
zh vwxg| htxloleulxp ehkdylru1 Djhqwv xqghuvwdqg ixoo| wkh frqvhtxhqfhv ri wkhlu
dfwlrqv dqg pd{lpl}h xwlolw|1 D odvw/ pruh plqru glòhuhqfh ehwzhhq wklv sdshu
dqg Urevrq*v lv wkdw wkh hpskdvlv khuh lv qrw vr pxfk rq wkh dwwlwxghv wrzdugv
ulvn shu vh/ exw rq wkh ghjuhh wr zklfk lqglylgxdov zloo zdqw wkhlu vlwxdwlrqv
fruuhodwhg zlwk rwkhu djhqwv* vlwxdwlrqv1D

61 D frqvhtxhqfh ri djhqwv ghvlulqj wr lqfuhdvh wkh fruuhodwlrq ri wkhlu sruwirolr
wr wkdw ri rwkhuv lv wkdw zh vkrxog vhh pruh _foxvwhulqj% ri djhqwv wkdq lq d prgho
ghyrlg ri lqfhqwlyhv wr plplf1 Elnkfkdqgdql/ Kluvkohlihu dqg Zhofk +4<<5, lqyhv0
wljdwh zkdw wkh| whup d vwulnlqj uhjxodulw|/ orfdol}hg frqiruplw|1 Wkh| lghqwli|
vhyhudo phfkdqlvpv wkdw kdyh ehhq vxjjhvwhg dv h{sodqdwlrqv ri d kljkhu wkdq
h{shfwhg ghjuhh ri frqiruplw| zlwklq jurxsv= vdqfwlrqv rq ghyldqwv/ srvlwlyh sd|0
rò h{whuqdolwlhv/ frqiruplw| suhihuhqfh/ dqg frppxqlfdwlrq1 Elnkfkdqgdql hw
do1 +4<<5, suhvhqw dq dowhuqdwlyh h{sodqdwlrq�lqirupdwlrqdo fdvfdghv�wkdw wkh|
vxjjhvw h{sodlqv qrw rqo| frqiruplw| lq jurxsv/ exw dovr wkh iudjlolw| ri wkh frq0
iruplvw ehkdylru lq wkh vhqvh wkdw wkh revhuyhg ehkdylrudo sdwwhuqv fdq fkdqjh
vzliwo| dqg zlwkrxw reylrxv fdxvh1 Wkh edvlf lghd ri lqirupdwlrqdo fdvfdghv lv dv
iroorzv1 Vxssrvh wkdw wkhuh lv d vhtxhqfh ri vlplodu djhqwv zkr duh pdnlqj vlpl0
odu ghflvlrqv lq dq xqfhuwdlq frpprq hqylurqphqw/ dqg ixuwkhu/ wkdw wkh djhqwv
kdyh lqghshqghqw vljqdov derxw wkh vwdwh ri wkh hqylurqphqw1 Zkhq d sduwlfxodu
lqglylgxdo lv wr pdnh klv ghflvlrq/ suhylrxv djhqwv* ghflvlrqv surylgh dgglwlrqdo
lqirupdwlrq lq wkdw wkh| uhðhfw wkh lqirupdwlrq wkh djhqwv kdg dw wkh wlph wkh|
pdgh wkhlu ghflvlrqv1 Elnkfkdqgdql hw1 do1 vkrz wkdw lq vrph flufxpvwdqfhv/
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djhqwv pd| ñqg lw rswlpdo wr ljqruh wkhlu rzq sulydwh lqirupdwlrq dqg vlpso|
plplf wkh ghflvlrqv wdnhq e| suhylrxv djhqwv1 Lq wklv hyhqw/ djhqwv zloo eh vhhq
pdnlqj lghqwlfdo fkrlfhv hyhq wkrxjk wkh| kdyh glòhuhqw lqirupdwlrq1S

