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Qrwh wkdw htxdwlrqv qxpehuhg +S1{, duh wkh vdph dv htxdwlrq +{, ri wkh sxeolvkhg sdshu1

�ë 5)44i|hðU ,^ýð*ðMhðý4

Wklv vhfwlrq surylghv dowhuqdwlyh fdofxodwlrqv iru wkh ydoxh ixqfwlrqv ri d v|pphwulf htxloleulxp
dqg fdofxodwhv wkh htxloleulxp ðrz sd|ròv1 Lw lqlwldoo| uhsurgxfhv vrph fdofxodwlrqv ri Vhfwlrq LL
lq rughu wr eh vhoi0frqwdlqhg1

Ohw Y` ghqrwh wkh ydoxh ri vnloov wr d zrunhu1 Wkh iudfwlrq ri qhz zrunhuv zkr ehfrph vnloohg
lv

k` @ F+Y` ,=

Vlqfh wkhuh lv d ghdwk udwh ri ï/ wkh fkdqjh lq wkh vwrfn ri vnloohg zrunhuv lv jlyhq e| wkh glòhuhqfh
ehwzhhq wkh phdvxuh ri qhzo| hqwhulqj zrunhuv dftxlulqj vnloov/ ru ïk` / dqg wkh sursruwlrq ri
vnloohg zrunhuv zkr glh/ ru ïK` / jlylqj

bK` @ ï+k` ýK` ,=

Lq d vwhdg| vwdwh htxloleulxp/ bK` @ 3 dqg vr

k` @ K` @ F+Y` ,= +S14,

Zh wxuq qrz wr wkh ghwhuplqdwlrq ri wkh ydfdqf| udwh dprqj ñupv1 Wkhuh duh wzr zd|v
wkdw dgglwlrqdo mrev dsshdu lq wkh ydfdqf| srro= dq rffxslhg ñup glhv/ dqg lv uhsodfhg e| d qhz

Wú4ihðU@? ,UL?L4ðU +iñðiêc bf E�@hUü 2fffäc eSí.2ë



ñup zlwkrxw d zrunhu/ ru dq hpsor|hg zrunhu glhv1 Wkxv/ qhz mrev mrlq wkh ydfdqf| srro dw
udwh +4 ý ã8 ,ï . +4 ý ã8 ,ï @ 5+4 ý ã8 ,ï1 Ydfdqflhv duh ñoohg e| vxffhvvixo vhdufkhv rq wkh sduw
ri erwk ñupv dqg zrunhuv1 Wkhuh duh ã8 ñupv vhdufklqj dw udwh è8ã`K` / vr wkdw wkh udwh dw
zklfk ydfdqflhv duh ñoohg dv d uhvxow ri ñup vhdufk lv ã8è8ã`K` 1 Wkhuh duh dovr ã`K` zrunhuv
vhdufklqj dw udwh è`ã8 / vr wkdw wkh udwh dw zklfk ydfdqflhv duh ñoohg dv d uhvxow ri zrunhu vhdufk
lv ã`K`è`ã8 1 Wkxv/ wkh fkdqjh lq wkh qxpehu ri ydfdqflhv lv jlyhq e|

bã8 @ 5+4ý ã8 ,ï ý ã8ã`K` +è8 . è` ,>

jlylqj/ iru d vwhdg| vwdwh htxloleulxp/

5ï+4ý ã8 , @ ã8ã`K` +è8 . è` ,= +S15,

Qh{w/ frqvlghu wkh xqhpsor|phqw udwh dprqj zrunhuv1 Wklv glòhuv iurp wkh fdvh ri ñupv
ehfdxvh d qhzeruq zrunhu lv xqhpsor|hg rqo| li vkh fkrrvhv wr dftxluh vnloov/ zlwk xqvnloohg zrunhuv
rswlqj lqwr wkh xqvnloohg vhfwru ri wkh hfrqrp|1 Li dq rffxslhg ñup glhv/ wkh vnloohg zrunhu lv qrz
xqhpsor|hg/ zklfk rffxuv dw udwh +4ýã8 ,ï1 Wkhuh lv dq lqðrz ri ïk` lqwr wkh xqhpsor|hg vnloohg
zrunhu srro iurp qhzeruqv dqg dq rxwðrz ri ïã`K` iurp ghdwk1 Xqhpsor|hg zrunhuv duh kluhg
dw wkh vdph udwh dv ydfdqflhv duh ñoohg +jlyhq e| ã8ã`K` +è` . è-,,1 Wklv |lhogv

