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Chapter 1

Normal and Extensive
Form Games

1.4.1. Consider the Cournot duopoly example (Example 1.1.4).

(a) Characterize the set of strategies that survive iterated dele-
tion of strictly dominated strategies.
Soln: Idea is to do several steps of the elimination, guess a
pattern and then prove the guess.
The initial set of strategies for either player is S0

i = R+. The
payoff function is:

πi(qi, qj) = (max{0, a− qi − qj} − c)qi

Let Ski denote the set of strategies for player i that survive
after round k of elimination.
We can eliminate all the strategies qi > a− c right away since
these yield negative payoffs regardless of the other player’s
action and hence are strictly dominated by qi = 0.
Furthermore, all the strategies qi ∈ (a−c2 , a − c] are strictly
dominated by qi = a−c

2 because the payoff function is decreas-
ing in qi for all qj ∈ [0, a − c] and all qi ∈ (a−c2 , a − c]. No
other strategies are strictly dominated, since any qi ∈ [0, a−c2 ]
is a best response to qj = a− c − 2qi. So, we get S1

i = [0, a−c2 ]
for i = 1, 2.
Then the payoff function simplifies to

πi(qi, qj) = (a− c − qi − qj)qi = (a− c − qj)qi − q2
i

We have
∂πi
∂qi

= a− c − qj − 2qi

1
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and
∂2πi
∂q2
i
= −2 < 0

so the payoff function is strictly concave in qi. Now, all the
strategies qi ∈ [0, a−c4 ) are strictly dominated by qi = a−c

4

since ∂πi
∂qi > 0 ∀qj ∈ [0, a−c2 ] ∀qi ∈ [0, a−c4 ). No other strate-

gies are strictly dominated, since any qi ∈ [a−c4 ,
a−c

2 ] is a
best response to qj = a − c − 2qi ∈ [0, a−c2 ]. So, we get
S2
i = [a−c4 ,

a−c
2 ] for i = 1, 2.

Similar calculations yield S3
i = [a−c4 ,

3
8(a−c)] and S4

i = [ 5
16(a−

c), 3
8(a− c)]. We can guess that Sni takes the form

Sni = [xn, yn]
with the property that xn is the best response to yn−1 and yn
is the best response to xn−1, i.e.

xn = a− c
2

− yn−1

2

yn = a− c
2

− xn−1

2

We can prove this result by induction. For the initial step, we
can quickly verify that x2 = a−c

4 = a−c
2 − y1

2 and y2 = a−c
2 =

a−c
2 − x1

2 . For the inductive step, assume that for some k,

Ski = [xk, yk] and

xk = a− c
2

− yk−1

2

yk = a− c
2

− xk−1

2

We will find xk+1 and yk+1. For qj ∈ [xk, yk] we get

∂πi
∂qi

= a−c−qj−2qi ∈
[
a− c

2
+ xk−1

2
− 2qi,

a− c
2

+ yk−1

2
− 2qi

]
We get that all qi < a−c

4 + xk−1

4 are strictly dominated by qi =
a−c

4 + xk−1

4 since ∂πi
∂qi > 0 ∀qi < a−c

4 + xk−1

4 . Similarly, all qi >
a−c

4 + yk−1

4 are strictly dominated by qi = a−c
4 + yk−1

4 since ∂πi
∂qi <

0, ∀qi > a−c
4 + yk−1

4 .
No other strategies are strictly dominated, since any qi ∈
[a−c4 + xk−1

4 ,
a−c

4 + yk−1

4 ] is a best response to qj = a− c−2qi ∈
[xk, yk].
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So, Sk+1
i = [xk+1, yk+1] where

xk+1 = a− c
4

+ xk−1

4

yk+1 = a− c
4

+ yk−1

4

But by the assumption of the inductive step, we then get

xk+1 = a− c
2

− yk
2

yk+1 = a− c
2

− xk
2

This completes the proof. Now all we need to do is find the
limit of the sequence of [xn, yn]. It is easy to see the length
of the interval goes to zero and so the limit is the single point
satisfying

x = a− c
2

− x
2

which is x = a−c
3 . So, the unique strategy profile that survives

iterated elimination of strictly dominated strategies is q1 =
q2 = a−c

3 .

(b) Formulate the game when there are n ≥ 3 firms and iden-
tify the set of strategies surviving iterated deletion of strictly
dominated strategies.

Soln: The strategy space for each firm is S0
i = R+. The payoff

function is:

πi(qi, q−i) = qi(a− c − qi −
∑
j≠i

qj)

The first step of the procedure in (a) extends to the more gen-
eral case:

∂πi
(
qi, q−i

)
∂qi

= a− c − 2qi −
∑
j≠i

qj

So the argument for the first round elimination still goes through
and we get S1

i = [0, a−c2 ]. However, now every strategy qi ∈ S1
i

is a best response to a combination of other players’ strate-
gies q−i such that

qi = 1
2

a− c −∑
j≠i

qj
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and such a strategy profile always exists for n ≥ 3. So, we
cannot eliminate any more strictly dominated strategies and
we get Ski = [0, a−c2 ] ∀k ≥ 1. In this case, iterated deletion
of strictly dominated strategies does not yield a unique out-
come.

1.4.2. (a) Prove that the order of deletion does not matter for the pro-
cess of iterated deletion of strictly dominated strategies in
a finite game (Remark 1.2.1 shows that strictly cannot be re-
placed by weakly).
Soln: First, we need to formally define some of the game the-
oretical concepts. Let < N,S,u > be a finite normal form
game (that is, finite number of players and a finite strategy set
for each player). Given a subset

∏
iXi of S, a strategy si for

player i is strictly dominated given
∏
iXi if ∃s′i ∈ Xi, such that

ui(s′i , s−i) > ui(si, s−i),∀s−i ∈ X−i. We say X ≡ ∏
iXi is re-

duced to X′ ≡∏iX′i (denoted as X → X′), if (i)∀i ∈ N,X′i ⊆ Xi
and ∃i ∈ N for which X′i ≠ Xi and (ii) for all i, if si ∈ Xi \ X′i ,
then si is strictly dominated given X.

Definition: An iterated elimination of strictly dominated strate-
gies sequence (IESDS) of a finite normal form game < N,S,u >
is a finite sequence {X0, X1, . . . , XK} with X0 = S, Xn → Xn+1,
and there is no X̄ such that XK → X̄. The set XK is the minimal
survival set.
Note that each IESDS is necessarily nested.

Theorem: (The order independence property of IESDS) Given
a finite normal form game < N,S,u >, all the minimal sur-
vival sets agree. In other words, if Z = {X0, X1, . . . , XK} and
Z̄ = {X̄0, X̄1, . . . , X̄K} are two IESDS for a finite normal form
game, XK = X̄K̄ .
Proof: We first prove a lemma.
Lemma: Let Y ⊂ S, and Xk ⊆ Y be an element of some IESDS
of the game. Suppose si ∈ Xki is strictly dominated given Y .
Then, si is strictly dominated given Xk.
Proof: Since si is strictly dominated given Y , there exists s′i ∈
Yi such that s′i gives strictly greater utility than si for all s−i ∈
Y−i. Since Xk ⊆ Y ,

ui(s′i , s−i) > ui(si, s−i) ∀s−i ∈ Xk−i.
If s′i ∈ Xki , then the proof is done. If s′i is not in Xki , it implies
that s′i is strictly dominated at some stage before k. In other
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words, there exists m < k and s′′i ∈ Xmi such that s′′i gives
strictly greater utility than s′i for all s−i ∈ Xm−i. Then since
Xk ⊆ Xm, by transitivity ui(s′′i , s−i) > ui(si, s−i) for all s−i ∈
Xk−i. We continue this process until we find some strategy in
Xki which dominates si given Xk (since the given game is finite,
it is guaranteed that we can find such strategy). �

Now, suppose XK ≠ X̄K̄ . Without loss of generality, assume
that X̄K̄ È XK . Since X0 = S, there exists the first stage k in Z
where some strategy of X̄K̄ is eliminated. That is, there exist
k < K and si ∈ X̄K̄i such that X̄K̄ ⊂ Xk and si ∈ Xki \ Xk+1

i . But
then si is strictly dominated given Xk, and so given X̄K̄ by the
lemma, contradicting the definition of X̄K̄ being the minimal
survival set.

(b) Show that the order of deletion matters for the process of
iterated deletion of strictly dominated strategies for the fol-
lowing infinite game: S1 = S2 = [0,1] and payoffs

ui(s1, s2) =


si, if si < 1,
0, if si = 1, sj < 1,
1, if si = sj = 1.

Soln: First observe that si = x is dominated by s′i = x+1
2 for

all x ∈ [0,1), i = 1,2. Therefore the set of strictly dominated
strategies is [0,1) for both players. Consider the following
two ways of deletion.
Delete [0,1)× [0,1) at one time. The only strategy profile left
is (1,1), which is also a Nash equilibrium.
Delete (a,1) × (a,1) at the first round for some a ∈ (0,1).
Now for each i, the strategy space left is X1 = [0, a] ∩ {1}.
Now note that the set [0, a) is still strictly dominated (e.g.,
by a), but si = a is no longer strictly dominated (not even
dominated). So if at the second round we delete [0, a)×[0, a),
the set of strategies that survives IESDS is {a,1} for i = 1,2.
Therefore, we can see that the order of deletion does matter.

1.4.3. Suppose (T ,≺) is an arborescence (recall Definition 1.3.1). Prove
that every noninital node has a unique immediate predecessor.

Soln: Note first that, since T is finite, every noninitial node does
have an immediate predecessor.

We prove the result by contradiction, so suppose t ∈ T has two
distinct immediate predecessors, t′ and t′′. Therefore, t′ ≺ t and
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t′′ ≺ t. Hence, by assumption, either t′ ≺ t′′ or t′′ ≺ t′. The former
possibility means t′ ≺ t′′ ≺ t, implying that t′ is not an immediate
predecessor of t; and the later means t′′ ≺ t′ ≺ t, which implies
that t′′ is not an immediate predecessor of t. Therefore, one of t′
and t′′ cannot be an immediate predecessor of t, contradiction.

1.4.4. Define the “follows” relation ≺∗ on information sets by: h′ ≺∗ h
if there exists x ∈ h and x′ ∈ h′ such that x′ ≺ x.

(a) Prove that each player i’s information sets Hi are strictly par-
tially ordered by the relation ≺∗ (recall footnote 4).

Soln: A strict partial order is a binary relation that is asym-
metric and transitive. Asymmetry holds because we cannot
have x′, x′′ ∈ h such that x′ ≺ x′′.
≺∗ is also transitive: Let h ≺∗ h′ and h′ ≺∗ ĥ, we want to
show h ≺∗ ĥ. By definition, ∃x ∈ h,x′ ∈ h′, x′′ ∈ h′ and
x̂ ∈ ĥ such that x ≺ x′ and x′′ ≺ x̂.

There are two cases:

i. If x′ = x′′ then x ≺ x̂.

ii. If x′ ≠ x′′, then perfect recall implies that ∃x̃ ∈ h such
that x̃ ≺ x′′. To see this, suppose such a x̃ does not exist,
i.e. there is no node in h that leads to x′′. Now imagine
that the player was at information set h and now reaches
h′. He is able to tell that he cannot be at the node x′′ if
he perfectly recalls that he was at h before, violating the
definition of h′. So x̃ ≺ x′′ and so x̃ ≺ x̂.

(b) Perfect recall implies that the set of i’s information sets sat-
isfy Property 2(c) of Definition 1.3.1, i.e., for all h,h′, h′′ ∈ Hi,
if h ≺∗ h′′ and h′ ≺∗ h′′ then either h ≺∗ h′ or h′ ≺∗ h. Give
an intuitive argument.

Soln: h ≺∗ h′′ implies that ∃x ∈ h and ∃x′′ ∈ h′′ such that
x ≺ x′′. Similarly h′ ≺∗ h′′ implies that ∃x′ ∈ h and ∃x† ∈
h′′ such that x′ ≺ x†. By perfect recall we know that ∃x‡ ∈ h
such that x‡ ≺ x†. Furthermore, by Property 2(c) of Definition
1.3.1 for nodes, we know if x‡ ≺ x† and x′ ≺ x†, then either
x′ ≺ x‡ or x‡ ≺ x′, the former implies h′ ≺∗ h and the latter
implies h ≺∗ h′, hence either h′ ≺∗ h or h ≺∗ h′ is true.
Intuitively at information set h′′ player should not be able
to distinguish between two nodes. If at one of the nodes in
h′′, he remembers that he passed h′ and didn’t pass h, and at
another node in h′′ he remembers that he passed h and didn’t
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III

I (h1)

z1 II

z2 z3

II

z4 I (h3)

z5 z6

(h2)

Display 1.4.1: The game for Problem 1.4.4.

pass h′, then he can distinguish between the two nodes, which
is a contradiction.

(c) Give an example showing that the set of all information sets
is not similarly strictly partially ordered by ≺∗.
Soln: In the game of Display 1.4.1, if we apply ≺∗ to all play-
ers’ information sets, then h1 ≺∗ h2 ≺∗ h3. However we don’t
have h1 ≺∗ h3 because the node in h1 does not precede the
node in h3.

(d) Prove that if h′ ≺∗ h for h,h′ ∈ Hi, then for all x ∈ h, there
exists x′ ∈ h′ such that x′ ≺ x. (In other words, an individual
players information is refined through play in the game. Prove
should really be in quotes, since this is trivial.)
Soln: Suppose not, i.e. for some x ∈ h, we have x′ ⊀ x for all
x′ ∈ h′. That is, the player cannot reach t from h′. Imagine
that the player was at h′ and now reaches h. By recalling that
he was at h′, he is able to tell that he is not at the node t. This
violates the definition of h.
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Chapter 2

A First Look at Equilibrium

2.6.1. Suppose {(Si, Ui)ni=1} is a normal form game, and ŝ1 ∈ S1 is a
weakly dominated strategy for player 1. Let S′1 = S1 \ {ŝ1}, and
S′i = Si for i ≠ 1. Suppose s is a Nash equilibrium of {(S′i , Ui)ni=1}.
Prove that s is a Nash equilibrium of {(Si, Ui)ni=1}.
Soln: Since s = (s1, ..., sn) is a Nash equilibrium of {(S′i , Ui)ni=1}, we
have

∀i, Ui(si, s−i) ≥ Ui(s̃i, s−i),∀s̃i ∈ S′i .
We want to prove that

∀i, Ui(si, s−i) ≥ Ui(s̃i, s−i),∀s̃i ∈ Si.
Since S′1 = S1\{ŝ1} and S′i = Si,∀i ≠ 1, it remains to show U1(s1, s−1) ≥
U1(ŝ1, s−1).
Since ŝ1 ∈ S1 is a weekly dominated strategy for player 1, there
exists s∗1 ∈ S1\{ŝ1} = S′1 such that U1(s∗1 , s̃−1) ≥ U1(ŝ1, s̃−1),∀s̃−1 ∈
S−1. In particular, U1(s∗1 , s−1) ≥ U1(ŝ1, s−1). But because s∗1 ∈ S′1,
we also have U1(s1, s−1) ≥ U1(s∗1 , s−1). Therefore, U1(s1, s−1) ≥
U1(ŝ1, s−1).

2.6.2. Suppose {(Si, Ui)ni=1} is a normal form game, and s is a Nash equi-
librium of {(Si, Ui)ni=1}. Let {(S′i , Ui)ni=1} be the normal form game
obtained by the iterated deletion of some or all strictly dominated
strategies. Prove that s is a Nash equilibrium of {(S′i , Ui)ni=1}. (Of
course, you must first show that si ∈ S′i for all i.) Give an example
showing that this is false if strictly is replaced by weakly.

Soln:

Given Nash equilibrium profile s, we will first show that si ∈ S′i
for all i. Suppose not, that is, for the Nash equilibrium s, there is
some stage k where some si for some i is first eliminated. That is,

9
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in the k−1-th stage, s ∈ Sk−1 = Sk−1
1 × . . .×Sk−1

N , but si ∈ Sk−1
i \Ski .

This implies that in Sk−1, si is strictly dominated, which means
that there exists s′i ∈ Sk−1

i such that,

ui(s′i , s−i) > ui(si, s−i), ∀s−i ∈ Sk−1
−i .

Since s ∈ Sk−1, this means that ui(s′i , s−i) > ui(s). This is a con-
tradiction to the fact that si is a best response to s−i.
Now we will show that s is a Nash equilibrium in the game with
strategy space S′ = S′1 × . . . × S′N . By the definition of Nash equi-
librium, it is the case that for each i, ui(si, s−i) ≥ ui(s′i , s−i) for all
s′i ∈ Si. Since s−i is in S′−i, and S′i ⊆ Si for all i, it follows that for
each i, ui(si, s−i) ≥ ui(s′i , s−i) for all s′i ∈ S′i . Hence, s is a Nash
equilibrium in the game {(S′i , Ui)ni=1}.
The following example shows that the statement is false when we
apply iterated deletion of weakly dominated strategies. Consider
the following game with payoff matrix:

` r

u 2,2 1,0

d 0,1 1,1

(u, l) and (d, r) are Nash equilibria of this game. However, d and r
are weakly dominated by u and l respectively. Once these strate-
gies are deleted, d and r are not in S′−i, so it cannot be a Nash
equilibrium of the game.

2.6.3. Consider (again) the Cournot example (Example 1.1.4). What is
the Nash Equilibrium of the n-firm Cournot oligopoly? [Hint: To
calculate the equilibrium, first solve for the total output in the
Nash equilibrium.] What happens to both individual firm output
and total output as n approaches infinity?

Soln: The solution to firm i’s problem is characterized by the fol-
lowing FOC, which is both necessary and sufficient (why?):

a− 2qi −
∑
j≠i

qj − c = 0

Then by adding all these FOCs across i, we have

na− 2Q− (n− 1)Q−nc = 0

which implies that
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Q = n(a− c)
n+ 1

Plug this Q back into each firm’s FOC, we can easily get:

qi = a− cn+ 1

which is the unique Nash Equilibrium here (try to verify it your-
self). Note here, this unique Nash Equilibrium is symmetric (this
is a result, not an assumption).

As n→∞, we know from the above results that Q → a− c, qi → 0
and P → c. Note, this price is just the perfect competition market
price.

The intuition commonly given for this result is that as n gets large,
each firm becomes small and so is asymptotically a price taker.
This intuition however is not complete. Note that for any aggre-
gate quantity Q for the other firms, the marginal impact on price
of a marginal increase in firm i’s quantity is independent of the
number of firms, so it is not true that the firm is small in the sense
of having limited price impact. However, it is true that as the num-
ber of firms increases, firm i’s residual demand curve shifts down,
given the equilibrium outputs of the other firms. When n is large,
the residual demand left for an individual firm is terribly small. So
it will produce a very small quantity, sold at a close-to-marginal-
cost price.

2.6.4. Consider now the Cournot duopoly where inverse demand is P(Q) =
a − Q but firms have asymmetric marginal costs: ci for firm i,
i = 1,2.

(a) What is the Nash equilibrium when 0 < ci < a/2 for i = 1,2?
What happens to firm 2’s equilibrium output when firm 1’s
costs, c1, increase? Can you give an intuitive explanation?
Soln: The best-response function for firm i is:

φi(qj) =max
{a− ci − qj

2
,0
}
.

Equilibrium strategy profile (q∗1 , q
∗
2 ) must satisfies: φ1(q∗2 ) = q∗1

φ2(q∗1 ) = q∗2
.
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Solving the system of equations, we get that the equilibrium
strategy profile is

q1 = a+ c2 − 2c1

3
,

q2 = a+ c1 − 2c2

3
.

Note here, our assumptions guarantee us interior solution in
this case.
Finally, when c1 increases production of firm 2 increases. The
intuition behind this result is that when the marginal cost of
firm 1 increases, the production of firm 1 in its best response
reduces and therefore, now, firm 2 faces a "bigger" market.

(b) What is the Nash equilibrium when c1 < c2 < a but 2c2 >
a+ c1?
Soln: Use Kuhn-Tucker conditions to solve this problem, with
the non-negative constraint qi ≥ 0, we have

max
qi
(a− qi − q−i)qi − ciqi

s.t. qi ≥ 0.