Zkhq suhihuhqfhv ryhu udqn duh frqfdyh/ rxu prgho zloo dovr h{klelw pruh
frqiruplw| ri ehkdylru wkdq zrxog eh h{shfwhg li wkh qrqpdunhw pdwfklqj zdv
ljqruhg1 Dv wkh h{dpsoh ghprqvwudwhg/ lq wklv fdvh djhqwv lqyhvwhg pruh lq
surmhfwv zkrvh uhwxuqv duh fruuhodwhg zlwk wkh uhwxuqv ri rwkhu djhqwv wkdq wkh|
zrxog li wkhuh zhuh qr udqnlqj frqfhuqv1 Ixuwkhu/ zkloh rxu prgho lvq*w g|qdplf/
lw lv fohdu wkdw wkh xqghuo|lqj lghd ehklqg wkh frqiruplw| ri ehkdylru vxjjhvwv
iudjlolw|= li rwkhu djhqwv lq p| uhihuhqfh jurxs fkdqjh lqyhvwphqw vwudwhjlhv iru
vrph uhdvrq/ L kdyh dq lqfhqwlyh wr iroorz wkhlu ohdg wr dyrlg lqfuhdvlqj p|
ulvn ri udqn1 Wkh gulylqj irufh krzhyhu/ lv fohduo| glòhuhqw iurp wkdw xqghuo|0
lqj lqirupdwlrqdo fdvfdghv1 Li lqirupdwlrqdo fdvfdghv dulvh/ lw lv ehfdxvh djhqwv
duh dv|pphwulfdoo| lqiruphg/ zkloh wkhuh lv qr dv|pphwu| ri lqirupdwlrq lq rxu
prgho1 Wkh frqiruplw| ri ehkdylru lq rxu prgho lv gulyhq hqwluho| e| dq lqgxfhg
ghvluh wr eh vlplodu wr rwkhu djhqwv1 Zh hpskdvl}h _lqgxfhg% ehfdxvh wkhuh lv
qr lqkhuhqw ghvluh wr frqirup lq wkh djhqwv* _ghhs% suhihuhqfhv> wkrvh suhihuhqfhv
ghshqg rqo| rq frqvxpswlrq1. Dq| ghvluh wr frqirup frphv hqwluho| iurp wkh
qrqpdunhw ghflvlrqv�pdwfklqj�dqg wkh frqvxpswlrq fkdqjhv wkdw iroorz pruh
ru ohvv frqiruplw| zlwk rwkhu djhqwv* lqyhvwphqw ghflvlrqv1

81 Wkh uroh pdwfklqj sod|v lq rxu prgho lv wr lqgxfh qdwxudoo| d frqfhuq
iru uhodwlyh srvlwlrq lq wkh zhdowk glvwulexwlrq1 Zkloh pdwfklqj dsshduv wr xv
d sodxvleoh uhdvrq wkdw lqglylgxdov zrxog fduh derxw uhodwlyh udqn/ lw lv e| qr
phdqv wkh rqo| vxfk uhdvrq1 Whfkqlfdoo|/ doo wkdw lv qhfhvvdu| iru rxu uhvxowv lv wkh
h{lvwhqfh ri d ehqhñw ru uhzdug wkdw dffuxhv wr hdfk djhqw vwulfwo| dv d ixqfwlrq
ri wkh udqn lq wkh zhdowk glvwulexwlrq1 Li wkhuh duh dq| srvlwlyh frqvhtxhqfhv
wkdw frph iurp vlpso| ehlqj zhdowklhu wkdq rwkhuv lq wkh uhihuhqfh jurxs/ wkh
dqdo|vlv zrxog eh hvvhqwldoo| wkh vdph dv deryh1 Rqh fdq lpdjlqh dq| qxpehu ri
wklqjv ulfkhu djhqwv pljkw hqmr|/ vxfk dv suhihuhqwldo wuhdwphqw iru rqhvhoi ru rqh*v
idplo| lq uhvwdxudqwv/ vfkrrov/ krvslwdov/ fkxufkhv ru v|qdjrjxhv/ hdvlhu dffhvv wr
srolwlfldqv ru jryhuqphqwdo rïfldov/ dqg vr rq1 Doo wkdw pdwwhuv lv wkdw wkh ehwwhu
wuhdwphqw lv qrw sdlg iru gluhfwo|/ exw udwkhu lv wlhg wr rqh*v udqn lq wkh zhdowk
glvwulexwlrq1