g

gw
+ã`K` , @ bã`K` . ã` bK` @ +4ý ã8 ,ï . +k` ý ã`K` ,ï ý ã8ã`K` +è8 . è` ,=

Vlqfh wkh qxpehu ri hpsor|hg zrunhuv dqg ñoohg mrev lv wkh vdph/ zh kdyh

K` +4ý ã` , @ 4ý ã8 >

vr wkdw

bã`K` . ã` bK` @ +K` +4ý ã` , . k` ý ã`K` ,ï ý ã8ã`K` +è8 . è` ,=

Vlqfh lq d vwhdg| vwdwh/ K` @ k` / bã` @ 3/ dqg bK` @ 3/ zh kdyh

5ï+4ý ã` , @ ã8ã` +è8 . è` ,= +S16,

Zh qh{w fdofxodwh Y` / wkh ydoxh wr d zrunhu ri hqwhulqj wkh vnloohg pdunhw1 Vlqfh zh duh
frqvwuxfwlqj d v|pphwulf htxloleulxp lq zklfk erwk uhg dqg juhhq zrunhuv duh vhdufkhg/ wkhlu
ydoxh ixqfwlrqv/ dqg khqfh vnloo ghflvlrqv/ zloo eh lghqwlfdo/ dqg vr wkh ñupv zloo eh lqglòhuhqw ryhu
doo wkhlu vhdufk srvvlelolwlhv1

Ohw ]` +v, ghqrwh wkh h{shfwhg ydoxh ri dq hpsor|hg zrunhu dw wlph v1 Wkhq zh kdyh=

]` +v, @

] "

r

ã] /

r

ã] v

r
z+á,h3oEô3rägá . h3oEv3räY` + m$,

â
ïh3BEv3rä g 

. h3BE/3rä
] /

r
z+á,h3oEô3rä gá

â
ïh3BE/3rä g$>

zkhuh $ lv wkh gdwh ri wkh zrunhu*v ghdwk/  lv wkh gdwh ri wkh ñup*v ghdwk/ z+á, lv wkh h{shfwhg ðrz
sd|rò ri dq hpsor|hg zrunhu dw gdwh á / dqg Y` + m$, lv wkh ydoxh ri ehlqj dq xqhpsor|hg zrunhu
dw gdwh  / frqglwlrqdo rq ghdwk dw gdwh $1 Wkh ñuvw olqh ri wklv h{suhvvlrq fdswxuhv wkh sd|rò lq wkh
hyhqw wkdw wkh ñup glhv ehiruh wkh zrunhu/ dqg frqvlvwv ri wkh vxp ri wkh zdjh sd|phqwv uhfhlyhg
iurp wkh ñup dqg wkh ydoxh ri ehlqj sxvkhg edfn lqwr xqhpsor|phqw1 Wkh vhfrqg olqh fdswxuhv
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wkh sd|rò lq wkh hyhqw wkh zrunhu glhv ñuvw1 Vlqfh wkh ydoxh ri ehlqj xqhpsor|hg dw wlph  lv jlyhq
e|

Y` + , @ H/Dv ^Y` + m$,` @
] "

v
Y` + m$,ïh3BE/3vä g$>

zh fdq vlpsoli| wr rewdlq

]` +v, @

] "

r

] /

r

] v

r
z+á ,h3oEô3räïh3BEv3räïh3BE/3rä gá g g$

.

] "

r
h3oEv3räY` + ,ïh32BEv3rä g 

.

] "

r

] /

r
z+á,h3oEô3räïh32BE/3rä gá g$=

Lq d vwhdg| vwdwh/ z+á, @ z/ Y` + , @ Y` / dqg ]` +v, @ ]` / dqg vr zh fdq shuirup wkh lqwhjudwlrq
wr ñqg

]` @
z . ïY`
u . 5ï

=

Li v lv wkh wlph wkdw d pdwfk duulyhv/ wkhq

Y` @ Hr

k
h3Brh3or]`

l
>

zkhuh v lv wkh wlph wkdw d pdwfk zlwk d ydfdqw ñup rffxuv/ h3Br lv wkh suredelolw| wkdw wkh zrunhu lv
vwloo dolyh dw wlph v/ dqg h3or surylghv wkh dssursuldwh glvfrxqwlqj ri wkh ydoxh ]` +v, wr wkh suhvhqw1
Wkh wlph v dw zklfk wkh zrunhu phhwv d ydfdqw ñup kdv ghqvlw| ã8 +è8 . è` ,h