An equilibrium (q1, q2) must satisfy the following conditions:
a− 2qi − q−i − ci ≤ 0

qi ≥ 0

(a− 2qi − q−i − ci)qi = 0

for i = 1,2.
One can easily check that there is no solution to the system of
equations and inequalities composed of the above conditions
for firms 1 and 2 when q1 > 0 and q2 > 0 or when q1 = 0 and
q2 > 0 under the assumptions that we made about the cost
and demand parameters. In fact, the only solution has q2 = 0
and q1 = a−c1

2 , which is the Nash equilibrium here.

2.6.5. Consider the following Cournot duopoly game: The two firms are
identical. The cost function facing each firm is denoted by C(q),
is continuously differentiable with C(0) = 0, C′(0) = 0, C′(q) >
0 ∀q > 0. Firm i chooses qi, i = 1,2. Inverse demand is given
by p = P(Q), where Q = q1 + q2 is total supply. Suppose P is
continuous and there exists Q > 0 such that P(Q) > 0 for Q ∈
[0,Q) and P(Q) = 0 forQ ≥ Q. Assume firm i’s profits are strictly
concave in qi for all qj , j ≠ i.
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(a) Prove that for each value of qj , firm i (i ≠ j) has a unique
profit maximizing choice. Denote this choice Ri(qj). Prove
that Ri(q) = Rj(q), i.e., the two firms have the same reaction
function. Thus, we can drop the subscript of the firm on R.
Soln: First, firm i’s profit is Πi(qi, qj) = P(qi + qj)qi − C(qi),
which is continuous in qi for any qj by the continuity of P
and C . If firm i’s profit function has a maximizer, it has to lie
in [0, Q̄]. To see this, note that for all qi > Q̄, firm i’s profit is
Πi(qi, qj) = −C(qi) < 0, while by choosing qi = 0, firm i can
guarantee itself zero profit: Πi(0, qj) = 0. By Weierstrass The-
orem, a continuous function attains its maximum on a closed
and bounded interval, so Π has a maximizer on [0, Q̄].
Next, since profit of firm i is strictly concave in qi for all
qj , j ≠ i, it has a unique maximizer for each qj , j ≠ i (the
proof is elementary: assume that for some qj , there are 2
different profit maximizers, qi1 ≠ qi2. Then we must have
Πi(qi1, qj) = Πi(qi2, qj), where Πi is firm i’s profit. Let θ ∈
(0,1), qθi = θqi1 + (1− θ)qi2; then by strict concavity of Πi as
a function of qi, we have Πi(qθi , qj) > Πi(qi1, qj) = Πi(qi2, qj),
contradicting the assumption that qi1 and qi2 are profit max-
imizers).
Finally, we need to show that Ri(q) = Rj(q). Suppose ∃q′
such that Ri(q′) ≠ Rj(q′). Since Πk(qk, q′) = P(qk + q′)qk −
C(qk) is same for all k = i, j, and since Ri(q′) maximizes
Πi(qi, q′), it also maximizes Πj(qj , q′). But it contradicts to
the uniqueness of profit maximizer.

(b) Prove that R(0) > 0 and that R(Q) = 0 < Q.
Soln: First, I show that R(0) > 0. We know that Πi(0,0) =
P(0)0 − C(0) = 0, so it is sufficient to show that there exists
a qi > 0 such that Πi(qi,0) > 0. Suppose not, then C(q) >
P(q)q for all q > 0. Pick ε > 0. The continuity of P implies
that we can pick q′ > 0 small enough that, for all 0 < q ≤ q′,

−ε < P(q)− P(0) < ε
and therefore

C(q) > (P(0)− ε)q
by the previous assumption that C(q) > P(q)q for all q > 0.
However the differentiability of C implies that

0 = C′(0) = lim
q→0

C(q)− C(0)
q

= lim
q→0

C(q)
q
.

Hence we can also pick q′′ > 0 small enough such that, for all
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0 < q ≤ q′′,
0 <

C(q)
q

< ε

But this implies that for all 0 < q ≤min{q′, q′′} we have

ε >
C(q)
q

> P(0)− ε

or equivalently, P(0) < 2ε ∀ε > 0, which cannot be true since
P(0) > 0. This is a contradiction, so R(0) > 0.

Next, I show that R(Q̄) = 0. Note thatΠi(0, Q̄) = 0 > Πi(qi, Q̄)
for all qi > 0, since P(qi+ Q̄) = 0 and C(qi) > 0 for all qi > 0.
Thus, R(Q̄) = 0 < Q̄.

(c) We know (from the maximum theorem) that R is a continu-
ous function. Use the Intermediate Value Theorem to argue
that this Cournot game has at least one symmetric Nash equi-
librium, i.e., a quantity q∗, such that (q∗, q∗) is a Nash equi-
librium. [Hint: Apply the Intermediate Value Theorem to the
function f(q) = R(q)− q. What does f(q) = 0 imply?]
Soln: Let f(q) = R(q) − q. By the Maximum Theorem, R
is a continuous function, thus f is a continuous function as
well. From 2.6.5(b), we have that f(0) > 0 and f(Q̄) < 0.
By the Intermediate Value Theorem, ∃q∗ ∈ (0, Q̄) such that
f(q∗) = 0, or R(q∗) = q∗, which means that (q∗, q∗) is a
symmetric Nash equilibrium (q∗ is a best-response to q∗ for
both players).

(d) Give some conditions on C and P that are sufficient to imply
that firm i’s profits are strictly concave in qi for all qj , j ≠ i.
Soln:
The profits for firm i are given by Πi(qi, qj) = P(qi + qj)qi −
C(qi). A sufficient condition for strict concavity is that C be
strictly convex in qi and that P(qi+qj)qi be concave in qi for
all qj . The latter is true, for example, if P is linear on [0, Q̄],
i.e., P(Q) =max{0, Q̄−Q}.

2.6.6. (easy) Prove that the information set containing the initial node of
a subgame is necessarily a singleton.

Soln: Let t denote the initial node. Suppose t′ ≠ t belongs to
h, the information set that contains t. By definition of subgame



June 29, 2017 15

we have h ⊂ T t ⇒ t′ ∈ T t Since t′ ≠ t this implies that t′ ∈
S(t), that is, t ≺ t′, but this contradicts perfect recall. Therefore,
the information set containing the initial node of a subgame is
necessarily a singleton.

2.6.7. In the canonical Stackelberg model, there are two firms, I and
II, producing the same good. Their inverse demand function is
P = 6 − Q, where Q is market supply. Each firm has a constant
marginal cost of $4 per unit and a capacity constraint of 3 units
(the latter restriction will not affect optimal behavior, but assum-
ing it eliminates the possibility of negative prices). Firm I chooses
its quantity first. Firm II, knowing firm I’s quantity choice, then
chooses its quantity. Thus, firm I’s strategy space is S1 = [0,3]
and firm II’s strategy space is S2 = {τ2 | τ2 : S1 → [0,3]}. A strat-
egy profile is (q1, τ2) ∈ S1 × S2, i.e., an action (quantity choice) for
I and a specification for every quantity choice of I of an action
(quantity choice) for II.

(a) What are the outcome and payoffs of the two firms implied
by the strategy profile (q1, τ2)?
Soln: The outcome of (q1, τ2) is given by (q1, τ2(q1),6− q1 −
τ2(q1)) where the last coordinate stands for the price in the
market. The payoffs are given by the profits of the firms,
π1 = q1(6−q1−τ2(q1)) and π2 = τ2(q1)(6−q1−τ2(q1)) for
firms I and II, respectively.

(b) Show that the following strategy profile does not constitute a
Nash equilibrium: (1

2 , τ2), where τ2(q1) = (2 − q1)/2. Which
firm(s) is (are) not playing a best response?

Soln: The problem of firm II given q1 is

maxq2(6− q1 − q2)q2 − 4q2

The foc is given by 2 − q1 − 2q2 = 0, so the best response of
firm II is actually τ2(q1) = (2− q1)/2.
However, firm I is not playing his best response. To play

q1 = 1 is a profitable deviation for player I since π1

(
1
2 , τ2

)
=

1
2

(
2− 1

2 − 3
4

)
= 3

8 < 1
(
2− 1− 1

2

)
= 1

2 .

Then, the strategy profile (1
2 , τ2) is not a Nash equilibrium.

(c) Prove that the following strategy profile constitutes a Nash
equilibrium: (1

2 , τ̂2), where τ̂2(q1) = 3
4 if q1 = 1

2 and τ̂2(q1) =
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3 if q1 ≠
1
2 , i.e., II threatens to flood the market unless I pro-

duces exactly1
2 . Is there any other Nash equilibrium which

gives the outcome path (1
2 ,

3
4)? What are the firms’ payoffs in

this equilibrium?

Soln: Given strategy of player II, it is clear player I is playing
its best strategy, since by choosing any q ≠ 1

2 it could obtain
a negative profit.
Given player I is playing q1 = 1

2 in the path of play the best

response of player II is given by τ2(q1) = (2− q1)/2 = 3
4 . For

all other possible strategy of player I, player II is indifferent
between any of its actions, since those information sets are
off the path of play.
There are many equilibria with the same outcome. For ex-
ample, if we change the strategy of player II to τ̃2(q1) = 3

4

if q1 = 1
2 and τ̃2(q1) = 2 if q1 ≠ 1

2 we get another equilib-
rium (the proof is analogous to the one before before) with
the same outcome.
In this case the profits of the firm are given by π1

(
1
2 , τ̂2

)
=

1
2

(
2− 1

2 − 3
4

)
= 3

8 and π2

(
1
2 , τ̂2

)
= 3

4

(
2− 1

2 − 3
4

)
= 9

16 .

(d) Prove that the following strategy profile constitutes a Nash
equilibrium: (0, τ̃2), where τ̃2(q1) = 1 if q1 = 0 and τ̃2(q1) = 3
if q1 ≠ 0, i.e., II threatens to flood the market unless I pro-
duces exactly 0. What are the firms’ payoffs in this equilib-
rium?

Soln: As in the item before, player I is playing its best re-
sponse to player II strategy and player II is playing its best
response to player I strategy in the path of play, τ2(q1) =
(2− 0)/2 = 1; and in all points off the path of play it is indif-
ferent between any action.
In this case the profits of the firm are given by π1 (0, τ̃2) = 0
and π2 (0, τ̃2) = (2− 1) = 1.

(e) Given q1 ∈ [0,2], specify a Nash equilibrium strategy profile
in which I chooses q1. Why is it not possible to do this for
q1 ∈ (2,3]?
Soln: Let the strategy for player II to be τ̄2(q̃1) = 2−q̃1

2 if
q̃1 = q1 and τ̄2(q̃1) = 3 if q̃1 ≠ 0.
For q1 ∈ (2,3] if this kind of strategy is part of a nash equi-
librium, firm II should choose q2 < 0, which is not possible in
this problem.
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(f) What is the unique backward induction solution of this game?
Soln: Given q1 we have seen that the best response of player
II is τ2(q1) = (2− q1)/2. Then the problem of firm I is given
by

max
q1

(6− q1 − τ2(q1))q1 − 4q1

=max
q1

(2− q1 − 2− q1

2
)q1

=max
q1

(2− q1)
q1

2

The foc of this problem is given by 2− q1 − 1 = 0, so the best
response of firm I is q∗1 = 1.
Then the only backward induction solution is given by (q∗1 , τ2)
with outcome

(
1, 1

2

)
.

2.6.8. Player 1 and 2 must agree on the division of a pie of size 1. They
are playing a take-it-or-leave-it-offer game: Player 1 makes an offer
x from a set S1 ⊂ [0,1], which player 2 accepts or rejects. If player
2 accepts, the payoffs are 1 − x to player 1 and x to player 2; if
player 2 rejects, both players receive a zero payoff.

(a) Describe the strategy spaces for both players.
Soln: The strategy space for player 1 is S1 ⊂ [0,1]. Note that
player 2 has to specify an action after each possible offer by
player 1, hence the strategy space for player 2 is the set of
all functions mapping S1 into {Accept,Reject}, i.e. S2 ≡ {s2 :
S1 → {Accept, Reject}}.

(b) Suppose S1 =
{
0, 1
n , . . . ,

n−1
n ,1

}
, for some positive integer n ≥

2. Describe all the backward induction solutions.
Soln: First consider player 2’s optimal strategy for a given
offer s1. If s1 > 0, then player 2 gets s1 if he accepts and zero
if he rejects. Since s1 > 0, it is optimal for player 2 to accept.
That is, s2(s1) = Accept. If s1 = 0, player 2 gets zero no matter
he accepts or rejects. Next we will consider two cases in which
player 2 accepts and rejects offer zero, respectively.
Case 1: Suppose s2(0) = Reject. Given player 2’s strategy, it
is optimal for player 1 to offer s1 = 1

n . To see this, note that

if player 1 offers s1 > 1
n , then player 2 will accept and player
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1 will get 1− s1 < 1− 1
n . If player 1 offers s1 = 0, then player

2 will reject and player 1 will get 0 < 1− 1
n .

Case 2: Suppose s2(0) = Accept. Given player 2’s strategy, it
is optimal for player 1 to offer s1 = 0. To see this, note that if
player 1 offers s1 > 0, then player 2 will accept and player 1
will get 1− s1 < 1.
In summary, there are two backward induction solutions: s1 =
1
n , s2(s1) = Accept if s1 > 0 and s2(s1) = Reject if s1 = 0; and
s1 = 0, s2(s1) = Accept ∀s1 ∈ S1.

(c) Suppose S1 = [0,1]. Describe all the backward induction so-
lutions. (While the game is not a finite game, it is a game of
perfect information and has a finite horizon, and so the no-
tion of backward induction applies in the obvious way.)
Soln: First consider player 2’s optimal strategy for a given
offer s1. Note that the arguments in part (b) still hold here.
If s1 > 0, then s2(s1) = Accept. If s1 = 0, then player 2 is
indifferent between Accept and Reject. Again we consider two
cases.
Case 1: Suppose s2(0) = Reject. Given player 2’s strategy,
there is no optimal strategy for player 1. To see this, note
that s1 = 0 is not optimal because player 1 can get 1− s1 > 0
by offering some s1 ∈ (0,1). s1 > 0 is not optimal because
player 1 can get 1− s1

2 > 1− s1 by offering s1
2 .

Case 2: Suppose s2(0) = Accept. Given player 2’s strategy, it
is optimal for player 1 to offer s1 = 0 because player 1 can
only get 1− s1 < 1 by offering any s1 > 0.
In summary there is only one backward induction solution:
s1 = 0, s2(s1) = Accept ∀s1 ∈ S1.

2.6.9. Consider the extensive form in Figure 2.6.1.

(a) What is the normal form of this game?
Soln: The normal form representation is (player I is the row
player):

``′ `r ′ r`′ rr ′

LL′ 3,1 3,1 -4,0 -4,0

LR′ 1,0 1,0 -5,1 -5,1

RL′ 2,1 0,0 2,1 0,0

RR′ 2,1 0,0 2,1 0,0
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I

L R

I

L′ R′

`

3
1

r

−4
0

II
`

1
0

r

−5
1

II

`′

2
1

r ′

0
0

Figure 2.6.1: The game for Problem 2.6.9

(b) Describe the pure strategy Nash equilibrium strategies and
outcomes of the game.
Soln: The pure strategy Nash equilibrium strategy profiles
are:

• (LL′, ``′) with the outcome path (L, L′, `) (leftmost termi-
nal node)

• (LL′, `r ′) with the outcome path (L, L′, `) (leftmost termi-
nal node)

• (RL′, r`′)with the outcome path (R, `′) (second-to-rightmost
terminal node)

• (RR′, r`′)with the outcome path (R, `′) (second-to-rightmost
terminal node)

(c) Describe the pure strategy subgame perfect equilibria (there
may only be one).
Soln: There are three subgames in this game:

i. the subgame that follows the move L by player I, after
which player I has the move;
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ii. the subgame that follows the move R by player I, after
which player II has the move;

iii. the game itself.

In the first subgame, the only Nash equilibrium is (L′, `), with
payoffs (3,1). In the second subgame, the only Nash equilib-
rium is player II choosing `′, with payoffs (2,1). Given Nash
equilibrium play in these subgames, player I finds it optimal
to choose L at the initial node. Thus, the unique subgame-
perfect equilibrium is (LL′, ``′).

2.6.10. Consider the following game G between two players. Player 1 first
chooses between A or B, with A giving payoff of 1 to each player,
and B giving a payoff of 0 to player 1 and 3 to player 2. After
player 1 has publicly chosen between A and B, the two players
play the following bimatrix game (with 1 being the row player):

L R

U 1,1 0,0

D 0,0 3,3

Payoffs in the overall game are given by the sum of payoffs from
1’s initial choice and the bimatrix game.

(a) What is the extensive form of G?

Soln: An extensive form strategy for player 1 is an ordered
triple (a1, aA, aB), with a1 ∈ {A,B}, and aA, aB ∈ {U,D},
where aA is 1’s action choice after A, and aB is the action
choice after B. An extensive form strategy for player 2 is the
ordered pair (bA, bB), bA, bB ∈ {L,R}, where bA is 2’s action
choice after A, and bB is the action choice after B.

The game tree is as shown in Display 2.6.1.

(b) Describe a subgame perfect equilibrium strategy profile in
pure strategies in which 1 chooses B.

Soln: The strategy profile ((B,U,D), (L,R)) is a subgame per-
fect equilibrium. It is a Nash equilibrium, and it prescribes
the Nash equilibrium UL for the subgame reached by the de-
viation A by player 1.

(c) What is the reduced normal form of G?
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I
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B

I

U
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2
2

R

1
1

II
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1
1

R

4
4

II

I

U

L

1
4

R

0
3

D

L

0
3

R

3
6

Display 2.6.1: The game for Problem 2.6.10

Soln: A reduced normal form strategy for player 1 is an or-
dered pair (a1, a2), with a1 ∈ {A,B}, and a2 ∈ {U,D}, where
a2 is 1’s action choice after a1. The extensive form and re-
duced normal form strategies for player 2 coincide. Hence
the reduced normal form of G is (player 1 is the row player):

LL LR RL RR

AU 2,2 2,2 1,1 1,1

AD 1,1 1,1 4,4 4,4

BU 1,4 0,3 1,4 0,3

BD 0,3 3,6 0,3 3,6

(d) What is the result of the iterated deletion of weakly domi-
nated strategies?
Soln: A singleton profile is left after all deletions: (AD,RR).

2.6.11. Suppose s is a pure strategy Nash equilibrium of a finite extensive
form game, Γ . Suppose Γ ′ is a subgame of Γ that is on the path
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of play of s. Prove that s prescribes a Nash equilibrium on Γ ′. (It
is probably easier to first consider the case where there are no
moves of nature.) (The result is also true for mixed strategy Nash
equilibria, though the proof is more notationally intimidating.)

Soln: We first prove the simplest version of the problem here, that
is, we are in a finite extensive form game without moves of nature
and talking about pure strategy Nash equilibrium (We will easily
apply the method to mixed strategy Nash equilibrium and allow
moves of nature in the future, except some tedious notations.)

For the original game Γ , denote the collection of information sets
by H and the set of terminal nodes of by Z . Denote the collection
of information sets and the set of terminal nodes contained in the
subgame Γ ′ by H′ ⊂ H and Z′ ⊂ Z respectively. Let ui : Z →
R be player i’s payoff function over the terminal nodes. Since
there are no moves of nature and we restrict our attention to pure
strategies, every strategy profile leads to a unique terminal node.
So we can write terminal node as a function of strategy profile,
z(s). Let S′ be the strategy space of the subgame Γ ′, and let z′ :
S′ → Z′ be the mapping from strategy profile to terminal nodes
for the subgame Γ ′.

Define s|H′ : H′ → A by

s|H′(h) = s(h),∀h ∈ H′.

Thus s|H′ is the strategy profile prescribed by s on the subgame
Γ ′. Suppose s|H′ is not a Nash equilibrium of Γ ′. Then for some
player i, there exists some strategy s̃i|H′ for Γ ′ such that

ui(z′(s̃i|H′ , s−i|H′)) > ui(z′(s|H′)). (2.6.1)

Consider the following strategy of player i for the original game:

ŝi(hi) =
s̃i|H′(hi) if hi ∈ Hi ∩H′
si(hi) if hi ∈ Hi ∩ (H\H′)

Since Γ ′ is on the path of play induced by s and s|H′ is the strategy
profile prescribed by s in Γ ′, the terminal nodes z′(s|H′) reached
in the subgame by s|H′ is also reached by s in the original game.
Moreover, (ŝi, s−i) agrees with s on the path to Γ ′, so Γ ′ is also
on the path of play induced by (ŝi, s−i). Similarly the terminal
nodes z′(s̃i|H′ , s−i|H′) reached in the subgame by (s̃i|H′ , s−i|H′) is
also reached by (ŝi, s−i) in the original game. So

z(s) = z′(s|H′), z(ŝi, s−i) = z′(s̃i|H′ , s−i|H′). (2.6.2)
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So (2.6.1) and (2.6.2) imply thatui(z(ŝi, s−i)) > ui(z(s)), i.e., player
i has a profitable deviation from s for the original game. This con-
tradicts the fact that s is a Nash equilibrium of Γ .