Wkhuh lv dq dowhuqdwlyh lqwhusuhwdwlrq ri rxu prgho dqg uhvxowv1 Vxssrvh rqh
wrrn wkh ylhz wkdw hyroxwlrq kdv kdug0zluhg lqwr kxpdqv d frqfhuq iru udqn dv
lq Urevrq +4<<5,1 Lq rxu prgho/ zrphq jhw lqgluhfw xwlolw| iurp udqn htxdo wr
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wkh xwlolw| wkh| zrxog jhw iurp wkh zhdowk ri wkh pdq dw wkdw udqn ohyho1 Li rqh
srvlwhg wkdw zrphq jrw gluhfw xwlolw| iurp udqn htxdo wr wklv xwlolw|/ wkhuh zrxog
eh qr fkdqjh lq wkh dqdo|vlv1 Wkh glvfxvvlrq zrxog eh derxw zkhwkhu wkh xwlolw|
ixqfwlrq ryhu udqn zdv frqfdyh ru frqyh{ udwkhu wkdq zkhwkhu wkh pdoh zhdowk
ixqfwlrq zdv frqfdyh ru frqyh{/ exw h{fhsw iru whuplqrorj|/ lw zrxog eh wkh vdph1
91 Wkh suhylrxv wzr glvfxvvlrq srlqwv vxjjhvw wkdw wkhuh fdq eh vxevwdqwldo
glòhuhqfhv lq wkh ghjuhh ri frqiruplw| ri lqyhvwphqw ehwzhhq glòhuhqw jurxsv1
Dv qrwhg deryh/ hyhq li doo djhqwv kdyh lghqwlfdo suhihuhqfhv ryhu frqvxpswlrq/
suhihuhqfhv ryhu udqn zloo glòhu dfurvv jurxsv wr wkh h{whqw wkdw wkh uhzdugv
wr udqn glòhu dfurvv wkrvh jurxsv1 Lq sduwlfxodu/ li dq djhqw*v uhzdug wr udqn
zdv suhflvho| wkh zhdowk ri wkh shuvrq zlwk zkrp wkdw djhqw zdv vxevhtxhqwo|
pdwfkhg/ glòhuhqfhv lq wkh zhdowk glvwulexwlrq ri srwhqwldo pdwhv zrxog ohdg
wr glòhuhqw lqgxfhg suhihuhqfhv ryhu udqn1 Iru h{dpsoh/ li lq rqh jurxs wkh
zhdowk glvwulexwlrq ri srwhqwldo pdwhv zdv frqyh{/ dqg lq d vhfrqg/ frqfdyh/ zh
zrxog h{shfw wr vhh uhodwlyh kljk dprxqwv ri fruuhodwlrq dprqj lqyhvwphqwv lq
wkh ñuvw exw kljk dprxqwv ri lglrv|qfudwlf lqyhvwphqwv lq wkh vhfrqg1 Dvlgh iurp
glòhuhqfhv ri frqfdylw|2frqyh{lw|/ li wkh zhdowk glvwulexwlrq ri srwhqwldo pdwhv
lq rqh jurxs lv wzlfh wkdw ri d vhfrqg jurxs/ erwk jurxsv zloo h{klelw wkh vdph
eldv wrzdug ru djdlqvw fruuhodwhg lqyhvwphqwv/ exw wkh eldv zloo eh juhdwhu lq wkh
jurxs zlwk zhdowklhu srwhqwldo pdwhv1 Wkhvh lpsolfdwlrqv krog qrw rqo| dfurvv
jurxsv/ exw zlwklq d jurxs dfurvv wlph1 Wkdw lv/ li wkh zhdowk glvwulexwlrq dprqj
srwhqwldo pdwhv lqfuhdvhv dfurvv wlph/ dq| eldv wrzdug ru djdlqvw fruuhodwlrq ri
lqyhvwphqwv zloo eh h{dfhuedwhg1