348 Eb8nb` är1� Zh
kdyh dq h{shfwhg ydoxh ri=

Y` @
+z . ïY` ,

+u . 5ï,

] "

f
ã8 +è8 . è` ,h

3E48 Eb8nb` änonBär gv

@
+z . ïY` ,

+u . 5ï,

ã8 +è8 . è` ,

+ã8 +è8 . è` , . u . ï,
=

Vroylqj wklv htxdwlrq iru Y` |lhogv

Y` @
ã8 +è8 . è` ,z

+u . ï, +ã8 +è8 . è` , . u . 5ï,
=

D vlplodu fdofxodwlrq jlyhv wkh ydoxh wr d ñup ru sduwlflsdwlqj lq wkh pdunhw=

Y8 @
ã`K` +è8 . è` ,i

+u . ï, +ã`K` +è8 . è` , . u . 5ï,
>

zkhuh i lv wkh h{shfwhg vwhdg|0vwdwh ðrz sd|rò ri dq rffxslhg ñup dqg Y8 lv wkh vwhdg|0vwdwh
ydoxh ri d ydfdqw ñup1 Zh qrz ghwhuplqh wkh h{shfwhg ðrz sd|ròv z dqg i 1 Ilupv dqg zrunhuv
edujdlq ryhu wkh vxusoxv fuhdwhg lq d pdwfk e| pdnlqj zdjh sursrvdov zlwk htxdo suredelolw|/ dqg
dq| vxfk sursrvdo zloo pdnh wkh uhvsrqglqj djhqw lqglòhuhqw ehwzhhq dffhswlqj wkh sursrvdo dqg
uhmhfwlqj1 Vxssrvh wkh ñup lv fkrvhq wr pdnh d sursrvdo/ dqg ròhuv d zdjh ri z wr wkh zrunhu1
Dffhswlqj wklv ròhu jlyhv dq h{shfwhg sd|rò ri +z . ïY` ,@+u . 5ï,1 zklfk lv wkh ydoxh ri ]`

�Aüi @hhðñ@* h@|i Lu 4@|Uüit ðt |üi tý4 Lu 4@|Uüit uhL4 êLh!ih ti@hUü Eb`48 ä @?_ �h4 ti@hUü Eb848 äë
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fdofxodwhg dw wkh zdjh z1 Li wkh zrunhu uhmhfwv wklv ròhu/ khu frqwlqxdwlrq ydoxh lv Y` 1 Wkh ñup
zloo fkrrvh z vr dv wr pdnh wkh zrunhu lqglòhuhqw ehwzhhq dffhswlqj dqg uhmhfwlqj/ jlylqj=

z @ +u . ï,Y` =

Vlqfh wkh ñup pxvw vlploduo| eh pdgh lqglòhuhqw e| dq ròhu uhfhlyhg iurp wkh zrunhu/ vkrxog wkh
zrunhu eh fdoohg xsrq wr pdnh wkh ròhu/ wkh zrunhu zloo ròhu +u. ï,Ys wr wkh ñup1 Zh wkhq kdyh/
lq wkh vwhdg| vwdwh

z @
4

5
z .

4

5
i{ý +u . ï,Y8 j

@
{

5
.
4

5
+u . ï,+Y` ý Y8 ,>

dqg v|pphwulfdoo| iru wkh ñup/

i @
{

5
.
4

5
+u . ï,+Y8 ý Y` ,=

Lqvhuwlqj wkh h{suhvvlrqv iru wkh ydoxh ri d ñup Y8 dqg zrunhu Y` / zh wkhq vroyh iru=

z @
ã8 +è8 . è` , . u . 5ï

+ã8 . ã`K` ,+è8 . è` , . 5+u . 5ï,
{>

i @
ã`K` +è8 . è` , . u . 5ï

+ã8 . ã`K` ,+è8 . è` , . 5+u . 5ï,
{>

jlylqj

Y` @
ã8 +è8 . è` ,

+u . ï, ^+ã8 . ã`K` ,+è8 . è` , . 5+u . 5ï,`
{> +S19,

dqg

Y8 @
ã`K` +è8 . è` ,

+u . ï, ^+ã8 . ã`K` ,+è8 . è` , . 5+u . 5ï,`
{= +S1:,

2ë út)44i|hðU ,^ýð*ðMhð@

Wklv vhfwlrq suhvhqwv wkh fdofxodwlrqv ohdglqj wr htxdwlrqv +46,~+48,1 Ghñqh èC @ 5è8 .è` > �ãC @
ãCKC> �ã- @ ã-K-> dqg

]8 @
èC�ãC]8cC . è` �ã-]8c-

+èC�ãC . è` �ã-,
=

Wkh ydoxh ]8 lv wkh h{shfwhg ydoxh ri dq rffxslhg ñup/ zkhuh wkh suredelolwlhv uhðhfw wkh uhodwlyh
olnholkrrg ri phhwlqj d uhg dqg juhhq zrunhu1 Wklv doorzv xv wr vlpsoli| wkh v|vwhp ri ydoxh
ixqfwlrqv wr=

]- @
{

5+u . 5ï,
.