If we allow moves of nature, then each strategy profile leads to
a distribution over the terminal nodes. Denote this mapping by
π : S → ∆(Z) in the original game Γ ′ and by π ′ : S′ → Z′ in the
subgame Γ ′. It is easy to see that for any strategy profile s,

π ′(s|H′)(z) = π(s)(z)/
∑
z′∈Z′

π(s)(z′) = π(s)(z)/π(s)(Z′).

Now suppose s|H′ is not a Nash equilibrium of Γ ′. Then for some
player i, there exists some strategy s̃i|H′ for Γ ′ such that∑

z′∈Z′
ui(z′)π ′(s̃i|H′ , s−i|H′)(z′) >

∑
z′∈Z′

ui(z′)π ′(s|H′)(z′).

Consider again the strategy (ŝi, s−i), where ŝi is defined in the
same way above. Since (ŝi, s−i) prescribes same actions as s does
outside the subgame Γ ′, (ŝi, s−i) induces the same distribution
over terminal nodes that are not in Γ ′ as s. That is to say

π(ŝi, s−i)(z) = π(s)(z),∀z ∈ Z\Z′,

which also implies

π(ŝi, s−i)(Z′) = π(s)(Z′).

Then

Ui(ŝi, s−i)

=
∑
z∈Z′

ui(z)π(ŝi, s−i)(z)+
∑

z∈Z\Z′
ui(z)π(ŝi, s−i)(z)

=
∑
z∈Z′

ui(z)π ′(s̃|H′ , s−i|H′)(z)π(ŝi, s−i)(Z′)+
∑

z∈Z\Z′
ui(z)π(s)(z)

>
∑
z∈Z′

ui(z)π ′(si|H′)(z)π(s)(Z′)+
∑

z∈Z\Z′
ui(z)π(s)(z)

=
∑
z∈Z′

ui(z)π(s)(z)+
∑

z∈Z\Z′
ui(z)π(s)(z)

= Ui(s)

Therefore ŝi is a profitable deviation from si for player i in the
original game Γ , which is a contradiction.
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2.6.12. Prove that player i ’s security level (Definition 2.4.2) is also given
by

vi = sup
σi∈∆(Si)

inf
s−i∈

∏
j≠i Sj

ui(σi, s−i).

Prove that
vi ≥ sup

si∈Si
inf

s−i∈
∏
j≠i Sj

ui(si, s−i),

and give an example illustrating that the inequality can be strict.

Soln: First I will show that ∀σi ∈ ∆(Si)
inf

s−i∈Πj≠iSj
ui(σi, s−i) = inf

σ−i∈Πj≠i∆(Sj)
ui(σi, σ−i).

On one hand since Πj≠iSj ⊂ Πj≠i∆(Sj) we have

inf
s−i∈Πj≠iSj

ui(σi, s−i) ≥ inf
σ−i∈Πj≠i∆(Sj)

ui(σi, σ−i).

On the other hand for all σ−i we have

ui(σi, σ−i) =
∑

s−i∈Πj≠iSj
Πj≠iσj(sj)ui(σi, s−i),

≥
∑

s−i∈Πj≠iSj
Πj≠iσj(sj) inf

ŝ−i∈Πj≠iSj
ui(σi, ŝ−i),

= inf
ŝ−i∈Πj≠iSj

ui(σi, ŝ−i).

Hence
inf

s−i∈Πj≠iSj
ui(σi, s−i) ≤ inf

σ−i∈Πj≠i∆(Sj)
ui(σi, σ−i).

Then it follows immediately that

vi ≡ sup
σi∈∆(Si)

inf
σ−i∈

∏
j≠i ∆(Sj)

ui(σi, σ−i) = sup
σi∈∆(Si)

inf
s−i∈

∏
j≠i Sj

ui(σi, s−i),

and

vi ≡ sup
σi∈∆(Si)

inf
σ−i∈

∏
j≠i ∆(Sj)

ui(σi, σ−i) ≥ sup
si∈Si

inf
s−i∈

∏
j≠i Sj

ui(si, s−i).

To see that the second inequality can be strict, consider the game
of “matching pennies”:

H T

H 1,−1 −1,1

T −1,1 1,−1
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One can verify that:

vi = 0 > −1 = sup
si∈Si

inf
s−i∈

∏
j≠i Sj

ui(si, s−i).

2.6.13. Suppose the 2 × 2 normal form game G has a unique Nash equi-
librium, and each player’s Nash equilibrium strategy and security
strategy are both completely mixed.

(a) Describe the implied restrictions on the payoffs in G.
Soln: Consider a 2 × 2 game such that S1 = {s1, s′1}, S2 =
{s2, s′2}, and the payoffs are given by(
u1(s1, s2),u1(s1, s′2),u1(s′1, s2),u1(s′1, s

′
2)
) = (a, b, c, d) ∈ R4,(

u2(s1, s2),u2(s1, s′2),u2(s′1, s2),u2(s′1, s
′
2)
) = (a′, b′, c′, d′) ∈ R4.

The requirement that each player’s Nash equilibrium are both
completely mixed implies the following:

(a− c)(b − d) < 0, (a′ − b′)(c′ − d′) < 0.

First of all, if these conditions are satisfied, there exists unique
σ1(s1) = p∗ ∈ (0,1) and σ2(s2) = q∗ ∈ (0,1) such that
(p∗, q∗) is the unique mixed strategy nash equilibrium of the
game. Note,

u1(s1, q) = qa+ (1− q)b, u1(s′1, q) = qc + (1− q)d,
so that

u1(s1, q)−u1(s′1, q) = q(a− c)+ (1− q)(b − d).
From the signs, there exists a unique q∗ such that LHS of the
equation is 0. Similarly, one can find a unique p∗ such that
player 2 is indifferent between s2 and s′2.
Secondly, the condition is also necessary for Nash equilib-
rium to be unique. Suppose not, and without loss of gen-
erality, assume that some inequality fails for player 1. If
(a− c)(b−d) > 0, then there exists a strictly dominant strat-
egy for player 1, so he will not mix. If (a − c)(b − d) = 0,
then player 1 now has a weakly dominant strategy, and given
that player 2 is completely mixing, player 1 will surely play
his weakly dominant strategy.
To analyze what is necessary for each player’s unique security
strategy to be completely mixed, consider first the restriction
for player 1’s payoff. Again, let u1(s1, s2) = a, u1(s1, s′2) = b,
u1(s′1, s2) = c, and u1(s′1, s

′
2) = d.
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i. No strategy should be weakly dominant. That is, (a −
c)(b − d) < 0.

ii. Given that, (a− b)(c − d) < 0.

For the first condition, if a strategy is weakly dominant, player
1 can guarantee security payoff by playing it. If the second
condition is violated, then player 2 has a unique strategy which
uniformly minimizes player 1’s payoff regardless of what player
1 chooses. In this case, player 1 either has a pure security
strategy, or might be indifferent between two strategies (mul-
tiplicity).
To show that this condition is sufficient, let player 1’s strategy
be σ1(s1) = p, and player 2’s strategy be σ2(s2) = q. Player
1’s expected payoff is

u1(p, q) = pqa+ p(1− q)b + (1− p)qc + (1− p)(1− q)d
(2.6.3)

= pb + (1− p)d+ q[p(a− b)+ (1− p)(c − d)].
(2.6.4)

This function is linear in q. Hence, in order for player 2 to
minimize player 1’s payoff, q = 1 if the term in the bracket is
negative, and q = 0 if the term in the bracket is positive. Let
p∗ such that p∗(a− b)+ (1− p∗)(c − d) = 0.
Consider the following cases:

• a − b > 0, and c − d < 0. Condition (i) implies b − d < 0
and a− c > 0.
For p < p∗, d

dpu1(p, q(p)) = b−d+ [(a−b)− (c −d)] =
a− c > 0.
For p > p∗, d

dpu1(p, q(p)) = b − d < 0.

• a − b < 0, and c − d > 0. Condition (i) implies b − d > 0
and a− c < 0.
For p < p∗, d

dpu1(p, q(p)) = b − d > 0.

For p > p∗, d
dpu1(p, q(p)) = b−d+ [(a−b)− (c −d)] =

a− c < 0.

Hence, player 1’s security strategy which maximizesu1(p, q(p))
turns out to be p∗.

(b) Prove that each player’s security level is given by his/her Nash
equilibrium payoff.
Soln: We keep the same notation as before:(
u1(s1, s2),u1(s1, s′2),u1(s′1, s2),u1(s′1, s

′
2)
) = (a, b, c, d) ∈ R4,

with the restriction that (a − c)(b − d) < 0, and (a − b)(c −
d) < 0. Under these conditions, player 1’s Nash equilibrium
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payoff is given by player 2’s mixture q such that player 1 is
indifferent between s1 and s′1:

qa+ (1− q)b = qc + (1− q)d, q = b − d
b − d− (a− c) .

From (a − c)(b − d) < 0, we have 0 < q < 1. The payoff is
given by

a(b − d)
b − d− (a− c) +

b(c − a)
b − d− (a− c) =

bc − ad
b − d+ c − a.

The security strategy is given by p∗ such that p∗(a − b) +
(1 − p∗)(c − d) = 0, so that p∗ = c−d

b−d+c−a . Plugging into the
formula (2.6.4), the payoff is

p∗b+(1−p∗)d = bc − bd
b − d+ c − a+

bd− ad
b − d+ c − a =

bc − ad
b − d+ c − a.

(c) Give an example showing that (in spite of part 2.6.13(b)), the
Nash equilibrium profile need not agree with the strategy pro-
file in which each player is playing his or her security strategy.
(This is not possible for zero-sum games, see Problem 4.3.2.)
Soln: Let(
u2(s1, s2),u2(s1, s′2),u2(s′1, s2),u2(s′1, s

′
2)
) = (a′, b′, c′, d′) ∈ R4,

while (a′ − b′)(c′ − d′) < 0 and (a′ − c′)(b′ − d′) < 0. The
Nash equilibrium mixed strategy for player 1 is given by the
formula

pa′ + (1− p)c′ = pb′ + (1− p)d′, p = c′ − d′
b′ − d′ + c′ − a′ .

From the previous question, we solved for security strategy
p∗ = c−d

b−d+c−a . These two values need not coincide. For in-
stance, consider the following game:

L R

T 1,0 0,1

B 0,2 1,0

Plugging the values into the formula, player 1’s Nash equilib-
rium strategy:

σ∗1 (T) =
2− 0

1− 0+ 2− 0
= 2

3
.
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However, the security strategy:

σ̂1(T) = 0− 1
0− 1+ 0− 1

= 1
2
.

Note that p and p∗ coincide in case (a, b, c, d) = (−a′,−b′,−c′,−d′),
i.e., when the game is zero-sum.

(d) For games like you found in part 2.6.13(c), which is the better
prediction of play, security strategy or Nash equilibrium?

Soln: Nash equilibrium requires players to play a mixture
which makes the other player indifferent and hence mix, and
to mix in a particular way so that the other players are also
indifferent over the pure strategies they are mixing. This in-
volves a lot of calculation and coordination. However, secu-
rity strategy does not have this problem, and can be thought
of as robust outcome induced by very risk averse (paranoid)
players.

However, a pair of security strategies may be susceptible to
deviation by any one player once he/she realizes that the
other player is using security strategy. For instance, in the
example in (c), once player 2 realizes that player 1 uses secu-
rity strategy, his best reply is to play L. This gives him the
payoff of 1, instead of his security payoff 2

3 .

Hence, one can interpret security strategy as a plausible pre-
diction for one-shot play in a novel setting, while Nash equi-
librium strategies is a stable outcome as a result of repeated
interaction.

2.6.14. Suppose {(S1, u1), . . . , (Sn, un)} is a finite normal form game. Prove
that if s′1 ∈ S1 is strictly dominated in the sense of Definition 2.4.3,
then it is not a best reply to any belief over S−i. [While you can
prove this by contradiction, try to obtain the direct proof, which
is more informative.] (This is the contrapositive of the “straight-
forward” direction of Lemma 2.4.1.)

Soln: There exists λ1 ∈ ∆(S1) such that u1(λ1, s−1) > u1(s′1, s−1)
for all s−1 ∈ S−1. By definition,

∑
s1∈S1

λ1(s1)[u1(s1, s−1)−u1(s′1, s−1)] >
0 for all s−1. This implies that s′1 cannot be a best response to any
belief in σ−1 ∈ ∆(S−1) (either correlated or independent across
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players) because for any σ−1,

u1(λ1, σ−1)−u1(s′1, σ−1)

=
∑
S
λ1(s1)σ−1(s−1)u1(s1, s−1)−

∑
S−1

σ−1(s−1)u1(s′1, s−1)

=
∑
S
λ1(s1)σ−1(s−1)u1(s1, s−1)−

∑
S
λ1(s1)σ−1(s−1)u1(s′1, s−1)

=
∑
S
λ1(s1)σ−1(s−1)[u1(s1, s−1)−u1(s′1, s−1)]

=
∑

s−1∈S−1

σ−1(s−1)
[ ∑
s1∈S1

λ1(s1)[u1(s1, s−1)−u1(s′1, s−1)]
]

> 0

2.6.15. (a) Prove that Lemma 2.4.1 also holds for mixed strategies, i.e.,
prove that σ1 ∈ ∆(S1) is strictly dominated by some other
strategy σ ′1 (i.e., u1(σ ′1, s2) > u1(σ1, s2),∀s2 ∈ S2) if and only
if σ1 is not a best reply to any mixture σ2 ∈ ∆(S2).
Soln:

i. (⇐) If σ1 is strictly dominated by some other strategy σ ′1,
then

u1(σ ′1, s2) > u1(σ1, s2),∀s2 ∈ S2.

For any mixture σ2 ∈ ∆(S2),

u1(σ1, σ2) =
∑

s2∈supp(σ2)

σ2(s2)u1(σ1, s2)

<
∑

s2∈supp(σ2)

σ2(s2)u1(σ ′1, s2)

= u1(σ ′1, σ2).

So σ1 is not a best response to any mixture σ2 ∈ ∆(S2)
since the strictly dominating strategy σ ′1 always does strictly
better.

ii. (⇒) The proof is essentially the same as the one in the
lecture notes (and the one we saw in class). We need to
replace s′1 with σ1 and define x(s1, s2) as

x(s1, s2) = u1(s1, s2)−u1(σ1, s2).

Note that now the vector of payoff differences {x(s1, s2) :
s1 ∈ S1} is a vector in R|S1| instead of R|S1|−1. We can
define the convex hull X in the same way and separate
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L R

T 5,0 0,1

C 2,6 4,0

B 0,0 5,1

Figure 2.6.2: The game for Problem 2.6.15(b).

it from the closed negative orthant. We will get a |S1|
dimensional normal vector λ = (λs1)s1∈S1 of the separating
hyperplane. Define

σ∗1 (s
′
1) = λ(s′1)/

∑
s1∈S1

λ(s1).

Then we can argue as before that σ∗1 strictly dominates
σ1.

(b) For the game illustrated in Figure 2.6.2, prove that 1
2 ◦T + 1

2 ◦B
is not a best reply to any mixture over L and R. Describe a
strategy that strictly dominates it.

Soln: Let σ ′1 = 1
2 ◦ T + 1

2 ◦ B. Display 2.6.2 shows player 1’s
payoff as a function of player 2’s probability of playing R for
different strategies of player 1.
We can calculate and see that T is a best response if σ2(R) ∈
[0, 3

7]; C is a best response if σ2(R) ∈ [3
7 ,

2
3]; B is a best re-

sponse if σ2(R) ∈ [2
3 ,1]. The strategy σ ′1 = 1

2 ◦ T + 1
2 ◦ B is

never a best response. Suppose it is a best response to some
σ2, then player 1 should be indifferent between T and B. The
only belief about player 2 such that this indifference holds is
σ2(B) = 0.5. But when σ2(B) = 0.5, C is strictly better than
σ ′1.

Under σ ′1 = 1
2 ◦T+ 1

2 ◦B, u1(σ ′1, L) = u1(σ ′1, R) = 2.5. Consider
the strategy σ ′′1 where

σ ′′1 (T) = 0.3, σ ′′1 (C) = 0.7, σ ′′1 (B) = 0.

Then u1(σ ′′1 , L) = 2.9 > u1(σ ′1, L) and u1(σ ′′1 , R) = 2.8 >
u1(σ ′1, R). So σ ′′1 strictly dominates σ ′1.

2.6.16. Prove Lemma 2.4.2. [Hint: One direction is trivial. For the other,
prove directly that if a strategy is admissible, then it is a best
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u1

σ2(R) 1

5

2.5 u1(σ ′1, σ2)

u1(B,σ2)

u1(T ,σ2)

u1(C,σ2)

3
7

2
3

10
3

20
7

Display 2.6.2

response to some full support belief. This belief is delivered by an
application of a separating hyperplane theorem.]

Soln: One direction is immediate. We need to prove that if σ1 is
not weakly dominated, then it is a best reply to some completely
mixed strategy σ2. Suppose σ1 is not weakly dominated, and de-
fine x(s1, s2) := u1(σ1, s2)−u1(s1, s2). Then, for all σ ′1, either there
exists s2 such that x(σ ′1, s2) > 0 or for all s2, x(σ ′1, s2) ≥ 0. (Equiv-
alently, for all σ ′1, if x(σ ′1, s2) < 0 for some s2, then there exists s′2
such that x(σ ′1, s

′
2) > 0.)

Then,
conv{(x(s1, ·)) ∈ R|S2| : s1 ∈ S1} ∩R|S2|− = {0}.

Applying a separating hyperplane theorem, there exists σ̃2 such
that

x(σ ′1, σ̃2) ≥ 0 ∀σ ′1,
and, moreover, σ̃2 can be chosen to be completely mixed. But this
implies σ1 is a best reply to σ̃2.

2.6.17. Suppose {(S1, u1), (S2, u2)} is a two player finite normal form game
and let Ŝ2 be a strict subset of S2. Suppose s′1 ∈ S1 is not a best
reply to any beliefs with support Ŝ2. Prove that there exists ε > 0
such that s′1 is not a best reply to any beliefs µ ∈ ∆(S2) satisfying
µ(Ŝ2) > 1− ε. Is the restriction to two players important?
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Soln: Suppose not. That is, suppose for all ε > 0, s′1 is a best reply
to some belief µ ∈ ∆(S2) satisfying µ(Ŝ2) > 1−ε. This implies that

(a) For all n > 0, there exists at least one belief µn that assigns
probability at least 1− 1

n to Ŝ2 and such that s′1 is a best reply
to µn. That is,

u1
(
s′1, µn

) ≥ u1 (s1, µn) ∀s1 ∈ S1,

where µn ∈ ∆ (S2) and µn(Ŝ2) > 1− 1
n .

(b) Since {µn}∞n=2 is a sequence in the compact set ∆(S2), there
is a convergent subsequence {µnk}∞k=1 with limit µ∞. Since
µnk(Ŝ2) > 1 − 1/nk and nk → ∞ as k → ∞, µ∞(Ŝ2) = 1. All
along the subsequence, s′1 is a best response to µnk , that is:

u1(s′1, µnk) ≥ u1(s1, µnk) ∀s1 ∈ S1,∀k.
Since µnk → µ∞ and the weak inequalities is preserved in the
limit, so that

u1(s′1, µ∞) ≥ u1(s1, µ∞) ∀s1 ∈ S1.

Since µ∞(Ŝ2) = 1, this contradicts the statement that s′1 ∈ S1

is not a best reply to any beliefs with support Ŝ2.

The proof is the same for the case with more than two players. We

simply replace ∆ (S2) by
∏
j≠1
∆
(
Sj
)
, which is also a compact set and

allows us to use the above argument.

There is an alternative proof, which uses Lemma 4.2.1 in the notes.
Suppose s′1 ∈ S1 is not a best reply to any beliefs with support Ŝ2.
By Lemma 4.2.1, we can find a strategy σ1 ∈ ∆(S1) such that

u1(σ1, s2) > u1(s′1, s2) ∀s2 ∈ Ŝ2.