Lq wkh srlqw deryh/ zh dujxhg wkdw wkhuh fdq eh vrxufhv rwkhu wkdq wkh zhdowk
ri srwhqwldo pdwhv iru d frqfhuq iru udqn1 Zh zrxog h{shfw wkdw wkh glòhuhqfhv
dprqj jurxsv lq wkhvh nlqgv ri uhzdugv wr udqn duh dw ohdvw dv juhdw dv wkh
glòhuhqfhv lq wkh glvwulexwlrqv ri zhdowk ri srwhqwldo pdwhv dfurvv jurxsv1 Erwk
wkh vkdsh dqg wkh pdjqlwxgh ri wkh uhwxuq wr udqn ixqfwlrq zloo ghshqg rq wkh
ñqh ghwdlov ri wkh vrfldo rujdql}dwlrq zlwklq jurxsv1
:1 Rxu irfxv lq wklv sdshu kdv ehhq wkh hòhfw ri qrqpdunhw ghflvlrqv rq pdunhw
ghflvlrqv/ exw wkhuh lv dq dowhuqdwlyh lqwhusuhwdwlrq wr rxu uhvxowv1 Vxssrvh wkdw
Euxfh lv lqwhuhvwhg lq ex|lqj d frqgrplqlxp lq Iorulgd zkhq kh uhwluhv/ dv lv
hyhu|rqh hovh lq klv frkruw1 Wkhq dv dq dssur{lpdwlrq/ zh fdq lpdjlqh wkdw wkh
frqgrplqlxpv zloo xowlpdwho| eh doorfdwhg dprqj Euxfh*v frkruw/ zlwk wkh qlfhvw
jrlqj wr wkh zhdowklhvw/ wkh qh{w qlfhvw wr wkh qh{w zhdowklhvw/ dqg vr rq/ zlwk
srruhu shrsoh hqglqj xs zlwk ohvv ghvludeoh frqgrplqlxpv1 Euxfh uhdol}hv wkdw
li kh lv dw wkh hljkw|0vhyhqwk shufhqwloh lq wkh zhdowk glvwulexwlrq qrz/ dqg kh
lqyhvwv suhflvho| dv wkh rwkhuv lq klv frkruw gr/ kh zloo hqg xs lq wkh hljkw|0
vhyhqwk shufhqwloh frqgrplqlxp/ uhjdugohvv ri krz zhoo wkh lqyhvwphqwv gr1 Li
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wkh lqyhvwphqwv vrdu/ wkh sulfh ri frqgrplqlxpv zloo eh elg xs wr devrue wkh
kljkhu uhwxuqv/ zkloh zlwk srru lqyhvwphqw shuirupdqfh sulfhv zloo gurs1

Wklv lv ri frxuvh dq h{djjhudwlrq vlqfh wkh vxsso| ri frqgrplqlxpv lvq*w
shuihfwo| lqhodvwlf dqg wkhuh duh dowhuqdwlyhv wr frqgrplqlxpv lq frqvxpswlrq/
exw wkhuh lv dq hohphqw ri wuxwk lq wkh edvlf lghd wkdw wkh htxloleulxp sulfhv ri
pdq| lqhodvwlfdoo| vxssolhg jrrgv zloo eh fruuhodwhg wr dvvhw pdunhw shuirupdqfh1
Khqfh/ wkhuh zloo eh ohvv xqfhuwdlqw| lq Euxfh*v ñqdo frqvxpswlrq li kh krogv wkh
vdph dvvhw sruwirolr dv rwkhuv lq klv frkruw wkdq li kh zhuh wr krog glòhuhqw dvvhwv1
Li Euxfh eholhyhv wkdw wkh V)S 833 pxwxdo ixqg kh krogv lv ryhusulfhg/ kh fdq vhoo
zkloh rwkhuv frqwlqxh wr krog1 Klv uhodwlyh zhdowk udqn fdq fkdqjh gudpdwlfdoo|/
xs li Euxfh lv fruuhfw dqg grzq li kh lv lqfruuhfw1 Hyhq li wkh h{shfwhg zhdowk
fkdqjh ri vhoolqj wkh V)S pxwxdo ixqg lv srvlwlyh/ Euxfh pd| udwlrqdoo| fkrrvh
qrw wr vhoo vr dv wr dyrlg wkh ulvn kh zrxog idfh lq uhodwlyh udqn1