4

5+u . 5ï,
++u . 6ï,Y- ý +u . ï,Y8 , >

Y- @
ã8è`]-

ã8è` . u . ï
>

]C @
{

5+u . 5ï,
.

4

5+u . 5ï,
++u . 6ï,YC ý +u . ï,Y8 , >

YC @
ã8èC]C

ã8èC . u . ï
>

]8 @
{

5+u . 5ï,
.

4

5+u . 5ï,

ë
+u . 6ï,Y8 ý +u . ï,

+èC�ãC . è` �ã-,
+èC�ãCYC . è` �ã-Y-,

ê
>
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dqg

Y8 @
+èC�ãC . è` �ã-,]8

+èC�ãC . è` �ã- . u . ï,
=

Holplqdwlqj wkh xqpdwfkhg ydoxh ixqfwlrqv jlyhv

5+u . 5ï,]- @ {.

ë
+u . 6ï,

ã8è`]-
ã8è` . u . ï

ý +u . ï,
+èC�ãC . è` �ã-,]8

+èC�ãC . è` �ã- . u . ï,

ê
5+u . 5ï,]C @ {.

ë
+u . 6ï,

ã8èC]C
ã8èC . u . ï

ý +u . ï,
+èC�ãC . è` �ã-,]8

+èC�ãC . è` �ã- . u . ï,

ê
5+u . 5ï,]8 @ {.

ã
+u . 6ï,

+èC�ãC . è` �ã-,]8
+èC�ãC . è` �ã- . u . ï,

ý +u . ï,

+èC�ãC . è` �ã-,

ë
èC�ãC

ã8èC]C
ã8èC . u . ï

. è` �ã-
ã8è`]-

ã8è` . u . ï

êâ
=

Vlpsoli|lqj/

]- @
+ã8è` . u . ï,

+ã8è` . 5+u . 5ï,,

ã
{

+u . ï,
ý +èC�ãC . è` �ã-,]8
+èC�ãC . è` �ã- . u . ï,

â
]C @

+ã8èC . u . ï,

+ã8èC . 5 +u . 5ï,,

ã
{

+u . ï,
ý +èC�ãC . è` �ã-,]8
+èC�ãC . è` �ã- . u . ï,

â
]8 @

+èC�ãC . è` �ã- . u . ï,

+èC�ãC . è` �ã- . 5 +u . 5ï,,

ã
{

+u . ï,
ý 4

+èC�ãC . è` �ã-,

û
ë
èC�ãC

ã8èC]C
+ã8èC . u . ï,

. è` �ã-
ã8è`]-

+ã8è` . u . ï,

êâ
=

Vxevwlwxwlqj iru ]- dqg ]C lqwr wkh h{suhvvlrq iru ]8 jlyhv

]8 @
+èC�ãC . è` �ã- . u . ï,

+èC�ãC . è` �ã- . 5 +u . 5ï,,

ã
{

+u . ï,
ý 4

+èC�ãC . è` �ã-,

û
é
èC�ãC

ã8èC
+ã8èC . 5 +u . 5ï,,

ë
{

+u . ï,
ý +èC�ãC . è` �ã-,]8
+èC�ãC . è` �ã- . u . ï,

ê
.è` �ã-

ã8è`
+ã8è` . 5+u . 5ï,,

ë
{

+u . ï,
ý +èC�ãC . è` �ã-,]8
+èC�ãC . è` �ã- . u . ï,

êèâ
=

Froohfwlqj whupv/ wkh whup lqyroylqj { lv

{

+u . ï,

+èC�ãC . è` �ã- . u . ï,

+èC�ãC . è` �ã- . 5 +u . 5ï,,

ã
4ý 4

+èC�ãC . è` �ã-,

ë
èC�ãCã8èC

+ã8èC . 5 +u . 5ï,,
.