In other words, σ1 strictly dominates s′1 given Ŝ2.

Since S2 is finite, the following are well-defined:

A = min
s2∈Ŝ2

{u1(σ1, s2)−u1(s′1, s2)} > 0.

B = min
s2∈S2\Ŝ2

{u1(σ1, s2)−u1(s′1, s2)}.

Note that B may be negative (σ1 need not dominate s′1 outside of
Ŝ2) but A is strictly positive, so we can find ε > 0 such that
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(1− ε)A− ε|B| > 0.

Now, let µ ∈ ∆(S2) be beliefs over S2 such that µ(Ŝ2) > 1 − ε.
Define the conditional beliefs µ′ = µ(·|Ŝ2) and µ′′ = µ(·|S2 \ Ŝ2).
The expected utility of player 1 given µ satisfies

u1(σ1, µ)−u1(s′1, µ)

= µ(Ŝ2)[u1(σ1, µ′)−u1(s′1, µ′)]+ (1− µ(Ŝ2))[u1(σ1, µ′′)−u1(s′1, µ′′)]

≥ µ(Ŝ2)A− (1− µ(Ŝ2))|B|
≥ (1− ε)A− ε|B| > 0

So, we have found a strategy that is strictly better than s′1 given any
such µ. In other words, s′1 is not a best reply to µ, as we needed to
show.

Note that, in order to extend this proof to the case with more
than two players, we would need to explicitly allow for correlation
in player 1’s beliefs; in particular, we would need to replace ∆ (S2)
by ∆ (S−1), not

∏
j≠1
∆
(
Sj
)
. Otherwise, the argument of Lemma 4.2.1

cannot be applied.

2.6.18. Consider the three player game in Figure 2.6.3 (only player 3’s
payoffs are presented).

(a) Prove that player 3’s strategy of M is not strictly dominated.

Soln: For the coordinated strategy profile 1
2 ◦ (t, `)+ 1

2 ◦ (b, r),
player 3’s expected payoff from M is 1

2 · 2 + 1
2 · 2 = 2. If he

plays L or R, the payoff is 1
2 · 3+ 1

2 · 0 = 3
2 . Therefore, it is not

the case that there exists s3 such that

u3(s3, σ−3) > u3(M,σ−3), ∀σ−3.

(b) Prove that player 3’s strategy of M is not a best reply to any
mixed strategy profile (σ1, σ2) ∈ ∆(S1) × ∆(S2) for players 1
and 2. (The algebra is a little messy. Given the symmetry, it
suffices to show that L yields a higher expected payoff than
M for all mixed strategy profiles satisfying σ1(t) ≥ 1

2 .)

Soln: Let σ1(t) = p, and σ2(`) = q. Player 3’s expected payoff:
u3(L,σ1, σ2) = 3pq, u3(M,σ1, σ2) = 2pq + 2(1− p)(1− q)−
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` r

t 3 0

b 0 0

L

` r

t 2 −4

b −4 2

M

` r

t 0 0

b 0 3

R

Figure 2.6.3: The game for Problem 2.6.18. Player 1 chooses rows (i.e., s1 ∈
{t, b}), player 2 chooses columns (i.e., s2 ∈ {`, r}), and player 3
chooses matrices (i.e., s3 ∈ {L,M,R}). Only player 3’s payoffs are
given.

4p(1 − q) − 4(1 − p)q, and u3(R,σ1, σ2) = 3(1 − p)(1 − q).
By symmetry, it suffices to show that there does not exist p ≥
1
2 such that M is the best response against L . After some
algebra,

u3(L,σ1, σ2)−u3(M,σ1, σ2)
= pq − 2(1− p)(1− q)+ 4p(1− q)+ 4(1− p)q
= −9pq − 2+ 6p + 6q
= −(3p − 2)(3q − 2)+ 2 ≥ 1.

2.6.19. Prove Lemma 2.4.3.

Soln: A strategy σ∗i is a best reply to σ∗−i if and only if,

σ∗i (s
′
i) > 0 =⇒ s′i ∈ arg max

si
ui(si, σ∗−i). (2.6.5)

(“if” part) Suppose (2.6.5) holds, then ∀si ∈ Si
ui(σ∗i , σ

∗
−i) =

∑
s′i∈supp(σ∗i )

σ∗i (s
′
i)ui(s

′
i , σ

∗
−i),

≥
∑

s′i∈supp(σ∗i )
σ∗i (s

′
i)ui(si, σ

∗
−i) = ui(si, σ∗−i).

The inequality follows (2.6.5): for any s′i ∈ supp(σ∗i ) ≡ {s′i|σ∗i (s′i) >
0}, ui(s′i , σ∗−i) ≥ ui(si, σ∗−i) ∀si. That is, σ∗i is a best reply to σ∗−i.
(“only if” part) Suppose that (2.6.5) does not hold, i.e. ∃s′i such
that

σ∗i (s
′
i) > 0 and s′i ∉ arg max

si
ui(si, σ∗−i).
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t h

t 1,−1 −1,1

h −1,1 1,−1

T H

T 3,−1 −1,1

H −1,1 1,−1

Figure 2.6.4: The game for Problem 2.6.20.

Then ∃s′i ′ such that ui(s′i ′, σ
∗
−i) > ui(s

′
i , σ

∗
−i). Then we can define

σ̂i such that σ̂i(si) = σ∗i (si) if si ≠ s′i , s
′
i
′, σ̂i(s′i ′) = σ∗i (s′i)+σ∗i (s′i ′)

and σ̂i(s′i) = 0.

ui(σ̂i, σ∗−i)

=
∑

si≠s′i ,s
′
i
′
σ∗i (si)ui(si, σ

∗
−i)+ (σ∗i (s′i)+ σ∗i (s′i ′))ui(s′i ′, σ−i∗),

>
∑

si≠s′i ,s
′
i
′
σ∗i (si)ui(si, σ

∗
−i)+ σ∗i (s′i)ui(s′i , σ∗−i)+ σ∗i (s′i ′)ui(s′i ′, σ−i∗),

= ui(σ∗i , σ∗−i).
Then σ̂i is a profitable deviation from σ∗i .

2.6.20. Suppose player 1 must publicly choose between the game on the
left and the game on the right in Figure 2.6.4 (where player 1
is choosing rows and player 2 is choosing columns. Prove that
this game has no Nash equilibrium in pure strategies. What is the
unique subgame perfect equilibrium (the equilibrium is in behav-
ior strategies).

Soln: The game tree is as shown in Display 2.6.3.

A nash equilibrium in pure strategies consists of player 1’s strat-
egy s1 ∈ {L,R} × {t, h} × {T ,H}, and player 2’s strategy s2 ∈
{t, h} × {T ,H}. Since player 1’s choice of L precludes the right
game being reached, in order to find the Nash equilibrium, one
can instead focus on reduced form strategy of player 1: s1 ∈
{(L, t), (L,h), (R, T), (R,H)}. Neither (L, t) or (L,h) can be a Nash
equilibrium because the left game is matching pennies: if a player
plays deterministically, then there is always some player who will
deviate. Similarly, neither (R, T) or (R,H) can be equilibrium.
Hence, there does not exist pure strategy Nash equilibrium pro-
files.

On the other hand, there does exist a subgame perfect equilibrium
in behavior strategies. In the left subgame, the unique Nash equi-
librium is ((1

2 ,
1
2), (

1
2 ,

1
2)). In the right subgame, the unique Nash

equilibrium is ((1
2 ,

1
2), (

1
3 ,

2
3)). Expected payoff for player 1 in the
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I

L
R

I

t

t

1
−1

h

−1
1

II

h

t

−1
1

h

1
−1

II

I

T

T

3
−1

H

−1
1

H

T

−1
1

H

1
−1

Display 2.6.3: The game tree for Problem 2.6.20.

right subgame is 1
3 ·3+ 2

3 ·(−1) = 1
3 ·(−1)+ 2

3 ·1 = 1
3 . These payoffs

are fixed given that unique Nash equilibrium has to be played in
the subgames. Therefore, payoffs for the player 1 when he makes
decision of L or R in the beginning is fixed, as in backward in-
duction, and one can conclude that player 1 chooses R in the first
round. Hence, the unique subgame Nash equilibrium:

s1 = (R, 1
2
◦t+ 1

2
◦h, 1

2
◦T+ 1

2
◦H), s2 = (1

2
◦t+ 1

2
◦h, 1

3
◦T+ 2

3
◦H)

2.6.21. Is it necessary to assume that σ is a Nash equilibrium in the defini-
tion of normal form trembling hand perfection (Definition 2.5.1)?
Prove that every trembling hand perfect equilibrium of a finite
normal form game is a Nash equilibrium in weakly undominated
strategies.

Soln: No. We will prove 2 things in order: first, a trembling hand
perfect equilibrium (THPE) in a finite normal form is Nash; second,
this particular Nash is in weakly undominated strategies.

Let σ∗ be a THPE in a finite normal form game. Then there ex-
ists σn → σ∗ with every σn completely mixed and σ∗i is a best
response to σn−i for all n.
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(THPE is Nash) Since the THPE profiles are best responses along
the trembled sequence, and since the utility function is continu-
ous, the limit profiles have to be the best response to each other as
well. Otherwise, there is a contradiction with being best response
to close-by mixed strategy.

Suppose σ∗ is not Nash, then ∃σ∗i such that

Ui(σ∗) < Ui(σ̂i, σ∗−i), (2.6.6)

for some σ̂i. Denote ε = Ui(σ̂i, σ∗−i) − Ui(σ∗) > 0. Using the fact
that Ui is continuous and σn → σ∗, we have for n large enough,∣∣Ui(σ∗)−Ui(σ∗i , σn−i)∣∣ < ε3 , (2.6.7)

∣∣Ui(σ̂i, σ∗−i)−Ui(σ̂i, σn−i)∣∣ < ε3 . (2.6.8)

(2.6.6) to (2.6.8) implies Ui(σ∗i , σ
n
−i) < Ui(σ̂i, σ

n
−i). This is because,

A− B
= A−A′ +A′ − B′ + B′ − B > −|A−A′| +A′ − B′ − |B′ − B|
> ε− ε

3
− ε

3
.

This contradicts that σ∗i is a best response to σn−i.
(THPE is weakly undominated) Next suppose that for some i, σ∗i
is weakly dominated by σ̃i, i.e

Ui(σ∗i , s−i) ≤ Ui(σ̃i, s−i),∀s−i.

with at least one strict inequality for some s−i. Take any n, we
have Ui(σ∗i , σ

n
−i) =

∑
s−i Ui(σ

∗
i , s−i) · σn−i(s−i) and Ui(σ̃i, σn−i) =∑

s−i Ui(σ̃i, s−i) · σn−i(s−i). Thus

Ui(σ∗i , σ
n
−i) < Ui(σ̃i, σ

n
−i),

because σn−i(s−i) =
∏
j≠iσnj (sj) > 0,∀s−i. This contradicts that

σ∗i is a best response to σn−i.

2.6.22. Two examples to illustrate Theorem 2.5.1.

(a) For the game in Figure 2.6.5, prove that TL is trembling hand
perfect by explicitly describing the sequence of trembles.

Soln: This illustrates the second part of the theorem: in a fi-
nite normal form game with 2 players, every Nash equilibrium
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L C R

T 2,2 1,1 0,0

B 2,0 0,0 4,2

Figure 2.6.5: The game for Problem 2.6.22(a).

in weakly undominated strategies is trembling hand perfect.
Consider the sequence of trembles for player 2:

σ 2
k = (1−

9
16k

) ◦ L+ 1
2k
◦ C + 1

16k
◦ R, k ≥ 1.

The sequence is converging to σ such that σ(L) = 1. Note,

u1(T ,σ 2
k )−u1(B,σ 2

k ) = (1−
9

16k
) · (2− 2)+ 1

2k
· (1− 0)+ 1

16k
· (0− 4)

= 1
2k
− 1

4k
= 1

4k
> 0

Therefore, T is the unique best response to any element in
the sequence {σ 2

k }.
Similarly, if we let σ k1 = (1− 1

4k) ◦ T + 1
4k ◦ B, can calculate

u2(L,σ k1 ) = (1− 1
4k) · 2+ 1

4k · 0 = 2− 1
2k

u2(M,σ k1 ) = (1− 1
4k) · 1+ 1

4k · 0 = 1− 1
4k

u2(R,σ k1 ) = (1− 1
4k) · 0+ 1

4k · 2 = 1
2k

,

and L is the unique best response to all σ k1 in the sequence.

(b) The game in Figure 2.6.6 has an undominated Nash equilib-
rium that is not trembling hand perfect. What is it?
Soln: For player 3, strategy R is strictly dominated, and for
player 2, strategy r is strictly dominated. Hence, there are
two Nash equilibria of this game, (T , `, L) and (B, `, L). T and
B are both undominated, T being a unique best response to
(r , L) and B being a unique best response to (r , R).
Consider any sequence (σ k2 , σ

k
3 ) that converges to (`, L). The

sequence induces distribution

σ k2 (`)σ
k
3 (L) ◦ (`, L)+ (1− σ k2 (`))σ k3 (L) ◦ (r , L)

+ σ k2 (`)(1− σ k3 (L)) ◦ (`,R)+ (1− σ k2 (`))(1− σ k3 (L)) ◦ (r , B)
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` r

T 1,1,1 1,0,1

B 1,1,1 0,0,1

L

` r

T 1,1,0 0,0,0

B 0,1,0 1,0,0

R

Figure 2.6.6: The game for Problem 2.6.22(b). Player 1 chooses a row (T or B),
player 2 chooses a column (` or r ), and player 3 chooses a matrix
(L or R). In each cell, the first payoff is player 1’s, the second is
player 2’s, and the third is player 3’s.

Hence,

u1(T ,σ k2 , σ
k
3 ) = σ k2 (`)σ k3 (L)+(1−σ k2 (`))σ k3 (L)+σ k2 (`)(1−σ k3 (L)),

u1(B,σ k2 , σ
k
3 ) = σ k2 (`)σ k3 (L)+ (1− σ k2 (`))(1− σ k3 (L)),

and,

u1(T ,σ k2 , σ
k
3 )−u1(B,σ k2 , σ

k
3 )

= (1− σ k2 (`))σ k3 (L)+ (2σ k2 (`)− 1)(1− σ k3 (L)) > 0

for σ k2 (`) close to 1. Therefore, for any sequence (σ k2 , σ
k
3 )

converging to (`, L), cannot be the case that B is the unique
best response for all the elements in a sequence. Hence, (B, `, L)
is not tremble hand perfect.

This result is coming from the fact that the trembles are in-
dependent across players. If we allow for trembles that are
correlated across players, then the same proposition as in 2
player case is obtained.

2.6.23. Say a profile σ is robust to all trembles if for all sequences
{
σ k
}
k

of completely mixed strategy profiles converging to σ , σi is even-
tually a best reply to every σ k−i in the sequence.1

(a) Prove that no profile in the game in Figure 2.6.7 is robust to
all trembles.

Soln: If a profile is robust to all trembles, then it is also trem-
bling hand perfect. Using the result from Problem 2.6.21, the

1By eventually, I mean there exists K such that σi is a best reply to σk−i for all k > K.
Note that K depends on the sequence.
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L M R

T 1,5 2,3 0,0

B 1,5 0,0 3,2

Figure 2.6.7: The game for Problem 2.6.23

profile is Nash equilibrium. Hence, we only need to check for
Nash equilibrium profiles.

Consider two pure Nash equilibrium profiles, (T , L) and (B, L),
and consider tremble (1−ε−δ, ε, δ) of player 2 that converges
to L. If the sequence of trembles is such that 2ε ≥ 3δ, then
T is the best response against the sequence. If the trembles
are such that 2ε ≤ 3δ, then B is the best response against the
sequence. Since the best response switches as we vary the ra-
tio of ε and δ in a tremble, we conclude that these two pure
strategy profiles are not robust to all trembles.

Player 2 has dominant strategy to play R in this game, and
there are mixed Nash equilibrium profile, which are (p ◦ T +
(1 − p) ◦ B, L) for all p ∈ (0,1). In order for any completely
mixed strategy p◦T+(1−p)◦B to be a best reply to trembles,
it must be that his pure strategy best reply to the tremble
includes both T and B. This requires 2ε = 3δ, and the mixed
strategy profile is not robust to all trembles.

(b) There is an extensive form with a nontrivial subgame that has
as its normal the game in Figure 2.6.7. This extensive form
game has two subgame perfect equilibria. What are they?
Compare with your analysis of part 2.6.23(a).

Soln: Refer to Display 2.6.4. Two subgame perfect equilibria
profiles are: (T , LM) and (B, LR).
The fact that profile (T , L) in the normal form was not ro-
bust to all trembles relies on the fact that the normal form
trembles do not restrict player II’s behavior in the second in-
formation set. Depending on the rate of weights on M and R
as the weights converge to zero, player I’s best reply can be
either T or B. Hence, the requirement that a profile be robust
to all trembles in a normal form is too strong and the two
subgame perfect equilibria fails the test.

As a side note, we can think of how particular the given ex-
ample in Figure 2.6.7 is in the space of all games. Although
the non-existence relies on the fact that player 1’s payoff is
identical over some profiles, its extensive form structure does
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II

L

1
5

no

M

2
3

R

0
0

II

M

0
0

R

3
2

I

T B

Display 2.6.4: The game for Problem 2.6.23(b).

L M R

T 1,5 2,6 0,0

B 1,5 0,3 3,2

Figure 2.6.8: The game for Problem 2.6.24

not seem so special in the space of all extensive form games.
Therefore, we conclude that requiring robustness to all trem-
bles is often too strong a requirement for many games that
are generic in the sense that its extensive form is not at all
particular.

2.6.24. It is not true that every trembling hand perfect equilibrium of a
normal form game induces subgame perfect behavior in an ex-
tensive game with that normal form. Illustrate using the game in
Figure 2.6.8.

Soln: Refer to Display 2.6.6 for the extensive form. M is the dom-
inant strategy for player II in the proper subgame, and the unique
subgame perfect equilibrium of this game is (T , (no,M)). I show
that (B, (L,M)) and (B, (L,R)) are trembling hand perfect in the
normal form. Consider the normal form representation of the ex-
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L,M L,R no,M no,R

T 1,5 1,5 2,6 0,0

B 1,5 1,5 0,3 3,2

Display 2.6.5

tensive form as in Display 2.6.5. Let the tremble of player 2 be
(η,1− ε− δ−η, ε, δ), which converges to (L,R). If we let 2ε ≤ 3δ,
then B is a best reply to this sequence of tremble. Furthermore,
if we let player 1’s tremble to be (ζ,1 − ζ) for ζ small, one can
easily check that (L,R) is a best reply to this tremble.

Similarly, can check that (B, (L,M)) is also trembling hand perfect
in the normal form. These two profiles are not consistent with
subgame perfect behavior in the extensive form game because
subgame perfection restricted the profile of play to be (T ,M) in
the subgame.

The reason why normal form trembles do not induce subgame
perfect equilibrium behavior is as follows: the trembles in normal
form are not constrained by player 2’s payoffs with respect to rel-
ative probability between M and R in the subgame. Since player
2’s play along the tremble can be arbitrary in the proper subgame,
by choosing (ε, δ) such that 2ε > 3δ, player 1 can be made to play
B as the best reply in the subgame. This does not seem so reason-
able given that player 2 has a unique dominant strategy M in the
subgame.

When we instead consider trembles in extensive form (in behavior
strategies), every information set is reached with positive prob-
ability, and player 2’s play in the second information set is also
constrained to be best reply to his early trembles. For this exam-
ple, this fixes player 2’s strategy in the second information set to
be M , and in return, player 1’s best reply to player 2’s tremble is
T . The limit of this tremble is the subgame perfect equilibrium.
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Display 2.6.6: The extensive form game for Problem 2.6.24.
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Chapter 3

Games with Naure

3.6.1. There are two firms, 1 and 2, producing the same good. The in-
verse demand curve is given by P = θ − q1 − q2, where qi ∈ R+ is
firm i’s output. (Note that we are allowing negative prices.) There
is demand uncertainty with nature determining the value of θ, as-
signing probability α ∈ (0,1) to θ = 3, and complementary proba-
bility 1−α to θ = 4. Firm 2 knows (is informed of) the value of θ,
while firm 1 is not. Finally, each firm has zero costs of production.
As usual, assume this description is common knowledge. Suppose
the two firms choose quantities simultaneously. Define a strategy
profile for this game. Describe the Nash equilibrium behavior and
interim payoffs (which may be unique).