Wklv h{dpsoh lv fhuwdlqo| qrw d wljkw dujxphqw/ exw lv phdqw wr looxvwudwh d
vlpsoh lghd1 Euxfh*v _ghhs% xwlolw| ixqfwlrq kdv dv dq dujxphqw klv frqvxpswlrq
ri jrrgv dqg vhuylfhv1 Klv frqvxpswlrq ri jrrgv dqg vhuylfhv zloo ghshqg rq
klv zhdowk1 Euxfh fdq wkhq frqvlghu wkh uhgxfhg irup xwlolw| ixqfwlrq zklfk lv
d frqfdwhqdwlrq ri wkh pdsslqj iurp zhdowk wr frqvxpswlrq dqg wkh pdsslqj
iurp frqvxpswlrq wr xwlolw|> wklv lv vwdqgdug iduh lq hfrqrplfv1 Zh gr kdyh wr
ehdu lq plqg/ krzhyhu/ wkdw wkh frqfdwhqdwlrq ri wkh wzr pdsslqjv lv srvvleoh
rqo| dv orqj dv sulfhv duh ñ{hg1 Wklv lv jhqhudoo| dq lqqrfxrxv dvvxpswlrq zkhq
zh dqdo|}h d vlqjoh djhqw*v lqyhvwphqw ghflvlrqv> kh iruhfdvwv frqvxpswlrq sulfhv
zlwk wkh sodxvleoh qrwlrq wkdw wkh| zloo eh lqghshqghqw ri klv shuvrqdo ghflvlrqv1

Lw lv d glòhuhqw pdwwhu/ krzhyhu/ li zh dqdo|}h d vhw ri shrsoh udwkhu wkdq
d vlqjoh lqglylgxdo> zh fdq*w wdnh sulfhv dv jlyhq lqghshqghqw ri doo wkh djhqwv*
fkrlfhv1 Lq wklv fdvh/ zkhq dq djhqw frqvlghuv zkhwkhu kh vkrxog ex| dq dvvhw/
kh frqvlghuv wkh udqgrp dprxqw ri prqh| wkdw lv dvvrfldwhg zlwk wkh dvvhw dqg
wkh +udqgrp, frqvxpswlrq wkdw prqh| zloo sxufkdvh1 Exw wkh vhfrqg vwhs�
ghwhuplqlqj wkh frqvxpswlrq wkdw lv dvvrfldwhg zlwk wkh dvvhw*v uhwxuq�ghshqgv
rq wkh sulfhv dw wkdw wlph1 Exw/ dv zh*yh dujxhg/ wkrvh sulfhv ghshqg rq rwkhu
djhqwv* dvvhw fkrlfhv1 Lq rwkhu zrugv/ wkhuh lv d ixqgdphqwdo sureohp zlwk d
vlqjoh djhqw wu|lqj wr ghwhuplqh klv rswlpdo dvvhw fkrlfh lqghshqghqwo| ri rwkhu
djhqwv* fkrlfhv1

Wkh lpsruwdqw srlqw ri wklv glvfxvvlrq lv wkdw zkdw lv vrphwlphv wdnhq dv
d sulplwlyh�dq djhqw*v xwlolw| ixqfwlrq ryhu zhdowk�lv dq _htxloleulxp% remhfw1
Lw lv rqo| lq wkh frqwh{w ri dq htxloleulxp ri wkh ixoo prgho zlwk dvvhw fkrlfhv
dqg frqwlqjhqw frqvxpswlrq fkrlfhv diwhu dvvhw ydoxhv duh uhdol}hg wkdw wkhuh lv
dq xqdpeljxrxv xwlolw| ixqfwlrq ryhu zhdowk iru dq lqglylgxdo/ dqg wkdw xwlolw|
ixqfwlrq lv dssursuldwh rqo| iru wkdw htxloleulxp1 Wkhuh pd| zhoo eh glòhuhqw
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htxloleuld ri wkh ixoo prgho/ zlwk glòhuhqw xwlolw| ixqfwlrqv ryhu zhdowk iru wkdw
djhqwv lq glòhuhqw htxloleuld1H
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