è` �ã-ã8è`
+ã8è` . 5+u . 5ï,,

êâ

@
{

+u . ï,

+�ãCèC . è` �ã- . u . ï, 5 +u . 5ï,

+èC�ãC . è` �ã- . 5+u . 5ï,,

+èCã8è` +�ãC . �ã-, . 5 +u . 5ï, +èC�ãC . è` �ã-,,

+�ãCèC . è` �ã-, +ã8èC . 5u . 7ï, +ã8è` . 5u . 7ï,
=

Wkh frhïflhqw ri ]8 rq wkh uljkw kdqg vlgh lv

+èC�ãC . è` �ã- . u . ï,

+èC�ãC . è` �ã- . 5+u . 5ï,, +èC�ãC . è` �ã-,

û
ë

èC�ãCã8èC +ã8èC . u . ï, +èC�ãC . è` �ã-,

+ã8èC . u . ï, +ã8èC . 5+u . 5ï,, +èC�ãC . è` �ã- . u . ï,

.
è` �ã-ã8è` +ã8è` . u . ï, +èC�ãC . è` �ã-,

+ã8è` . u . ï, +ã8è` . 5+u . 5ï,, +èC�ãC . è` �ã- . u . ï,

ê
8



@
ã8
ý
5è2C�ãCu . 7è

2
C�ãCï . è2C�ãCã8è` . 5è2` �ã-u . 7è

2
` �ã-ï . è2` �ã-ã8èC

ü
+ã8è` . 5u . 7ï, +ã8èC . 5u . 7ï, +èC�ãC . è` �ã- . 5u . 7ï,

=

Vr/ wkh htxdwlrq ghwhuplqlqj ]8 fdq eh zulwwhq dv#
4ý ã8

ý
5è2C�ãCu . 7è

2
C�ãCï . è2C�ãCã8è` . 5è2` �ã-u . 7è

2
` �ã-ï . è2` �ã-ã8èC

ü
+ã8è` . 5u . 7ï, +ã8èC . 5u . 7ï, +èC�ãC . è` �ã- . 5u . 7ï,

$
]8

@
{ +�ãCèC . è` �ã- . u . ï, 5 +u . 5ï,

+u . ï, +�ãCèC . è` �ã- . 5u . 7ï,

+èCã8è` +�ãC . �ã-, . 5 +u . 5ï, +èC�ãC . è` �ã-,,

+�ãCèC . è` �ã-, +ã8èC . 5u . 7ï, +ã8è` . 5u . 7ï,
>

ru

i+ã8è` . 5u . 7ï, +ã8èC . 5u . 7ï, +èC�ãC . è` �ã- . 5u . 7ï,

ýã8
ý
5è2C�ãCu . 7è

2
C�ãCï . è2C�ãCã8è` . 5è2` �ã-u . 7è

2
` �ã-ï . è2` �ã-ã8èC

üô
]8

@
{ +�ãCèC . è` �ã- . u . ï, 5 +u . 5ï,

+u . ï,

+èCã8è` +�ãC . �ã-, . 5 +u . 5ï, +èC�ãC . è` �ã-,,

+�ãCèC . è` �ã-,
>

dqg khqfh/

]8 @
{ +�ãCèC . è` �ã- . u . ï,

+u . ï, +�ãCèC . è` �ã-,

+èCã8è` +�ãC . �ã-, . 5 +u . 5ï, +èC�ãC . è` �ã-,,

ü
>

zkhuh ü ì 5 +u . 5ï, +ã8èC . èC�ãC . ã8è` . è` �ã- . 5+u . 5ï,, . ã8è`èC +ã8 . �ã- . �ãC,1
Zh fdq xvh wklv uhvxow wr fdofxodwh=

Y8 @
{

+u . ï,

+èCã8è` +�ãC . �ã-, . 5 +u . 5ï, +èC�ãC . è` �ã-,,

ü
= +S146,

Vlploduo|/

]- @
{ +ã8è` . u . ï,

+u . ï, +ã8è` . 5+u . 5ï,,

õ
4ýü3� +èCã8è` +�ãC . �ã-, . 5 +u . 5ï, +èC�ãC . è` �ã-,,

ô
@

{

+u . ï,ü
+ã8è` . u . ï, +ã8èC . 5+u . 5ï,, >

dqg

]C @
{ +ã8èC . u . ï,

+u . ï, +ã8èC . 5+u . 5ï,,

õ
4ýü3� +èCã8è` +�ãC . �ã-, . 5 +u . 5ï, +èC�ãC . è` �ã-,,

ô
@

{

+u . ï,ü
{ +ã8èC . u . ï, +ã8è` . 5 +u . 5ï,, >

jlylqj

Y- @
ã8è` +ã8èC . 5 +u . 5ï,,

+u . ï,ü
{ +S147,

dqg

YC @
ã8èC +ã8è` . 5 +u . 5ï,,

+u . ï,ü
{= +S148,
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Wkxv/

YC @
ã8èCã8è` . ã8èC5 +u . 5ï,

+u . ï,ü
{ @ Y- .