Soln: This duopoly has an extensive form (though not finite). The
game tree starts with the Nature choosing θ. Firm 2 has two infor-
mation sets distinguishing θ = 3 and θ = 4. Firm 1 has only one
information set. If we follow the definition of Nash equilibrium
in an extensive form, then it is a strategy profile in which firm 2
chooses quantity to produce at each of its two information sets:{
σ∗2 (3), σ

∗
2 (4)

} ∈ R2+, and firm 1 chooses a quantity to produce at
its sole information set: σ∗1 (0) ∈ R+. Nash equilibrium requires
each firm to best response:

ασ∗2 (3)[3−σ∗1 (0)−σ∗2 (3)]+ (1−α)σ∗2 (4)[4−σ∗1 (0)−σ∗2 (4)]
≥ αq2[3− σ∗1 (0)− q2]+ (1−α)q′2[3− σ∗1 (0)− q′2],

∀q2, q′2 ∈ R+,

and

ασ∗1 (0)[3−σ∗1 (0)−σ∗2 (3)]+ (1−α)σ∗1 (0)[4−σ∗1 (0)−σ∗2 (4)]
≥ αq1[3− q1 − σ∗2 (3)]+ (1−α)q1[4− q1 − σ∗2 (4)],

∀q1 ∈ R+.

45
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These are equivalent to

σ∗2 (3)[3− σ∗1 (0)− σ∗2 (3)] ≥ q2[3− σ∗1 (0)− q2], ∀q2 ∈ R+,
σ∗2 (4)[4− σ∗1 (0)− σ∗2 (4)] ≥ q2[4− σ∗1 (0)− q2], ∀q2 ∈ R+,
and (3.6.1)

ασ∗1 (0)[3− σ∗1 (0)− σ∗2 (3)]+ (1−α)σ∗1 (0)[4− σ∗1 (0)− σ∗2 (4)]
≥ αq1[3− q1 − σ∗2 (3)]+ (1−α)q1[4− q1 − σ∗2 (4)], ∀q1 ∈ R+.

We can also formulate the problem as a game of incomplete infor-
mation, by assigning firm 2 a type space Θ2 ≡ {3,4} and firm 1
a singleton type space Θ1 ≡ {0}. Firm 2’s belief on Θ1 is p2(θ2)
which assigns probability 1 to θ1 = 0, regardless of θ2. Firm 1’s
belief on Θ2 is p1(0) which assigns probability α to θ2 = 3 and
1−α on θ2 = 4.

Firm 2’s strategy is then a mapping σ2 : Θ2 → R+, and firm 1’s
strategy is σ1 : Θ1 → R+. A Nash equilibrium is (σ∗1 , σ

∗
2 ) such that

each firm maximizes its interim payoff. This results in exactly the
same inequalities as above (3.6.1). The first inequality now would
be for firm 2 of type 3; the second would be for firm 2 of type 4;
and the last one would be for firm 1 (of type 0).

Note that each inequality’s left side is quadratic, so if we assume
the solution is interior we can use FOC’s to characterize the Nash
equilibrium.

σ∗2 (3) = max
{

3− σ∗1 (0)
2

,0
}
.

σ∗2 (4) = max
{

4− σ∗1 (0)
2

,0
}
.

σ∗1 (0) = max
{

4−α−ασ∗1 (3)− (1−α)σ∗1 (4)
2

,0
}
.

Solving this system gives us

σ∗2 (4) = 1
6
(8+α),

σ∗2 (3) = 1
6
(5+α),

σ∗1 (0) = 1
3
(4−α).

It is clear that all quantities are positive and it is easy to prove
that prices are positive. Therefore, this strategies are indeed an
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A B

A 9,9 0,5

B 4,0 7,7

Figure 3.6.1: The game for Problem 3.6.2.

equilibrium of the game. The corresponding interim payoffs are
π∗2 (3) = 1

36(5+α)2;π∗2 (4) = 1
36(8+α)2 and π∗1 (0) = 1

9(4−α)2.

3.6.2. Redo Example 3.2.1 for the game in Figure 3.6.1.

Soln: Let p ∈ [0,1] denote the probability with which player 1
chooses A, and q ∈ [0,1] denote the probability with which player
2 chooses A. Then, for any given q, player 1’s expected payoff
from A is

U1(A, q) = 9q,

and his expected payoff from B is

U1(B, q) = 4q + 7(1− q) = 7− 3q.

Hence A is optimal if and only if

9q ≥ 7− 3q ⇐⇒ q ≥ 7
12
,

and player 1’s best reply correspondence is

φ1(q) =


1 if q > 7

12 ,

[0,1] if q = 7
12 ,

0 if q < 7
12 .

Similarly, player 2’s best reply correspondence is

φ2(p) =


1 if p > 7

11 ,

[0,1] if p = 7
11 ,

0 if p < 7
11 .

(p∗, q∗) is a Nash equilibrium if and only if p∗ ∈ φ1(q∗) and q∗ ∈
φ2(p∗). It is easy to see that the game has three Nash equilibria:
(1,1), (0,0) and ( 7

11 ,
7
12). For the rest of the question, we will focus

on the mixed strategy Nash equilibrium ( 7
11 ,

7
12).



48 CHAPTER 3. GAMES WITH NATURE

Trivial Purification: Consider the game of incomplete informa-
tion, where player i’s payoff irrelevant type ti ∼ U([0,1]), and t1
and t2 are independent. Let si : [0,1] → {A,B} denote player i’s
pure strategy. Then the mixed strategy equilibrium is purified by
many pure strategy equilibrium, such as

s1(t1) =
 A if t1 ≥ 7

11 ,

B if t1 < 7
11

and

s2(t2) =
 A if t2 ≥ 7

12 ,

B if t2 < 7
12 .

Harsanyi (1973) purification: Consider the game of incomplete
information, denoted G(ε), where player i’s type ti ∼ U([0,1]),
and t1 and t2 are independent:

A B

A 9+ εt1,9+ εt2 0,5

B 4,0 7,7

Let si : [0,1] → {A,B} denote player i’s pure strategy. Suppose
player 2 is following a cutoff strategy:

s2(t2) =
 A if t2 ≥ t̄2,
B if t2 < t̄2,

with t̄2 ∈ (0,1). Then type t1’s expected payoff from A is

U1(A, t1, s2) = (9+ εt1)Pr(s2(t2) = A) = (9+ εt1)(1− t̄2),

and his expected payoff from B is

U1(B, t1, s2) = 4 Pr(s2(t2) = A)+ 7 Pr(s2(t2) = B) = 4+ 3t̄2.

Thus A is optimal if and only if

(9+ εt1)(1− t̄2) ≥ 4+ 3t̄2,

i.e.,

t1 ≥ 12t̄2 − 5
ε(1− t̄2) .
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Thus player 1’s best reply to s2 is a cutoff strategy with

t̄1 = 12t̄2 − 5
ε(1− t̄2) . (3.6.2)

Similarly, suppose player 1 is following a cutoff strategy s1 with
cutoff t̄1 ∈ (0,1), then player 2’s best reply to s1 is a cutoff strategy
with

t̄2 = 11t̄1 − 4
ε(1− t̄1) . (3.6.3)

Hence (s1, s2) is a Nash equilibrium of G(ε) if and only if t̄1 and t̄2
satisfy equations (3.6.2) and (3.6.3). Define g : [0,1]2 ×R→ R2 as

g(t̄1, t̄2, ε) =
ε(1− t̄2)t̄1 − (12t̄2 − 5)

ε(1− t̄1)t̄2 − (11t̄1 − 4)

 . (3.6.4)

Then t̄1 and t̄2 satisfy (3.6.2) and (3.6.3) if and only if g(t̄1, t̄2, ε) =
0. Note first that g( 4

11 ,
5
12 ,0) = 0. Let t̄ = (t̄1, t̄2). Since g is

continuously differentiable, and

Dt̄g(t̄1, t̄2, ε) =
 ε(1− t̄2) −εt̄1 − 12

−εt̄2 − 11 ε(1− t̄1)

∣∣∣∣∣∣
( 4

11 ,
5
12 ,0)

=
 0 −12

−11 0


is invertible, by the implicit function theorem, there exists ε̄ > 0
and a continuously differentiable mapping t̄ of (−ε̄, ε̄) into [0,1]2

such that t̄1(0) = 4
11 , t̄2(0) = 5

12 and g(t̄1(ε), t̄2(ε), ε) = 0 for all
ε ∈ (−ε̄, ε̄). Hence we can conclude that for ε > 0 sufficiently close
to 0, the cutoff type t̄2(ε) is close to 5

12 and t̄1(ε) is close to 4
11 , i.e.,

t̄(ε)→ ( 4
11 ,

5
12) as ε → 0. Let p(ε) (q(ε)) denote the probability with

which player 1 (player 2) chooses A in equilibrium, then p(ε) =
1 − t̄1(ε) and q(ε) = 1 − t̄2(ε). Since t̄(ε) → ( 4

11 ,
5
12) as ε → 0,

we have p(ε) → 7
11 = p(0) and q(ε) → 7

12 = q(0), where p(0)
(q(0)) is the probability with which player 1 (player 2) chooses A
in the mixed strategy Nash equilibrium of G(0). Note that the
interior cutoff equilibrium (s1, s2) of G(ε) is in pure strategy and
strict almost everywhere. Note also that this equilibrium of G(ε)
approximates the mixed strategy Nash equilibrium of G(0) in the
following sense: for any η > 0, there exists ε > 0 such that

|p(ε)− p(0)| < η, and |q(ε)− q(0)| < η.
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3.6.3. Prove that it is optimal for bidder 1 to bid according to the strategy
in (3.3.2) when bidder 2 is following that strategy in the sealed bid
first price auction of Example 3.3.1. [Hint: First show show that
it is not optimal to bid b1 <

¯
v or b1 > Ev . Since σ̃ is strictly

increasing and continuous, any bid in [
¯
v,Ev] is the bid of some

valuation v . Prove that bidding as if valuation v has valuation v′
is suboptimal.]

3.6.4. Consider the following variant of a sealed bid auction in a setting
of independent private values. The highest bidder wins, and pays
a price determined as the weighted average of the highest bid and
second highest bid, with weight α ∈ (0,1) on the highest bid (ties
are resolved by a fair coin). Suppose there are two bidders, with
bidder i’s value vi randomly drawn from the interval [

¯
vi, v̄i] ac-

cording to the distribution function Fi, with density fi.

(a) What are the interim payoffs of player i?
Soln: Players’ strategies are σi : [vi, v̄i] → R+, i = 1,2. Given
σj , the interim payoff of player i with value vi by playing bi
is

U(bi, vi;σj) =
∫
{vj :σj(vj)<bi}

[vi −αbi − (1−α)σj(vj)]dFj(vj)

+ 1
2
(vi − bi)Pr{σj(vj) = bi}.

(b) Suppose (σ1, σ2) is a Nash equilibrium of the auction, and
assume σi is a strictly increasing and differentiable function,
for i = 1,2. Describe the pair of differential equations the
strategies must satisfy.

Soln: Assume σj(·) is strictly increasing and σi : [vi, v̄i] →
[vi, v̄i]. Then

U(bi, vi;σj) =
∫ σ−1

j (bi)

vj
[vi −αbi − (1−α)σj(vj)]dFj(vj)

= (vi −αbi)F(σ−1
j (bi))− (1−α)

∫ σ−1
j (bi)

vj
σj(vj)fj(vj)dvj .

Since (σ1, σ2) is a Nash equilibrium of the auction, σi maxi-
mizes i’s ex ante payoff given σj . So bi = σi(vi) maximizes
the interim payoff almost everywhere given σj .
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The first order condition is

∂U(bi, vi;σj)
∂bi

= −αF(σ−1
j (bi))+ (vi −αbi)f (σ−1

j (bi))
dσ−1

j (bi)
dbi

− (1−α)bif(σ−1
j (bi))

dσ−1
j (bi)
dbi

= −αF(σ−1
j (bi))+ (vi − bi)f (σ−1

j (bi))
1

σ ′j(σ
−1
j (bi))

= 0,

which implies

αF(σ−1
j (bi))σ

′
j(σ

−1
j (bi)) = (vi − bi)f (σ−1

j (bi)),

i.e.,

αF(σ−1
j (σi(vi)))σ

′
j(σ

−1
j (σi(vi))) = (vi − σi(vi))f (σ−1

j (σi(vi)))
(3.6.5)

Similarly,

αF(σ−1
i (σj(vj)))σ

′
i (σ

−1
i (σj(vj))) = (vj − σj(vj))f (σ−1

i (σj(vj))) (3.6.6)

Therefore, (3.6.5), (3.6.6) are the pair of differential equations
the strategies must satisfy.

(c) Suppose v1 and v2 are uniformly and independently distributed
on [0,1]. Describe the differential equation a symmetric in-
creasing and differentiable equilibrium bidding strategy must
satisfy.
Soln: If v1 and v2 are uniformly and independently distributed
on [0,1], and σi = σj = σ , then (3.6.5), (3.6.6) become

αvσ ′(v) = v − σ(v). (3.6.7)

(d) Solve the differential equation found in part 3.6.4(c). [Hint:
Conjecture a functional form.]
Soln: Make a guess that σ(v) is linear in v , i.e., σ(v) = a+bv .
Plugging it into (3.6.7), we get

αbv = v − (a+ bv)⇒ (1+α)bv = v − a⇒ a = 0, b = 1
1+α.

Therefore, σ(v) = v
1+α is a solution to the differential equa-

tion (3.6.7).
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(e) For the assumptions under part 3.6.4(c), prove the strategy
found in part 3.6.4(d) is a symmetric equilibrium strategy.
Soln: First notice that the strategy found in 3.6.4(d) satisfies
assumptions in 3.6.4(c). Under this assumptions and given
σj(v) = v

1+α , i’s interim payoff becomes

U(bi, vi;σj) = (vi −αbi)F(σ−1
j (bi))− (1−α)

∫ σ−1
j (bi)

vj
σj(vj)fj(vj)dvj

= (vi −αbi)(1+α)bi − (1−α)
∫ (1+α)bi

0

vj
1+αdvj

= (vi −αbi)(1+α)bi − 1
2
(1−α)(1+α)b2

i

= (1+α)vibi − 1
2
(1+α)2b2

i .

Then we can see that bi = σi(vi) = vi
1+α satisfies ∂U

∂bi = 0, and
∂2U
∂b2
i
< 0. So bi = σi(vi) = vi

1+α indeed maximizes i’s interim

payoffs given σj . In the same way we can show σj is a best
response to σi, too. Therefore the strategy profile found in
part (d) is a symmetric equilibrium.

3.6.5. Consider the two bidder sealed bid auction of Example 3.3.1, when
the two bidders valuations are independent uniform draws from
the interval [0,1].

(a) What is the expected revenue of the symmetric equilibrium?
Soln: Bidder i’s strategy is σi : [0,1] → R+ for i = 1,2. We
show in Example 3.3.1 that there is a symmetric Nash equilib-
rium (σ1, σ2), where

σi(v) = 1
2
v, i = 1,2.

Then the expected revenue is

R = E
[

max
{

1
2
v1,

1
2
v2

}]
= 1

2
E [max {v1, v2}] .

Let Z = max {v1, v2}, and denote its CDF by FZ . Then for
z ∈ [0,1]

FZ(z) = Pr(Z ≤ z),
= Pr(max{v1, v2} ≤ z),
= Pr(v1 ≤ z,v2 ≤ z),
= F1(z)F2(z), (v1 and v2 are independent.)

= z2.
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FZ(z) = 0 for z < 0 and FZ(z) = 1 for z > 1. Hence the
expected revenue is

R = 1
2
E [max {v1, v2}] ,

= 1
2
E[Z],

= 1
2

∫ 1

0
zdz2,

= 1
3
z3
∣∣∣∣1

0
= 1

3
.

In a first price sealed bid auction with reserve price r , the highest
bidder only wins the auction (and pays his bid) if the bid is at least
r .

(b) What is the symmetric Nash equilibrium of the first price
sealed bid auction with reserve price r ∈ [0,1]? [Hint: Since
any winning bid must be no less than r , bidders with a value
less than r can be assumed to bid 0 (there are multiple sym-
metric equilibria that only differ in the losing bids of bidders
with values less than r ). It remains to determine the bidding
behavior of those bidders with values ≥ r . Prove that any
bidder with value r must bid r . While the equilibrium is not
linear in valuation, the recipe from Example 3.3.1 still works.]
Soln: Suppose that r > 0. Bidder i’s strategy is σi : [0,1] →
R+ for i = 1,2. Given σj , the interim payoff of bidder i with
value vi by bidding bi is

U(bi, vi;σj) =


∫
{vj :σj(vj)<bi}(vi − bi)dFj(vj)

+ 1
2(vi − bi)Pr{σj(vj) = bi} if bi ≥ r ,

0 if bi < r.

If vi < r , then U(bi, vi;σj) ≤ 0 for all bi and therefore it is
optimal for bidder i to bid bi < r . Assume without loss of
generality that bidders with a value less than r bid 0. That is,
σi(v) = 0 for v < r and i = 1,2. Next consider bidders with
vi ≥ r .

In order to solve the equilibrium, we make the following nat-
ural hypotheses that σj is strictly increasing over [r ,1] and
σi(v) ≥ r for v ≥ r . Note that under this assumption, we
must have σi(r) = r since U(r , r ;σj) = 0 and U(bi, r ;σj) ≤
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(r − bi)Pr(σj(vj) < r) < 0 for bi > r . Note also that this
assumption implies that all bidders with vi > r participate in
the auction actively, i.e., σi(v) > r for all v > r . Then bidder
i’s interim payoff is

U(bi, vi;σj) =
∫ σ−1

j (bi)

0
(vi − bi)dFj(vj),

= (vi − bi)Fj(σ−1
j (bi)),

= (vi − bi)σ−1
j (bi), ( vj ∼ U([0,1]))

where σ−1
j is the inverse function of σj over [σj(r), σj(1)],

σ−1
j (bi) = 1 for bi > σj(1) and σ−1

j (bi) = r for r ≤ bi <
σj(r). Since (σ1, σ2) is a Nash equilibrium of the auction,
σi maximizes i’s ex ante payoff given σj . Hence bi = σi(vi)
maximizes i’s interim payoff almost everywhere given σj . As-
sume, moreover, that σj is differentiable over [σj(r), σj(1)],
then the first order condition for an interior solution is given
by

vi − bi
σ ′j(σ

−i
j (bi))

− σ−1
j (bi) = 0.

Note that this is identical to the differential equation we get
in Example 3.3.1. This is because the first order condition
only considers local deviations, which is independent of the
reserve price r . However, r does affect the initial condition
of the differential equation: σi(r) = r . In a symmetric equi-
librium σ1 = σ2 = σ , and therefore the above equality can be
simplified to

vσ ′(v)+ σ(v) = v,
=⇒ d

dv
vσ(v) = v,

=⇒ vσ(v) = 1
2
v2 + k,

where k is some constant. Evaluating both sides of the above
equality at v = r yields k = 1

2r
2. Hence

σ(v) = 1
2

(
v + r

2

v

)
, v ∈ [r ,1],

which is strictly increasing and differentiable over [r ,1]. To
summarize, bidder i’s strategy is

σi(v) =
 0 if vi < r,

1
2

(
v + r 2

v

)
if vi ≥ r .

(3.6.8)
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Note that this is identical to the equilibrium strategy we find
in Example 3.3.1 when r = 0.

Finally, we need to verify that this is indeed a Nash equilib-
rium. Given σj , the interim payoff of bidder i with value vi by
bidding bi is

U(bi, vi;σj) =


vi − r if bi > 1

2(1+ r 2),

(vi − bi)
(
bi +

√
b2
i − r 2

)
if r ≤ bi ≤ 1

2(1+ r 2),

0 if bi < r.