ã85 +u . 5ï, +èC ý è` ,

+u . ï,ü
{

@ Y- .
ã85 +u . 5ï, 5è8

+u . ï,ü
{ A Y-=

ôë Aüi , |hi4i út)44i|hðU 5|i@_) 5|@|i

Wklv dsshqgl{ yhulñhv htxdwlrq +4:,1 Lq wkh h{wuhph dv|pphwulf vwhdg| vwdwh/ KC @ 4@5 dqg
K- @ 3/ vr wkh ydfdqflhv vwhdg| vwdwh frqglwlrq lv

7ï+4ý ã8 , @ ã8ãC+è. è8 ,= +4,

Vlploduo|/ wkh juhhq xqhpsor|phqw vwhdg| vwdwh frqglwlrq lv

5ï+4ý ãC, @ ãCã8 +è. è8 ,= +5,

Wkhvh lpso|
ãC @ 5ã8 ý 4= +6,

Iurp +6, dqg +4,/
gã8
gè8

@ ãâ8 @
ýã8 +5ã8 ý 4,

i7ï . +7ã8 ý 4,+è. è8 ,j = +7,

Zh ñuvw vkrz wkdw aYC lv lqfuhdvlqj lq è8 1 Wkh dujxphqw sdudoohov rxu ghprqvwudwlrq wkdw
gY` @gè A 3 lq wkh v|pphwulf vwhdg| vwdwh1 Iluvw/ zh fdq zulwh

aYC @
ã8 +è. è8 ,

+u . g,^+ã8 .
�
2ãC,+è. è8 , . 5+u . 5ï,`

=

Qrwlfh wkdw wklv lv +S19,/ zlwk ã` uhsodfhg e| ãC dqg K` e| �
2 +ehfdxvh rqo| juhhq zrunhuv hqwhu/

dqg doo juhhq zrunhuv hqwhu,/ dqg zlwk wkh wrwdo vhdufk lqwhqvlw| jlyhq e| 5è8 . è` @ è . è8
+ehfdxvh wkh ghflvlrq ri ñupv wr vhdufk rqo| juhhqv grxeohv wkh ñup*v hòhfwlyh vhdufk lqwhqvlw|,1
Dowhuqdwlyho|/ lw lv vwudljkwiruzdug wr yhuli| wkdw wklv h{suhvvlrq htxdov +S148,1 Xvlqj +6,/ zh kdyh

aYC @
ã8 +è. è8 ,

+u . g,^+5ã8 ý 4,+è. è8 , . 5+u . 5ï,`
=

Vxssrvh gaYC@gè8 ? 31 Wkhq/ wdnlqj wkh ghulydwlyh/ lw pxvw eh wkh fdvh wkdw

g+ã8 +è. è8 ,,

gè8
^+5ã8 ý

4

5
,+è. è8 , . 5+u . 5ï,`ý ã8 +è. è8 ,

g++5ã8 ý �
2,+è. è8 ,,

gè8
? 3=

Vlpsoli|lqj/ zh pxvw kdyh

g+ã8 +è. è8 ,,

gè8
^+ý4

5
,+è. è8 , . 5+u . 5ï,`ý ã8 +è. è8 ,

g++ý�2,+è. è8 ,,

gè8
? 3=

:



Lw lv lpphgldwh iurp +4,~+5, wkdw g+ã8 +è. è8 ,,@gè8 A 31 Zh fdq wkhq ghohwh wkh +srvlwlyh, whup
lqyroylqj 5+u . 5ï, dqg glylgh e| è. è8 wr ñqg wkdw d qhfhvvdu| frqglwlrq lv

g+ã8 +è. è8 ,,

gè8
A ã8 =

Exw wklv lpsolhv wkdw gã8@gè8 A 3/ zklfk frqwudglfwv +4,~+5,1 Khqfh/ aYC lv lqfuhdvlqj lq è8 1
Zh qh{w vkrz wkdw aY- lv ghfuhdvlqj lq è8 1 Iurp +S147,/

aY- @
ã28 +è

2 ý è28 , . ã8 +èý è8 ,5 +u . 5ï,{

+u . ï, aü
>

zkhuh aü ì 5 +u . 5ï, iã8 +è.è8 ,.+è.è8 ,ãC@5.ã8 +èýè8 ,.5 +u . 5ï,j.+è2ýè28 ,
ý
ã28 . ã8ãC@5

ü
@

ã28 +è
2ýè28 ,.ã8 +èýè8 ,5 +u . 5ï,.7 +u . 5ï,2.5 +u . 5ï, +è.è8 ,iã8.ãC@5j.+è2ýè28 ,ã8ãC@51

Qrz/ aY- lv ghfuhdvlqj lq è8 li dqg rqo| li ++u . ï, aY-@{,
3� lv lqfuhdvlqj lq è8 1 Vxevwlwxwlqj/

{

+u . ï, aY-
@ 4 .