We have argued that for bidders with vi < r it is optimal to
bid bi = 0. For bidders with vi > r it is strict optimal to bid
bi ≥ r since they can get U(r , vi;σj) ≥ (vi − r)Pr(σj(vj) <
r) > 0 by bidding bi = r , while only 0 by bidding bi < r .
Clearly, it is never optimal for bidders to bid bi > 1

2(1 + r 2).
For bi ∈ [r , 1

2(1+ r 2)], we have

∂Ui(bi, vi;σj)
∂bi

= (vi − bi)
1+ bi√

b2
i − r 2

− (bi + √b2
i − r 2),

= vi − 2bi − 2
√
b2
i − r 2 + vi√

bi+r
bi−r

+ r(vi − r)√
b2
i − r 2

,

which is strictly decreasing in bi if vi ≥ r . That is, when vi ≥
r , Ui(bi, vi;σj) is strictly concave in bi over [r , 1

2(1 + r 2)].
Hence the first order condition is also sufficient and the strat-
egy profile given by (3.6.8) is indeed a symmetric Nash equi-
librium of the auction.

When solving the symmetric Nash equilibrium given above,
we assume that all bidders with vi > r participate in the auc-
tion actively by submitting a bid bi ≥ r . Why is there no sym-
metric Nash equilibrium in which a positive measure of bid-
ders with vi > r does not participate in the auction actively?
Recall that it is optimal for bidders with vj < r to submit a
losing bid bj < r , and therefore Pr(σj(vj) < r) > 0. Then bid-
ders with vi > r could get U(bi, vi;σj) ≥ (vi−bi)Pr(σj(vj) <
r) > 0 by bidding bi ∈ [r , vi), while he could only get 0 by
bidding bi < r . Hence it is strict optimal for bidders with
vi > r to bid bi ∈ [r , vi).

(c) What reserve price maximizes expected revenue?
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Soln: Given r ∈ [0,1], the expected revenue is given by

R(r) = Pr(max{v1, v2} ≥ r)E[max{σ(v1), σ(v2)}|max{v1, v2} ≥ r],
= E[max{σ(v1), σ(v2)}],
= E[σ(max{v1, v2})], (σ is increasing.)

=
∫ 1

r

1
2
(z + r

2

z
)dz2,

= −4
3
r 3 + r 2 + 1

3
.

The second equality holds because max{σ(v1), σ(v2)} = 0
when max{v1, v2} < r . The fourth line follows from the fact
that the CDF of Z = max{v1, v2} is given by FZ(z) = z2 for
z ∈ [0,1]. (See 3.6.5(a) for the derivation.) Then

R′(r) = 2r(1− 2r),

which is positive for r ∈ (0, 1
2) and negative for r ∈ (1

2 ,1).
That is, R is strictly increasing over (0, 1

2) and strictly de-

creasing over (1
2 ,1). Hence R is maximized at r = 1

2 . The

maximum expected revenue is R = 5
12 , which, in particular, is

higher than 1
3 , the expected revenue we get in 3.6.5(a) when

r = 0.
This turns out to be the optimal auction, see Section 12.4.

3.6.6. This question asks you to prove a claim made in Example 3.3.4 as
follows:

(a) Suppose s̄2 < s̄1, and set δ ≡ Pr{s̄2 < σ1(t1) ≤ s̄1} > 0. Prove
that there exists s̃1 satisfying Pr{σ1(t1) > s̃1} < δ/2. [Hint:
This is trivial if s̄1 < ∞ (why?). The case where s̄1 = ∞ uses a
basic continuity property of probability.]
Soln:
If s̄1 < ∞, we can take s̃1 = s̄1. From the definition of s̄1 we
know that Pr{σ1(t1) > s̄1} = 0 and so Pr{σ1(t1) > s̃1} < δ/2.
If s̄1 = ∞, define Ak = {t1 : σ1(t1) > k}. Notice that it is never
optimal that σ1 has an atom at ∞ since the payoffs would be
−∞. Then, lim

k→∞
Ak = � and it is obvious that Ak+1 ⊂ Ak ∀k. As

we know that for any decreasing sequence of sets converging
to � the probability of the sets along the sequence converge
to 0 we have, lim

k→∞
Pr(Ak) = 0. Then, by the definition of limit

there exists K such that Pr(AK) < δ
2 . Let s̃1 = K.
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(b) Show that a deviation by type t2 > 2s̃1 to a stopping time
s2 > s̃1 (which implies that t2 wins the war of attrition with
probability of at least δ/2) satisfying s2 < t2/2 is strictly prof-
itable.
Soln: Fix a type t2 > 2s̃1 and s̃1 < s2 < t2/2. Then the expected
payoff from the deviation when his type is t2 is given by

U2(s2, t2;σ1) =
∫

{t1:σ1(t1)<s2}
t2 − σ1(t1)dF1(t1)− s2Pr(s2 < σ1(t1))

>
∫

{t1:σ1(t1)<s2}
t2 − σ1(t1)dF1(t1)− s2δ

2

Besides, the expected payoff of type t2 when he plays the
strategy σ2 is given by

U2(σ2(t2), t2;σ1) =
∫

{t1:σ1(t1)<σ2(t2)}
t2 − σ1(t1)dF1(t1)

− σ2(t2)Pr(σ2(t2) < σ1(t1))

≤
∫

{t1:σ1(t1)<σ2(t2)}
t2 − σ1(t1)dF1(t1)

Therefore as s̃1 < s2 < t2/2 and σ2(t2) ≤ s̄2,

U2(s2, t2;σ1)−U2(σ2(t2), t2;σ1)

>
∫

{t1:σ2(t2)<σ1(t1)<s2}
t2 − σ1(t1)dF1(t1)− s2δ

2

>
∫

{t1:s̄2≤σ1(t1)≤s̃1}
t2 − σ1(t1)dF1(t1)− s2δ

2

> (t2 − s2)Pr({t1 : s̄2 ≤ σ1(t1) ≤ s̃1})− s2δ
2

> (t2 − s2)δ
2
− s2δ

2
> 0

3.6.7. This question concerns Example 3.1.1, the Cournot game with in-
complete information. The idea is to capture the possibility that
firm 2 may know that firm 1 has low costs, cL. This can be done as
follows: Firm 1’s space of uncertainty (types) is, as before, {cL, cH},
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while firm 2’s is {tL, tU}. Nature determines the types according
to the distribution

Pr(t1, t2) =


α, if (t1, t2) = (cL, tL),
β, if (t1, t2) = (cL, tU),
1−α− β, if (t1, t2) = (cH , tU),

where α,β ∈ (0,1) and 1−α− β > 0. Firm 2’s type, tL or tU , does
not affect his payoffs (in particular, his cost is c2, as in Example
3.1.1). Firm 1’s type is just his cost, c1.

(a) What is the probability firm 2 assigns to c1 = cL when his type
is tL? When his type is tU?
Soln: Apply Bayesian rule, we have the following conditional
probability:

Pr(c1 = cL|t2 = tL) = Pr(cL, tL)
Pr(tL)

= α
α
= 1

that is, given his type is tL, firm 2 is sure that firm 1’s cost is
cL. The same way, we can get, condition on firm 2’s type is
t2 = tU ,

Pr(c1 = cL|t2 = tU) = Pr(cL, tU)
Pr(tU)

= Pr(cL, tU)
Pr(cL, tU)+ Pr(cH , tU)

= β
β+ (1−α− β) =

β
1−α

Note, because we assume α,β ∈ (0,1) and 1 − α − β > 0, we
have 1 > Pr(c1 = cL|t2 = tU) > 0.

(b) What is the probability firm 1 assigns to firm 2 knowing firm
1’s cost? [This may depend on 1’s type.]
Soln: Firm 2 knows firm 1’s cost, if and only if firm 2 gets
perfect signal of firm 1’s type c1 and can assign probability 1
to firm 1 being c1. From (a), we know that when firm 2’s type
is tL, he gets perfect signal, and thus he is hundred percent
sure that firm 1 ’s cost is cL. So, only in this case, we say
firm 2 knows firm 1’s cost. Then, we can calculate following
conditional probabilities:

Pr(t2 = tL|c1 = cL) = Pr(cL, tL)
Pr(cL)

= Pr(cL, tL)
Pr(cL, tL)+ Pr(cL, tU)

= α
α+ β
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Pr(t2 = tL|c1 = cH) = Pr(cH , tL)
Pr(cH)

= Pr(cH , tL)
Pr(cH , tU)

= 0
1−α− β = 0

So, when firm 1’s type is cL, she assigns probability α
α+β to

firm 2 knowing her cost; but when firm 1’s type is cH , she
assigns probability 0 to firm 2 knowing her cost (in this case,
firm 1 is sure that firm 2 does not know her type).

(c) What is the Nash equilibrium of this game. Compare your
analysis to that of Example 3.1.1.
Soln: We first formally define this Bayesian game as< N,T , P,A,u >.
N is the players set, so here, N = {1,2}; T is the carte-
sian product of players’ type sets, so here, T = T1 × T2 =
{cH , cL} × {tL, tU}; P is the players subjective beliefs of in-
terim distribution profiles, which is partly described in (a)
and (b); A is the cartesian product of players’ action sets,
so here, A = R+ × R+; finally, u is the ex post payoff pro-
file, which is u1(q1, q2, c1, t2) = [(a − q1 − q2) − c1]q1 and
u2(q1, q2, c1, t2) = [(a−q1−q2)−c2]q2. So, we define firm 1’s
strategy s1 : T1 -→ R+, and firm 2’s strategy s2 : T2 -→ R+. By
our assumption of P , we know the common prior assumption
holds here, so we can model this game as a normal form game
with complete information. Then Nash equilibrium (s1, s2) is
defined on players’ ex ante payoffs. But this is very compli-
cated. Fortunately, we know that if CPA holds, the set of Nash
equilibria is equivalent to the set of Bayesian Nash equilib-
ria, which is much easier to get. Hence, we calculate Bayesian
Nash equilibria as follows (Assume parameters guarantee all
the following maximization problems have interior solutions).
For firm 1, if her type is cH , so Pr(t2 = tL|c1 = cH) = 0, then
Pr(t2 = tU |c1 = cH) = 1. So, firm 1 solves the following maxi-
mization problem:

max
qH1
[(a− qH1 − qU2 )− cH]qH1 (3.6.9)

First Order Condition for problem 3.6.9 is:

q̃H1 =
a− cH − qU2

2
(3.6.10)

For firm 1, if her type is cL, so Pr(t2 = tL|c1 = cL) = α
α+β ,

and thus Pr(t2 = tU |c1 = cL) = β
α+β . Then, firm 1 solves the

following problem:
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max
qL1

β
α+ β[(a−q

L
1−qU2 )−cL]qL1+

α
α+ β[(a−q

L
1−qL2)−cL]qL1 (3.6.11)

First Order Condition for problem 3.6.11 is:

q̃L1 =
a− cL − ( β

α+βq
U
2 + α

α+βq
L
2)

2
(3.6.12)

We do the same work on firm 2. If firm 2’s type is tL, then
Pr(c1 = cL|t2 = tL) = 1 and thus Pr(c1 = cH|t2 = tL) = 0. So,
in this case, firm 2 solve the problem:

max
qL2
[(a− qL1 − qL2)− c2]qL2 (3.6.13)

First Order Condition for problem 3.6.13 is:

q̃L2 =
a− c2 − qL1

2
(3.6.14)

Last, if firm 2’s type is tU , then Pr(c1 = cL|t2 = tU) = β
1−α , and

thus Pr(c1 = cH|t2 = tU) = 1−α−β
1−α . So, in this case, firm 2 solve

the problem:

max
qU2

β
1−α[(a−q

L
1−qU2 )−c2]qU2 +

1−α− β
1−α [(a−qH1 −qU2 )−c2]qU2 (3.6.15)

First Order Condition for problem 3.6.15 is:

q̃U2 =
a− c2 − ( β

1−αq
L
1 + 1−α−β

1−α q
H
1 )

2
(3.6.16)

Now from 3.6.10, 3.6.12, 3.6.14 and 3.6.16, we can solve:

q̃U2 =
a− c2 − 4(α+β)β

(1−α)(3α+4β)[
a−cL

2 − α(a−c2)
4(α+β) ]− (1−α−β)(a−cH)

2(1−α)
2− 2αβ

(1−α)(3α+4β) − 1−α−β
2(1−α)

Then,

q̃H1 =
a− cH − q̃U2

2

q̃L1 =
2(a− cL)(α+ β)−α(a− c2)− 2αq̃U2

3α+ 4β
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q̃L2 =
a− c2 − q̃L1

2

So, the Nash equilibrium is (s∗1 , s
∗
2 ) = ((q̃H1 , q̃L1), (q̃U2 , q̃L2)).

3.6.8. The linear equilibrium of Example 3.3.5 is not the only equilibrium
of the double auction.

(a) Fix a price p ∈ (0,1). Show that there is an equilibrium at
which, if trade occurs, then it occurs at the price p.
Soln:
Consider the strategies:

pb(vb) =
{
p if vb ≥ p
0 if vb < p

, ps(vs) =
{
p if vs ≤ p
1 if vs > p

.

We show that each strategy is a best response to the other
player’s strategy.
Consider first the buyer. Suppose vb < p. The seller always
announces price higher than or equal to p, and in order for
trade to occur, it has to be that pb ≥ p. However, in that case,
the trading price will be pb+p

2 ≥ p, which means the buyer will
always incur strict loss. Hence, buyers with value less than
p optimizes by announcing pb < p. One of those prices is
pb = 0.
Now consider buyers with value vb ≥ p. With pb = p, he
only trades with seller with value vs ≤ p, with price p. His
expected payoff is Pr(ps ≤ p)(vb−p) = Pr(vs ≤ p)(vb−p) =
p(vb−p). Any price pb ∈ (p,1) does not increase the trading
probability, but raises the trade price to pb+p

2 . If pb ≥ 1, his
expected payoff is

Pr(vs ≤ p)(vb − pb + p
2

)+ Pr(vs > p)(vb − pb + 1
2

)

= p(vb − pb + p
2

)+ (1− p)(vb − pb + 1
2

)

Note that the second term is less than or equal to 0, and the
first term is strictly less than p(vb − p). Hence, proposing p
is optimal.
One can do similar analysis for the seller. Seller with vs > p
has to announce ps > p, otherwise he trades with price less
than or equal to p whenever trade occurs. Seller with vs ≤ p
has best response ps = p because ps > p results in no trade,
and ps < p either lowers the price he gets, or incurs trade
with buyers who announce pb = 0.
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(b) What is the probability of trade?
Soln: Pr(vs ≤ p)Pr(vb ≥ p) = p × (1− p).

(c) At what p is the probability of trade maximized?
Soln: Check first order condition from p(1 − p). 1 − 2p = 0
yields p = 1

2 .

(d) Compare the expected gains from trade under these “fixed
price” equilibria with the linear equilibrium of Example 3.3.5.

Soln:

Expected gains from trade is defined by

Evs ,vb[(vb−vs)1{pb ≥ ps}] =
∫∫
(vb−vs)·1{pb ≥ ps}dFb(vb)dFs(vs).

In case of the fixed price equilibrium, the gains are:∫∫
(vb−vs)·1{vb ≥ p, vs ≤ p}dFb(vb)dFs(vs) =

∫ p
0

∫ 1

p
(vb−vs)dvb dvs

=
∫ p

0

1
2
(1−p2)−vs(1−p)dvs = 1

2
(1−p2)p−1

2
p2(1−p) = 1

2
p(1−p) ≤ 1

8
.

In case of the linear equilibrium,

∫∫
(vb−vs)·1{vb−vs ≥ 1

4}dFb(vb)dFs(vs) =
∫ 3

4

0

∫ 1

vs+ 1
4

(vb−vs)dvb dvs = 9
64
.

Note that the maximum gains from trade that can be achieved
under efficient trade is given by∫∫
(vb−vs)·1{vb ≥ vs}dFb(vb)dFs(vs) =

∫ 1

0

∫ 1

vs
(vb−vs)dvbdvs = 1

6
.

This shows inefficiency of linear equilibrium, coming from
asymmetric information.

3.6.9. In Example 3.5.1, suppose that in the state ω1, θ = 20, while in
states ωm, 2 ≤m ≤ M − 1, θ = 9 and in state ωM , θ = 4. Suppose
the information partitions are as in the example. In other words,
apart from the probability distribution over Ω (which we have not
yet specified), the only change is that in state ω1, θ = 20 rather
than 9.
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(a) Suppose the probability distribution over Ω is uniform (as in
the lecture notes). What is the unique Nash equilibrium, and
why? What is the unconditional probability of both players
choosing A in the equilibrium?
Soln:

(1) θ = 20 (2) θ = 9 (3) θ = 4

A B

A 20,20 11,5

B 5,11 7,7

A B

A 9,9 0,5

B 5,0 7,7

A B

A 4,4 −5,5

B 5,−5 7,7

We assume that the state space (except that in ω1, θ = 20),
information partitions and players’ types are same as those
in the lecture notes.
The unique Nash equilibrium of this global game is (s1, s2)
such that (note here, si is a function mapping from player i’s
type space to {A,B}):

s1(tl1) =
 A, if l = 0

B, if l = 1,2, · · · , K−1
2

s2(tl2) =
 A, if l = 1

B, if l = 2, · · · , K+1
2

We can apply the induction reasoning in the lecture note to
show this claim, except s1(t0

1) and s1(t1
2), since the structure

of this game is same as that in the lecture note except θ = 20
at ω1.
It is also very obvious that s1(t0

1) = A, because with type t0
1 ,

player 1 knows θ = 20 and A is strictly dominant strategy.
Now, we have check player 2’s choice when his type is t1

2 . In
this case, player 2 knows eitherω1 orω2 is the real state, and
the conditional probability
Pr({ω1}|{ω1,ω2}) = Pr({ω2,ω3}|{ω1,ω2}) = 1

2 . So, player

2’s belief is: with probability 1
2 , he is playing game (1) in

which player 1 is playing A; with probability 1
2 , he is play-

ing game (2) in which player 1 is playing B. So, the interim
payoff by playing A is 20 × 1

2 + 0 × 1
2 = 10, while the interim

payoff by playing B is 5× 1
2 + 7× 1

2 = 6. So, s2(t1
2) = A.

Therefore, we have shown that the strategy profile described
above is a Nash equilibrium. Also, from the proof, we can see
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that in each type, player i’s choice is the strict best reply to
player j’s strategy in terms of interim payoffs, so this Nash
equilibrium is unique.

From the equilibrium derived above, we can easily see that
for both players choosing A in the equilibrium, the real state
must beω1. Since the probability measure over Ω is uniform,
so the unconditional probability of both players playing A in
the equilibrium is 1

K .

(b) Suppose now the probability ofωm is 410−mα, form = 1, . . . ,9,
where α is chosen so that

∑9
m=1 410−mα = 1. What is the

unique Nash equilibrium, and why? What is the unconditional
probability of both players choosing A in the equilibrium

Soln:

We first try the method in the lecture note. It is still true
that s2(t5

2) = B. Now, consider player 1 with type t4
1 . Because

Pr(t5
2|t4

1) = Pr({ω9})
Pr({ω8,ω9}) =

1
5 , s1(t4

1) = A is optimal if s2(t4
2) = A,

and s1(t4
1) = B is optimal if s2(t4

2) = A. Hence, the induction
cannot work in this way.

But we still can get that the unique Nash equilibrium of this
global game is (s1, s2) such that:

s1(tl1) = A, l = 0,1,2,3,4 (3.6.17)

s2(tl2) =
 A, if l = 1,2,3,4

B, if l = 5

To show this claim, we first consider player 1 with type t0
1 .

She knows the real state is ω1 and thus θ = 20. Since in this
case, A is strict dominant strategy for her, her optimal choice
is A. So s1(t0

1) = A.

Now, we consider player 2 with type t1
2 . He assigns probabil-

ity 4
5 (because given {ω1,ω2} the conditional probability that

{ω1} is the real state is 4
5 ) to playing game (1) in which player

1 is playing A. So, if he chooses A, he gets at least 16, while if
he chooses B, he gets at most 27

5 . Therefore, s2(t1
2) = A.

Next, suppose for l = 1,2,3, s2(tl2) = A. Consider player 1
with type tl1, l = 1,2,3. Because Pr(tl2|tl1) = Pr({ω2l−1,ω2l})

Pr({ω2l,ω2l+1}) =
4
5 , player 1 with type tl1, (l = 1,2,3) knows she is playing
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game (2) in which player 2 chooses A at least with proba-
bility 4

5 . Given this, Player 1’s best choice is also A, that is,

s1(tl1) = A. Moreover, suppose for l = 0,1,2,3, s1(tl1) = A.
Because Pr(tl1|tl+1

2 ) = Pr({ω2l,ω2l+1})
Pr({ω2l+1,ω2l+2}) =

4
5 , player 2 with type

tl2, (l = 1,2,3,4) knows he is playing game (2) in which player
1 chooses A at least with probability 4

5 . Given this, Player 2’s
best choice is also A, that is, s2(t1

2) = A.
Then, for player 2 with type t5

2 , he knows the real state is
ω9 and thus θ = 4. Since in this case, B is strict dominant
strategy for him, his optimal choice is B. So s2(t5

2) = B.
The most interesting part is to show s1(t4

1) = A. In this case,
player 1 assigns probability 4

5 to playing game (2) in which

player 2 chooses A and probability 1
5 to playing game (3) in

which player 2 chooses B. Then, if player 1 chooses A, she
gets 31

5 , while she gets 27
5 if she chooses B. So, s1(t4

1) = A.
Therefore, we have shown that the strategy profile described
above is a Nash equilibrium. Also, from the proof, we can see
that in each type, player i’s choice is the strict best reply to
player j’s strategy in terms of interim payoffs, so this Nash
equilibrium is unique.
Look at the Nash equilibrium strategy again. Unless the real
state isω9, both players will choose A. Therefore, the uncon-
ditional probability of both players choosing A in the equilib-
rium is 1− 4α.

3.6.10. This question asks you to fill in some of the details of the calcula-
tions in Example 3.5.2.

(a) What is the marginal density of x for x ∈ [−ε,20+ ε]?
Soln: Note that the marginal density of θ is

f(θ) =


1
20 , if θ ∈ [0,20],

0, otherwise.

The density of x condition on θ ∈ [0,20] is

f(x|θ) =


1
2ε , if x ∈ [θ − ε, θ + ε],
0, otherwise.

Hence the joint density of (θ,x) is

f(θ,x) = f(x|θ)f(θ) =


1
40ε , if θ ∈ [0,20], x ∈ [θ − ε, θ + ε],
0, otherwise.
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Note that for a given x, f(θ,x) > 0 if and only if θ ∈ [0,20]
and x ∈ [θ−ε, θ+ε], or equivalently, θ ∈ [0,20]∩[x−ε,x+ε].
This is illustrated by Display 3.6.1. Then the marginal density
of x is

f(x) =
∫∞
−∞
f(θ,x)dθ,

=
∫
[0,20]∩[x−ε,x+ε]

1
40ε

dθ.

If x ∈ [ε,20− ε], then

f(x) =
∫ x+ε
x−ε

1
40ε

dθ = 1
20
.

If x ∈ [−ε, ε), then

f(x) =
∫ x+ε

0

1
40ε

dθ = x + ε
40ε

.

If x ∈ (20− ε,20+ ε], then

f(x) =
∫ 20

x−ε
1

40ε
dθ = 20− x + ε

40ε
.

f (x) = 0 otherwise.

(b) What is expected value of θ conditional on x, for x ∈ [−ε,20+
ε]?
Soln:
Let’s first compute the density of θ conditional on x.

f(θ|x) = f(x, θ)
f(x)

=


1
x+ε · 1(θ ∈ [0, x + ε]), if x ∈ [−ε, ε),
1
2ε · 1(θ ∈ [x − ε,x + ε]), if x ∈ [ε,20− ε],

1
20−x+ε · 1(θ ∈ [x − ε,20]), if x ∈ (20− ε, ε],

where 1(·) is the indicator function.
The conditional expectation of θ is

E[θ|x] =
∫∞
−∞
θf(θ|x)dθ.

If x ∈ [ε,20− ε], then

E[θ|x] =
∫ x+ε
x−ε

θ · 1
2ε

dθ = x.
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ε
20

20− ε
20+ ε

−ε

x

θ

Display 3.6.1: (θ,x) is uniformly distributed over the gray area.

If x ∈ [−ε, ε), then

E[θ|x] =
∫ x+ε

0
θ · 1
x + εdθ = x + ε

2
.

If x ∈ (20− ε,20+ ε], then

E[θ|x] =
∫ 20

x−ε
θ · 1

20− x + εdθ = 20+ x − ε
2

.

(c) Derive player i’s posterior beliefs about player j’s signal xj ,
conditional on xi ∈ [−ε,20+ ε].
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xj
xi − 2ε xi + 2εxi

(a) xi ∈ [ε,20− ε]

xj−ε xi + 2εxi ε

(b) xi ∈ [−ε, ε)

Display 3.6.2: The conditional density f(xj|xi)

Soln:

f(xj|xi) =
∫ 20

0
f(xj , θ|xi)dθ,

=
∫ 20

0
f(xj|θ,xi)f (θ|xi)dθ,

=
∫ 20

0
f(xj|θ)f(θ|xi)dθ,

=
∫ 20

0

1
2ε
· 1(xj ∈ [θ − ε, θ + ε]) · f(θ|xi)dθ,

=
∫ 20

0

1
2ε
· 1(θ ∈ [xj − ε,xj + ε]) · f(θ|xi)dθ.

The third line holds because once conditional on θ, xi and xj
are independent.

If xi ∈ [ε,20− ε], then

f(xj|xi) =
∫ xi+ε
xi−ε

1
2ε
· 1(θ ∈ [xj − ε,xj + ε]) · 1

2ε
dθ,

=


∫ xi+ε
xj−ε

1
4ε2 dθ = xi−xj+2ε

4ε2 , if xi ≤ xj ≤ xi + 2ε,∫ xj+ε
xi−ε

1
4ε2 dθ = −xi+xj+2ε

4ε2 , if xi − 2ε ≤ xj < xi,
0, otherwise.

This is illustrated by panel (a) in Display 3.6.2.



June 29, 2017 69

If xi ∈ [−ε, ε), then

f(xj|xi) =
∫ xi+ε

0

1
2ε
· 1(θ ∈ [xj − ε,xj + ε]) · 1

xi + εdθ,

=



∫ xj+ε
xj−ε

1
2ε(xi+ε)dθ =

−xi+xj+2ε
2ε(xi+ε) , if ε < xj ≤ xi + 2ε,∫ xi+ε

0
1

2ε(xi+ε)dθ =
1
2ε , if xi ≤ xj ≤ ε,∫ xj+ε

0
1

2ε(xi+ε)dθ =
xj+ε

2ε(xi+ε) , if − ε ≤ xj < xi,
0, otherwise.

This is illustrated by panel (b) in Display 3.6.2.
If xi ∈ (20− ε,20+ ε], then

f(xj|xi) =
∫ 20

xi−ε
1
2ε
· 1(θ ∈ [xj − ε,xj + ε]) · 1

20− xi + εdθ,

=



−xi+xj+2ε
2ε(20−xi+ε) , if xi − 2ε ≤ xj < 20− ε,
1
2ε , if 20− ε ≤ xj < xi,

20−xj+ε
2ε(20−xi+ε) , if xi ≤ xj < 20+ ε,
0, otherwise.

Note that when xi ∈ [ε,20 − ε], player i’s posterior beliefs
about player j’s signal xj is symmetric around xi, but this
is not the case when player i’s signal is extreme. When xi ∈
[−ε, ε) player i believes that player j is more likely to receive
a larger signal, and when xi ∈ (20−ε,20+ε] player i believes
that player j is more likely to receive a smaller signal.
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Chapter 4

Existence and Foundations
for Nash Equilibrium

4.3.1. Consider the correspondence F : [−1,1]⇒ [−1,1] defined as

F(x) =
 (0,1) if x ≤ 0,

(0, x2 ] if x > 0.

(a) Prove that F is upperhemicontinuous (i.e., prove that for all
x ∈ [−1,1], for all open sets O ⊂ R satisfying F(x) ⊂ O, there
exists δ such that for all x′ ∈ (x−δ,x+δ)∩ [−1,1], F(x′) ⊂
O).
Soln: To prove that F(x) is upperhemicontinuous, we need
to show that it is upperhemicontinuous in [−1,0), {0} and
(0,1]. The correspondence is graphed in Display 4.3.1.
Case 1) x ∈ [−1,0): F(x) = (0,1)∀x ∈ [−1,0). Then for any
open set O, where F(x) ⊂ O, we have (0,1) ⊂ O. For any δ,
we have (x − δ,x + δ)∩ [−1,1] is a sub set of [−1,1], then it
follows that for any x′ ∈ (x−δ,x+δ)∩[−1,1], F(x′) ⊂ (0,1),
then we can conclude that F(x′) ⊂ O.
Case 2) x = 0: In this case F(x) = (0,1). Consider any open
set O which includes (0,1). For any x′ < x, the same argu-
ment as in case 1 applies, and one can find δ such that all x′
such that x′ > x−δ satisfies F(x′) ⊂ O. For x′ > x, note that
F(x′) ⊂ (0, 1

2]. Hence, trivially, for any δ, F(x′) ⊂ (0, 1
2] ⊂ O

if x′ < x + δ.
Case 3) x ∈ (0,1]: In this case F(x) = (0, x2 ]. Then for any
open set O, ∃E = (ε, ε) ⊂ O, (note that here ε ≤ 0) where
F(x) ⊂ E, we have (0, x2 ] ⊂ E ⇒ ε > x

2 , because E is open, but
F(x) is closed at x

2 . Define δ = ε − x
2 , since δ > 0, we have

71
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F(x)

x
0 1−1

1

Display 4.3.1: The correspondence F is upperhemicontinuous, but does not
have a closed graph

δ
2 < ε − x

2 ⇒ x
2 + δ

2 < ε. This implies that for any x′ ∈ (x −
δ,x + δ)∩ [−1,1], F(x′) < ε. Hence F(x′) ⊂ E ⇒ F(x′) ⊂ O.

These complete the proof that F(x) is upperhemicontinuous.

(b) Does F have a fixed point?

Soln: As we can see in the Display 4.3.2, there in no intersec-
tion between the correspondence and 45◦ line. So there is no
fixed point, i.e. 6 ∃x ∈ [−1,1] s.t. x ∈ F(x).

(c) Which hypothesis of Theorem 4.1.1 fails for F?

Soln: We showed that F(x) is upperhemicontinuous, however
it does not imply that F(x) has a closed graph.
To see this, consider the sequence of {xn = 1

n}∞n=2 and the

sequence of {yn = 1
2n}∞n=2. As n → ∞, xn converges to 0,

similarly as n → ∞, yn converges to 0; furthermore, we have
yn ∈ F(xn) ∀n; however 0 ∉ F(0), which implies F(x) does
not have a closed graph.

(d) (A simple exercise to clarify the definition of upperhemicon-
tinuity.) Consider the correspondences G : [−1,1] ⇒ [−1,1]
and H : [−1,1]⇒ [−1,1] defined as

G(x) =
(0,1), if x ≤ 0,(

0, x2
)
, if x > 0,
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F(x)

x
0 1−1

1

45◦

Display 4.3.2: F does not have a fixed point.

and

H(x) =
(0,1), if x ≤ 0,[
−x2 , x2

]
, if x > 0.

For which values of x is G not upperhemicontinuous? For
which values of x is H not upperhemicontinuous?
Soln: Refer to Display 4.3.3. G(x) is upperhemicontinuous
for values [−1,0], while it is not for values (0,1]. Unlike part
(a), the condition fails because G(x) is an open set for x ∈
(0,1]. By letting O = (0, x2 ), for any x′ > x, G(x′) = (0, x′2 ) 6⊂O.
As we see in Display 4.3.4, H(x) is not upperhemicontinuous
at 0. Because H(0) is an open set, we can define O = H(0) =
(0,1). Then we have H(0) ⊂ O. However for any x > 0,
−x
2 ∈ H(x) and −x

2 ∉ (0,1), which implies H(x) 6⊂ O for any
x > 0. We know in any neighborhood of x = 0,∃x′ > 0. For
all other values of x, H(x) is upperhemicontinuous.

4.3.2. (a) Suppose f : X × Y → R is a continuous function and X and Y
are compact subsets of R. Prove that

max
x∈X

min
y∈Y

f(x,y) ≤min
y∈Y

max
x∈X

f(x,y).

Give an example showing that the inequality can hold strictly
(it suffices to do this for X and Y each only containing two
points—recall matching pennies from Section 2.4.1).
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G(x)

x
0 1−1

1

Display 4.3.3: G(x)

H(x)

x
0 1−1

1

Display 4.3.4: H(x)
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Soln: Let
x∗ ∈ arg max

x∈X
min
y∈Y

f(x,y).

Then
max
x∈X

min
y∈Y

f(x,y) =min
y∈Y

f(x∗, y).

Since
f(x∗, y) ≤max

x∈X
f(x,y) for all y ∈ Y ,

we have

max
x∈X

min
y∈Y

f(x,y) =min
y∈Y

f(x∗, y) ≤min
y∈Y

max
x∈X

f(x,y).

Consider the following example:

X = Y = {0,1}; f(x,y) = 1{x=y}.

Here maxx∈X miny∈Y f(x,y) = 0 while miny∈Y maxx∈X f(x,y) =
1, and so the inequality can be strict.

(b) von Neumann’s celebrated Minmax Theorem states the fol-
lowing equality: Suppose X and Y are finite sets, f : X ×
Y → R, and f : ∆(X) × ∆(Y) → R is given by f(α,β) =∑
x,y f(x,y)α(x)β(y). Then,

max
α∈∆(X)

min
β∈∆(Y)

f(α,β) = min
β∈∆(Y)

max
α∈∆(X)

f(α,β).

Prove this theorem by applying Theorem 4.1.3 to the game G
given by S1 = X, S2 = Y , u1(s1, s2) = f(s1, s2), and u2(s1, s2) =
−u1(s1, s2).1 (Any two-player normal form game satisfying
u1(s) = −u2(s) for all s ∈ S is said to be zero sum.)
Soln: Proving von Neumann’s Minmax Theorem is equivalent
to showing that in the finite zero-sum game G, the following
equality holds:

max
σ1∈∆(S1)

min
σ2∈∆(S2)

u1(σ1, σ2) = min
σ2∈∆(S2)

max
σ1∈∆(S1)

u1(σ1, σ2).

By Theorem 4.1.3., the zero-sum game has a Nash equilibrium
(σN1 , σ

N
2 ). Then

u1(σN1 , σ
N
2 ) =max

σ1

u1(σ1, σN2 ), (4.3.1)

u2(σN1 , σ
N
2 ) =max

σ2

u2(σN1 , σ2). (4.3.2)

1 von Neumann’s original argument (1928), significantly predates Nash’s existence the-
orem, and the result is true more generally. There are elementary proofs of the minmax
theorem (based on the basic separating hyperplane theorem) that do not rely on a fixed
point theorem. See, for example, Owen (1982, §II.4) for the finite dimensional case, and
Ben-El-Mechaiekh and Dimand (2011) for the general case.
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But since u2(σ1, σ2) = −u1(σ1, σ2) for all (σ1, σ2), equation
(4.3.2) implies

u1(σN1 , σ
N
2 ) =min

σ2
u1(σN1 , σ2). (4.3.3)

Therefore, equations (4.3.1) and (4.3.3) imply

max
σ1

min
σ2
u1(σ1, σ2) ≥min

σ2
u1(σN1 , σ2)

= u1(σN1 , σ
N
2 )

=max
σ1

u1(σ1, σN2 ) ≥min
σ2

max
σ1

u1(σ1, σ2).

(4.3.4)

Together with the inequality in part4.3.2(a), we get

max
σ1∈∆(S1)

min
σ2∈∆(S2)

u1(σ1, σ2) = min
σ2∈∆(S2)

max
σ1∈∆(S1)

u1(σ1, σ2).

(c) Prove that (σ∗1 , σ
∗
2 ) is a Nash equilibrium of a zero sum game

if and only if σ∗i is a security strategy for player i, and that
player i’s security level vi is given by i’s payoff in any Nash
equilibrium. (Compare with problem 2.6.13.)

Soln: We first prove that (σ∗1 , σ
∗
2 ) is a Nash equilibrium of G

if and only if σ∗i is a security strategy for player i.

i. ( =⇒): Suppose (σ∗1 , σ
∗
2 ) is a Nash equilibrium of the game.

Then (4.3.4) holds if we replace σNi with σ∗i . Moreover, by
the Minmax Theorem we just proved, all the weak inequal-
ities in (4.3.4) should hold in equality. In particular,

max
σ1

min
σ2
u1(σ1, σ2) =min

σ2
u1(σ∗1 , σ2).

Therefore, σ∗1 is player 1’s security strategy. Similarly it
can be shown that σ∗2 is player 2’s security strategy.
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ii. (⇐= ): Suppose σ∗i is player i’s security strategy. Then

u1(σ∗1 , σ
∗
2 ) ≥min

σ2
u1(σ∗1 , σ2)

=max
σ1

min
σ2
u1(σ1, σ2)

(by the definition of security strategy)
=min

σ2
max
σ1

u1(σ1, σ2)

(by Minmax Theorem)
= −max

σ2

min
σ1
u2(σ1, σ2)

= −min
σ1
u2(σ1, σ∗2 )

(by the definition of security strategy)
=max

σ1

u1(σ1, σ∗2 )

So u1(σ∗1 , σ
∗
2 ) achieves the maximum of u1(σ1, σ∗2 ); in

other words, σ∗1 is a best response to σ∗2 . Similarly we
can show the reverse. Therefore (σ∗1 , σ

∗
2 ) is a Nash equi-

librium of the game.

Now we prove that player i’s security level vi is given by i’s
payoff in any Nash equilibrium. Let σ∗i denote player i’s secu-
rity strategy and we just prove that (σ∗1 , σ

∗
2 ) is a Nash equi-

librium. Consider player 1’s security level:

v1 =max
σ1

min
σ2
u1(σ1, σ2),

=min
σ2
u1(σ∗1 , σ2),

(by the definition of security strategy)
= −max

σ2

u2(σ∗1 , σ2),

= −u2(σ∗1 , σ
∗
2 ),

(by the definition of Nash equilibrium)
= u1(σ∗1 , σ

∗
2 ),

where u1(σ∗1 , σ
∗
2 ) gives player 1’s equilibrium payoff. By the

same argument we can show that v2 = u2(σ∗1 , σ
∗
2 ).

(d) Prove the following generalization of Problem 2.6.13(b): Sup-
pose a two-player normal form game (not necessarily zero
sum) has a unique Nash equilibrium, and each player’s Nash
equilibrium strategy and security strategy are both completely
mixed. Prove that each player’s security level is given by
his/her Nash equilibrium payoff.
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Soln: Let G = {(Si, ui)}i=1,2 be the original game. Define a
new game G′ = {(S′i , u′i)}i=1,2 as

S′i = Si, i = 1,2; u′1 = u1, u′2 = −u1.

Note that G′ is a zero-sum game. Since G and G′ have the
same payoff function for player 1 and the same strategy space,
if σ∗1 is player 1’s security strategy in G, it is also his security
strategy in G′. Moreover, player 1’s security levels are the
same in G and G′, denoted as v1. Let σ̂2 be player 2’s secu-
rity strategy in G′. By the previous parts that we have proved,
(σ∗1 , σ̂2) is a Nash equilibrium of G′ and the security level is
given by the Nash equilibrium payoff of G′ (because again,
inequalities in (4.3.4) hold in equalities), i.e.,

v1 = u1(σ∗1 , σ̂2).

Since σ∗1 is a completely mixed equilibrium strategy, player 1
is indifferent among all his actions. Thus

u1(s1, σ̂2) = v1, ∀s1 ∈ S1. (4.3.5)

When player 1 plays σN1 , player 2 is indifferent over all her
pure actions in the game G, and so she is willing to randomize
according to σ̂2. From (4.3.5), player 1 is willing to randomize
when 2 plays σ̂2, and so (σN1 , σ̂2) is a Nash equilibrium of G.
But by hypothesis, the equilibrium is unique, and so σN2 = σ̂2,
and so

v1 = u1(σ∗1 , σ̂2) = u1(s1, σN2 ) = u1(σN1 , σ
N
2 ).

Symmetric argument shows that v2 is given by u2(σN1 , σ
N
2 ).

(Observation: The assumption that the game has a unique
Nash equilibrium in completely mixed strategies implies that
|S1| = |S2|. This is necessary in order for a system of linear
equations to have a unique solution.)

4.3.3. (a) Prove that every finite extensive form game has a subgame
perfect equilibrium.