7 +u . 5ï,2 . 5 +u . 5ï, +è. è8 ,iã8 . ãC@5j. +è2 ý è28 ,ã8ãC@5

ã28 +è
2 ý è28 , . ã8 +èý è8 ,5 +u . 5ï,

=

Glòhuhqwldwlqj wkh ghqrplqdwru zlwk uhvshfw wr è8 |lhogv

5ã8ã
â
8 +è

2 ý è28 ,ý 5ã28è8 . ãâ8 +èý è8 ,5 +u . 5ï,ý ã85 +u . 5ï, ? 3>

vlqfh è8 é è1
Wxuqlqj wr wkh qxphudwru/ lwv ghulydwlyh lv

5 +u . 5ï, iã8 .ãC@5j.5 +u . 5ï, +è.è8 ,iãâ8 .ãâC@5jýè8ã8ãC.+è
2ýè28 ,+ã

â
8ãC@5.ã8ã

â
C@5,=

Xvlqj ãâC @ 5ã
â
8 dqg +6,/ zh fdq uhzulwh wklv dv

+u . 5ï, +7ã8 ý 4, . 7 +u . 5ï, +è. è8 ,ã
â
8 ý è8ã8 +5ã8 ý 4, . +è2 ý è28 ,+ã

â
8 +ã8 ý 4@5, . ã8ã

â
8 ,

@ +u . 5ï, +7ã8 ý 4, . 7 +u . 5ï, +è. è8 ,ã
â
8 ý è8ã8 +5ã8 ý 4, . +è2 ý è28 ,ã

â
8 +5ã8 ý 4@5,>

zklfk kdv wkh vdph vljq dv/ vxevwlwxwlqj +7, dqg ljqrulqj wkh srvlwlyh ghqrplqdwru i7ï . +7ã8 ý 4,+è. è8 ,j/
^+u . 5ï, +7ã8 ý 4,ý è8ã8 +5ã8 ý 4,` i7ï . +7ã8 ý 4,+è. è8 ,j

ýã8 +5ã8 ý 4,7 +u . 5ï, +è. è8 ,ý ã8 +5ã8 ý 4,+è2 ý è28 ,+5ã8 ý 4@5,

@ +u . 5ï, +7ã8 ý 4, i7ï . +7ã8 ý 4,+è. è8 ,j ý è8ã8 +5ã8 ý 4,7ï
ýã8 +5ã8 ý 4,+è. è8 ,è8 +7ã8 ý 4,ý ã8 +5ã8 ý 4,7 +u . 5ï, +è. è8 ,

ýã8 +5ã8 ý 4,+è2 ý è28 ,+5ã8 ý 4@5,
@ +u . 5ï, +7ã8 ý 4, i7ï . +7ã8 ý 4,+è. è8 ,j ý è8ã8 +5ã8 ý 4,7ï

ýã8 +5ã8 ý 4,+è. è8 , iè8 +7ã8 ý 4, . 7 +u . 5ï, . +èý è8 ,+5ã8 ý 4@5,j ì û=
Lw vxïfhv wr vkrz wkdw û A 31 Zh ñuvw revhuyh wkdw yduldwlrqv lq wkh lqwhuhvw udwh u dòhfw qrqh ri
wkh rwkhu yduldeohv dsshdulqj lq û1 Zh fdq dffruglqjo| wdnh wkh ghulydwlyh

gû

gu
@ +7ã8 ý 4,^7ï . +7ã8 ý 4,+è. è8 ,`ý 7ã8 +5ã8 ý 4,+è. è8 ,>

zklfk zloo eh srvlwlyh li

+7ã8 ý 4,2 ý 7ã8 +5ã8 ý 4, @ 49ã28 ý ;ã8 . 4ý ;ã28 ý 7ã8 @ ;ã28 ý 7ã8 . 4 A 3>

;



zklfk krogv iru doo ã8 5 +�2 > 4`1 Dv d uhvxow/ lw vxïfhv wr h{dplqh wkh ydoxh ri u wkdw plqlpl}hv û/
qdpho| u @ 3/ jlylqj

5ï+7ã8 ý 4, i7ï . +7ã8 ý 4,+è. è8 ,j ý è8ã8 +5ã8 ý 4,7ï
ýã8 +5ã8 ý 4,+è. è8 , iè8 +7ã8 ý 4, . ;ï . +èý è8 ,+5ã8 ý 4@5,j ì ú=

Qh{w/ zh qrwh wkdw/ iurp +4,~+5,/ wkh ydfdqf| udwh ã8 ghshqgv rqo| xsrq wkh vxp è.è8 1 Zh fdq
dffruglqjo| wdnh d ghulydwlyh ri ú zlwk uhvshfw wr è8 / ohwwlqj gè@gè8 @ ý4 wr dv wr suhvhuyh wkh
vxp è. è8 / wr rewdlq

gú

gè8
@ ýã8 +5ã8 ý 4,7ï ý ã8 +5ã8 ý 4,+è. è8 ,^7ã8 ý 4ý 5+5ã8 ý

4

5
,`

@ ýã8 +5ã8 ý 4,7ï ? 3=
Zh fdq wkhq djdlq frqñqh dwwhqwlrq wr wkh zruvw fdvh/ qdpho| wkh ydoxh ri è8 wkdw plqlpl}hv ú/
ru è8 @ è1 Rxu wdvn lv wkhq wr vkrz

5ï+7ã8 ý 4, i7ï . +7ã8 ý 4,+5è,j ý èã8 +5ã8 ý 4,7ï ý ã8 +5ã8 ý 4,+5è, iè+7ã8 ý 4, . ;ïj A 3=
Glylglqj e| è2/ wklv lv

5
ï

è
+7ã8 ý 4,

ã
7
ï

è
. 5+7ã8 ý 4,

â
ý 7ã8 +5ã8 ý 4,

ï

è
ý 5ã8 +5ã8 ý 4,

ã
+7ã8 ý 4, . ;

ï

è

â
A 3=

Iurp +4, dqg +6,/ zh kdyh
ï

è
@

ã8 +5ã8 ý 4,
5+4ý ã8 ,

=

Vxevwlwxwlqj/ zh kdyh

548 E2483�ä2E�348 ä +7ã8 ý 4,
q
748 E2483�ä2E�348 ä . 5+7ã8 ý 4,

r
ý 7ã8 +5ã8 ý 4,48 E2483�ä2E�348 ä

ý5ã8 +5ã8 ý 4,
q
+7ã8 ý 4, . ;48 E2483�ä2E�348 ä

r
A 3=

H{wudfwlqj dqg ghohwlqj wkh srvlwlyh idfwru ã8 +5ã8 ý 4,@+4ý ã8 ,/ zh kdyh

+7ã8 ý 4,
q
248 E2483�än2Ee483�äE�348 ä

E�348 ä
r
ý 5ã8 +5ã8 ý 4,

ý5+4ý ã8 ,
q
+7ã8 ý 4, . e48 E2483�ä

E�348 ä
r
A 3=

H{wudfwlqj dqg ghohwlqj wkh srvlwlyh idfwru +4ý ã8 ,/ zh kdyh

+7ã8 ý 4,
õ
7ã28 ý 5ã8 . 5+7ã8 ý 4ý 7ã28 . ã8

ôý 5ã8 +4ý ã8 ,+5ã8 ý 4,
ý5+4ý ã8 , i+7ã8 ý 4,+4ý ã8 , . 7ã8 +5ã8 ý 4,j A 3=

D vhulhv ri vlpsolñfdwlrqv qrz jlyhv=

+7ã8 ý 4,
õ
7ã28 ý 5ã8 . ;ã8 ý 5ý ;ã28 . 5ã8

ôý 5ã8 +5ã8 ý 4ý 5ã28 . ã8 ,
ý5+4ý ã8 , i+7ã8 ý 4,+4ý ã8 , . 7ã8 +5ã8 ý 4,j A 3=

+7ã8 ý 4,
õý7ã28 . ;ã8 ý 5ôý 5ã8 +ý5ã28 . 6ã8 ý 4,

ý5+4ý ã8 ,
õ
7ã8 ý 4ý 7ã28 . ã8 . ;ã

2
8 ý 7ã8 ,

ô
A 3=

ý49ãô8 . 65ã28 ý ;ã8 . 7ã28 ý ;ã8 . 5 . 7ãô8 ý 9ã28 . 5ã8 ý 5+4ý ã8 ,
õ
7ã28 . ã8 ý 4,

ô
A 3=
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45ãô8 . 63ã
2
8 ý 47ã8 . 5ý 5^7ã28 . ã8 ý 4ý 7ãô8 ý ã28 . ã8 ` A 3=

45ãô8 . 63ã
2
8 ý 47ã8 . 5ý ;ã28 ý 5ã8 . 5 . ;ãô8 . 5ã28 ý 5ã8 ` A 3=

ý7ãô8 . 57ã28 ý 4;ã8 . 7 A 3=
ý5ãô8 . 45ã28 ý <ã8 . 5 ì õ A 3=

Zh qrz h{dplqh wkh fxelf htxdwlrq õ1 Lw lv vwudljkwiruzdug wr fdofxodwh=

olp
48<3"

õ+ã8 , A 3> õ+3, @ 5> õ+
4

5
, @

4

7
>

õ+4, @ 6> dqg olp
48<"

õ+ã8 , ? 3=

Lq dgglwlrq/
gõ+ã8 ,

gã8
@ ý9ã28 . 57ã8 ý <=

Wklv ghulydwlyh lv srvlwlyh iru doo ã8 5 ^�2 > 4`/ dqg khqfh õ+ã8 , A 3 iru doo ã8 5 ^�2 > 4`1 ù
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