(b) (Harris, Reny, and Robson, 1995, Section 2.1) Verify that the
following two-stage extensive-form game does not have a sub-
game perfect equilibrium (it is worth noting that this game
has continuous payoffs and compact actions spaces). There
are four players. In stage 1, players 1 and 2 simultaneously
choose a1 ∈ [−1,1] and a2 ∈ {L,R} respectively. In stage 2,
players 3 and 4 are informed of the choices of players 1 and 2,
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and then simultaneously choose a3 ∈ {L,R} and a4 ∈ {L,R}
respectively. Payoffs are

u1(a1, a2, a3, a4) =
−|a1| − 1

2 |a1|2, if a2 = a3 and a3 = a4,
|a1| − 1

2 |a1|2, if a2 ≠ a3 and a3 = a4,
−|a1| − 10− 1

2 |a1|2, if a2 = a3 and a3 ≠ a4,
|a1| − 10− 1

2 |a1|2, if a2 ≠ a3 and a3 ≠ a4,

u2(a1, a2, a3, a4) =


1, if a2 = a3 = L,
−1, if a2 = L,a3 = R,

2, if a2 = a3 = R,
−2, if a2 = R,a3 = L,

u3(a1, a2, a3, a4) =
{
a1, if a3 = L,
−a1, if a3 = R,

and

u4(a1, a2, a3, a4) =
{
a1, if a4 = L,
−a1, if a4 = R.

(c) (Luttmer and Mariotti, 2003) Prove that the following contin-
uous game with perfect information does not have a subgame
perfect equilibrium. The game has five stages. In stage 1,
player 1 chooses a1 ∈ [0,1]. In stage 2, player 2, know-
ing player 1’s choice, chooses a2 ∈ [0,1]. In stage 3, Na-
ture chooses x by randomizing uniformly over the interval
[−2+a1+a2, 2−a1−a2]. After observing x, player 3 chooses
between U and D. The choice of D ends the game, resulting in
payoffs (a1,2a2,1,1). After U , player 4, knowing everything
that has happened, chooses between u and d, with u yielding
payoffs (2a1, a2,2,0) and d yielding payoffs (0,0,0, x).

4.3.4. Consider a first price sealed bid auction with private values. There
are two bidders with values v1 < v2. These values are common
knowledge. Prove that this auction has no pure strategy equilib-
rium. Characterize the set of mixed strategy equilibria. [Hint:
In these equilibria, bidder 2 plays a pure strategy and wins with
probability 1.]

Soln: For the first part, suppose (b1, b2) is a pure strategy equilib-
rium of this game. Suppose b1 = b2 = b. If b < v2, then bidder
2 (v2) has incentive to outbid the other player and avoid tie. If
b ≥ v2, then bidder 1 (v1) has incentive to lower his bid and avoid
loss. Hence, b1 ≠ b2. However, in this case, there is a single winner
whose payoff is vi − bi. If vi − bi < 0, then he deviates to a losing
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bid. If vi − bi ≥ 0, then he has a profitable deviation to lower his
bid without switching to losing. Therefore, no pure strategy pair
is an equilibrium.

To characterize the mixed strategy equilibria, we first show that
in no equilibrium, bidder 1 has positive probability of winning.
Suppose with some bid b1, the bidder 1 is winning with positive
probability. If the payoff is strictly negative, v1 − b1 < 0, then the
bidder 1 is better off not winning than bidding b1. Hence, he will
not put positive probability on such bids. If v1 − b1 ≥ 0, then the
bidder 2 has strictly positive gain from winning against bidder 1,
and he will deviate to avoid positive probability of losing against
the bidder.

Therefore, in any equilibria, bidder 2 is winning with probability 1.
Since this is the case, bidder 2 will play pure strategy, because no
two bids give him the same payoff. Let bidder 2’s pure strategy be
b2. Since the equilibrium has to involve usage of mixed strategy,
bidder 1 is playing mixed strategy, for which the distribution is F .
Denote b =min supp(F), and b̄ =max supp(F). b may be 0.

b̄ = b2 otherwise bidder 2 wants to lower b2. b̄ should not have
atom otherwise bidder 2 wants to bid up and avoid ties. b̄ < v2

otherwise bidder 2 wants to lower b2 to get positive payoff.

Now, consider any b ∈ [b, b̄). Bidder 2 should not have incentive
to deviate to any b. This is guaranteed by showing that any bid
b in the region is not a profitable deviation compared to (v2 − b̄).
That is, for any b, the following should be true:

u2(v2, F, b) =
(
Pr(b1 < b)+ 1

2
Pr(b1 = b)

)
(v2 − b) ≤ v2 − b̄.

If Pr(b1 = b) > 0, then bidder 2 has incentive to bid slightly
higher than b to avoid ties. Therefore, any bid b ∈ [b, b̄) where
Pr(b1 = b) = 0 (no atom) provides an upper bound to profitable
deviation profit bidder 2 can achieve. Since there can be only
countably many atoms in an interval, F must satisfy, for almost
all b,

u2(v2, F, b) ≤ F(b)(v2 − b) ≤ v2 − b̄.
Therefore, F should satisfy

F(b) ≤ v2 − b̄
v2 − b .

There may be numerous atoms, but the size of atom at b must be

less than v2−b̄
v2−b for obvious reason. Furthermore, the jumps have to

decrease down to 0: Pr(b1 = b) ≤ Pr(b1 ≥ b) ≤ Pr(b1 > b − ε) =
1− F(b − ε), and 1− F(b − ε) goes to 0 as b → b̄ and ε → 0.
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Another observation from F is that 1 − F(b) = Pr(b1 > b) ≥
b̄−b
v2−b ; that is, bidder 1 has to put high bid with reasonably high
probability.

4.3.5. Two psychologists have to choose locations on a portion of In-
terstate 5 running through California and Oregon. The relevant
portion of Interstate 5 is represented by the interval [0,4]; the
California portion is represented by [0,3] and the Oregon portion
by [3,4]. There is a continuum of potential clients, uniformly dis-
tributed on the Interstate; each client patronizes the psychologist
located closest to him (irrespective of state). If the two psychol-
ogists are at the same location, each receives half the market. Fi-
nally, assume each psychologist chooses location to maximize his
or her number of clients.

(a) (The classic Hotelling location model.) Suppose both psychol-
ogists are licensed to practice in both states, and so can locate
anywhere in the interval [0,4]. What is the pure strategy equi-
librium? Is it unique?
Soln: Let si ∈ [0,4] denote the strategy of psychologist i for
i = 1,2. The unique pure strategy Nash equilibrium is (2,2).
Suppose (s∗1 , s

∗
2 ) is a pure strategy Nash equilibrium. First I

will show that s∗1 = s∗2 . Suppose not, then there exists psy-
chologist i such that s∗i > s

∗
j . Note that psychologist i’s pay-

off from choosing s∗i is

ui(s∗i , s
∗
j ) = 4− s∗i +

s∗i − s∗j
2

.

However, for any 0 < ε < s∗i −s∗j , psychologist i’s payoff from
choosing s∗i − ε is

ui(s∗i − ε, s∗j ) = 4− s∗i + ε+
s∗i − s∗j − ε

2
,

= 4− s∗i +
s∗i − s∗j

2
+ ε

2
,

> ui(s∗i , s
∗
j ).

That is, s∗i − ε is a profitable deviation for psychologist i,
which contradicts to that (s∗1 , s

∗
2 ) is a Nash equilibrium. Hence

s∗1 = s∗2 .
Second I will show that s∗1 = s∗2 = 2. Suppose that s∗1 = s∗2 < 2,
then psychologist i’s payoff from choosing s∗i is ui(s∗i , s

∗
j ) =

2, while his payoff from choosing 2 is ui(2, s∗j ) = 2 + 2−s∗j
2 >
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2. That is, 2 is a profitable deviation for psychologist i, a
contradiction. Hence s∗1 = s∗2 ≥ 2. By the same argument, one
can show that s∗1 = s∗2 ≤ 2. Hence s∗1 = s∗2 = 2 is the unique
pure strategy Nash equilibrium.

(b) Suppose now that one psychologist is only licensed to prac-
tice in California (so his/her location is restricted to [0,3]),
while the other is licensed to practice in both states. How
does this change your answer to part 4.3.5(a)?

Soln: Suppose that psychologist 1 is only licensed to practice
in California, i.e., s1 ∈ [1,3]. Note that the proof in part (a) is
still valid here. In order to show that s∗1 = s∗2 , we argued that
otherwise there exists psychologist i with s∗i > s

∗
j and s∗i − ε,

where ε > 0 is sufficiently small, is a profitable deviation for
him. Since psychologist 2’s strategy space remains the same,
we only need to check when i = 1 whether s∗1 − ε is still in
psychologist 1’s strategy space. This is obvious since s∗1 −ε <
s∗1 ≤ 3. Hence we still have s∗1 = s∗2 in equilibrium. Similarly,
since 2 ∈ [0,3] the arguments for s∗1 = s∗2 = 2 still hold. In
summary, the unique pure strategy Nash equilibrium is (2,2).

(c) (The next two parts are based on Simon and Zame (1990).)
Suppose that one psychologist is only licensed to practice in
California, while the other is only licensed to practice in Ore-
gon. Prove that this game now has no equilibrium (in either
pure or mixed strategies).

Soln: Suppose that psychologist 1 is only licensed in Cali-
fornia and psychologist 2 is only licensed in Oregon. Then
psychologist 1’s strategy, F1, is a probability distribution over
[0,3] and psychologist 2’s strategy, F2, is a probability distri-
bution over [3,4].
First consider psychologist 2. Psychologist 2 has a strictly
dominant strategy, s2 = 3. To see this, note that for any s1 <
3, psychologist 2’s payoff from choosing s2 is

u2(s1, s2) = 4− s2 + s2 − s1
2

= 4− s2 + s1
2

,

which is strictly decreasing in s2 and achieves its maximum
at s2 = 3. Suppose s1 = 3 then psychologist 2’s payoff from
choosing s2 > 3 is

u2(3, s2) = 4− s2 + s2 − 3
2

= −s2 + 5
2

< 1,
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and his payoff from choosing s2 = 3 is u2(s1, s2) = 2. That is,
for any s2 ≠ 3

u2(s1,3) > u2(s1, s2), ∀s1.
Hence for any s2 ≠ 3,∫ 3

0
u2(s1,3)dF1(s1) >

∫ 3

0
u2(s1, s2)dF1(s1), ∀F1.

Then in any Nash equilibrium, psychologist 2 must choose
s2 = 3.
Now consider psychologist 1. We claim that psychologist 1
has no best reply against s2 = 3. To see this, note that psy-
chologist 1’s payoff from choosing s1 < 3 is

u1(s1,3) = s1 + 3
2

,

which is strictly increasing in s1. His payoff from choosing
s1 = 3 is

u1(3,3) = 2.

For s1 < 3 any s′1 such that s1 < s′1 < 3 gives psychologist 1
a higher payoff. For s1 = 3, any s′1 such that 1 < s′1 < 3 gives
him a higher payoff:

u1(s′1,3) =
s′1 + 3

2
> 2.

Hence there is no Nash equilibrium.

(d) Finally, maintain the licensing assumptions of part 4.3.5(c),
but suppose that when the two psychologists both locate at
3, the Californian psychologist receives 3

4 of the market. What
is the pure strategy equilibrium?
Soln: Suppose that psychologist 1 is only licensed to prac-
tice in California, i.e., s1 ∈ [0,3]. It is easy to see that play-
ing s1 = 3 is a strictly dominant strategy for psychologist 1;
psychologist 1’s payoff from playing s1 = 3 when psycholo-

gist 2 playes s2 > 3 is u1(3, s2) = 3 +
(
s2−3

2

)
, and when psy-

chologist 2 playes s2 = 3 is u1(3,3) = 4 ×
(

3
4

)
= 3, which

can be written as u1(3, s2) = 3 +
(
s2−3

2

)
. His payoff from

any s1 ∈ [0,3) is u1(s1, s2) = s1 +
(
s2−s1

2

)
. By compering

these, we can see that u1(3, s2) = 3 +
(
s2−3

2

)
is strictly larger
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than u1(s1, s2) = s1 +
(
s2−s1

2

)
for any s1 ∈ [0,3) and for any

s2 ∈ [3,4]. Similarly psychologist 2 has strictly dominant
strategy s2 = 3, because psychologist 2’s payoff when psy-

chologist 1 playes s1 < 3 is u2(s1,3) = 1 +
(

3−s1
2

)
, and when

psychologist 1 playes s1 = 3 is u2(3,3) = 4 ×
(

1
4

)
= 1, which

can be written as u2(s1,3) = 1 +
(

3−s1
2

)
. His payoff from any

s2 ∈ (3,4] is u2(s1, s2) = (4− s2) +
(
s2−s1

2

)
. By compering

these, we can see that u2(s1,3) = 1 +
(

3−s1
2

)
is strictly larger

than u2(s1, s2) = (4− s2)+
(
s2−s1

2

)
for any s1 ∈ [0,3] and for

any s2 ∈ (3,4]. Hence the only equilibrium is (3,3).

4.3.6. This question asks you to fill in the details of Example 4.1.1.

(a) Prove that in any equilibrium, any bidder with value
¯
v must

bid
¯
v .

Soln: Fix an equilibrium strategy profile σ = (σ1, σ2). Let
Ui(b, v,σj) be the interim payoff of player i from bidding
b when his value is v given σj . Let bi be the minimum of
the support(σi(v)) ∪ support(σi(v)). We now show that
b1 = b2 = v in two steps.

Step 1 b1 = b2 ≡ b.
Suppose not, and assume without loss of generality that b1 <
b2. We consider the following cases:

i. b2 > v : Since Pr(1 bids b < b2) > 0, every bid by player
2 wins with positive probability. Hence player 2 with v
must win with positive probability, and that implies player
2 with v must bid no more than his value. Therefore
b2 > v cannot be the case in equilibrium.

ii. b2 < v : Fix any b′ ∈ (b2, v), then Pr(2 bids s < b′) > 0.
Then for player 1, bidding b′ gives strictly positive payoff
to him regardless of his value. But since player 1 makes
zero payoff by bidding any b ∈ [b1, b2), therefore it is
suboptimal for player 1. Since Pr(1 bids b < b2) > 0, it
cannot be sustained as an equilibrium.

iii. b2 = v : This implies player 2 with v is bidding his value,
hence making zero payoff. Fix any b′′ ∈ (b1, v). Then
since Pr(1 bids s < b′′) > 0 and bidding b′′ gives strictly
positive payoff to player 2 with v . Therefore for player 2
with v , bidding his value is suboptimal.
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Since b1 < b2 leads to a contradiction, we have shown that
b1 = b2 ≡ b.

Step 2 b = v .
Suppose not, and consider the following cases:

i. b > v : In order for this to be the case, each player with v
must believe that he is losing for sure (if he believes that
he is winning with positive probability, then bidding more
than his value gives negative payoff, hence it is subopti-
mal because there always exists option to bid zero). But
since distributions of value are independent, with prob-
ability of 1

4 both players have v , and there always exists
a winner of the auction. Therefore there exists a player
who has positive winning probability when his value is v ,
which leads to a contradiction.

ii. b < v , and Pr(σi = b) ≡ ρi > 0 for some i = 1,2: Sup-
pose WLOG that player 1 has an atom at b. Then player
2 finds bidding b suboptimal, since bidding b + ε for suf-
ficiently small ε > 0 increases the winning probability by
an order of ρi

2 for just a marginally higher price. There-
fore Pr(2 bids b) = 0.
Then for player 1, bidding b gives zero winning probabil-
ity, hence zero payoff. Fix any b̃ ∈ (b, v). Then since
Pr(2 bids s < b̃) > 0, player 1 can get positive payoff
by bidding b̃, therefore bidding b is suboptimal for him.
Since Pr(player i bids b) > 0, given strategy profile can-
not be sustained as an equilibrium.

iii. b < v , and Pr(σi = b) = 0 ∀i = 1,2: Now we look at the
case where both players do not have an atom at b. First
we prove the following claim:
Claim 4.0.1. Suppose b < v and both players do not have
an atom at b. Then for all i = 1,2, ∃δ′i > 0 such that
bidding any value in [b, b + δ′i) is suboptimal for player i.

Proof. Fix any i ∈ {1,2}. Note that since there is no
atom at b, for any ε > 0, there exists δ > 0 such that
Pr(player j bids bj < b+δ) < ε. LetMi =minv∈{v,v} supb Ui(b, v,σj).
Since b < v , bidding b ∈ (b, v) gives player i posi-
tive winning probability, hence it gives positive pay-
off regardless of his value. Therefore Mi > 0. Let
εi = Mi

2(v−b) , then there exists δi > 0 such that for all
b ∈ [b, b + δi),
Ui(b, v,σj) < Pr(player j bids bj < b + δi)(v − b)

< εi(v − b) < M,
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hence there exists a bid which gives strictly greater
payoff than any [b, b + δi) to player i, hence bidding
any bid in [b, b + δi) is suboptimal for him. �

Since both player do not have an atom at b, in order for σ
to be a equilibrium strategy profile, for each player there
exists a sequence of optimal bid which is converging to b.
But by claim, we can find a neighborhood of b such that
all bids in the neighborhood are suboptimal. Therefore
we have derived a contradiction.

By above argument, we have shown that b = v . Now it re-
mains show that v player do not bid more than his value.
However by bidding b̂ > b gives negative payoff to v player,
since b = v implies that b̂ > b gives him positive winning
probability. Therefore we have derived the result.

(b) Prove that there is no equilibrium in pure strategies.
Soln: If b1(v) = b2(v) < v , Then any player has a profitable
deviation to bid b′i(v) = bi(v)+ ε, since this implies winning
the auction with probability one for a marginally higher price.
If b1(v) = b2(v) = v , then both players make zero profit
when their values are both v . Then, any player has an incen-
tive to bid b′i(v) ∈ (v,v). Although this deviation still gives
zero profit to him when the opponent’s value is vj = v , it
gives strictly greater payoff when vj = v from same winning
probability and lower price.
For b1(v) ≠ b2(v), let bi(v) = max{b1(v), b2(v)} > bj(v).
Then the player i has an incentive to bid any b′i ∈ (bj(v), bi(v))
if vi = v . Since he still wins the auction with probability one
but at lower price, it is a profitable deviation.

(c) Prove that in any mixed strategy equilibrium, the minimum of
the support of F2 is given by

¯
v .

Soln: Recall that bidder i bids according to the distribution
Fi at the equilibrium, when vi = v̄ . Define bi = inf{bi ∈ R+ :
Fi(bi) > 0}.
We first consider the case that b1 ≠ b2. Without loss of gen-
erality assume b1 > b2. Then we have the following cases:

i. b2 < v : We already showed in (a) that this cannot be the
case.

ii. b2 > v . Then ∃ε > 0 but small, such that b2 + ε < b1.
For any b2 ∈

[
b2, b2 + ε

] ∩ support(F2), U2(b2, v̄, F1) =
1
2(v̄ − b2) ≤ 1

2(v̄ − b2). Then we can find a profitable
deviation for bidder 2 by bidding at v + δ < b2, where
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δ > 0, because U2(v+δ, v̄, F1) = 1
2(v̄−v−δ) > 1

2(v̄−b2).
Given Pr(

[
b2, b2 + ε

]∩support(F2)) > 0, this case cannot
be part of an equilibrium.

Therefore, b2 = v . That is, min{b1, b2} = v .
Now, if we maintain the assumption that b1 > b2 = v , we have
Pr(v < σ2 < b1) = 0. To see this, let (β, γ) be a strict subset of
(v, b1) and Pr(σ2 ∈ (β, γ)) > 0. Then we can find an η > 0 but
small such that v+η is a profitable deviation from any bids in
(β, γ), because bidding v + η gives bidder 2 same probability
to win as those bids in (β, γ) with lower price. Therefore,
Pr(σ2 = v) > 0 by the above argument, which implies that v+
υ < b1, where υ > 0, is a profitable deviation to any bids in the
neighborhood of b1. By the definition of b1, we find positive
measure bids in support(F1) is suboptimal. So, this case
cannot be part of an equilibrium. Therefore, max{b1, b2} = v .
We now consider when b1 = b2 = b. We consider following
cases:

i. b < v : We already showed in (a) that this cannot be the
case.

ii. b > v and Pr(σ1(v) = b) = Pr(σ2(v) = b) = 0. Then for a
very small ε > 0, U2(b2, v̄, F1) = 1

2(v̄ − b2)+ 1
2F1(b2)(v̄ −

b2), for any b2 ∈
[
b,b + ε]∩ support(F2). Now, because

1
2(v̄ − b2) ≤ 1

2(v̄ − b) < 1
2(v̄ − v), we can find δ > 0,

such that 1
2(v̄ − v − δ) > 1

2(v̄ − b2). Therefore, as ε small

enough, we have 1
2(v̄ − v − δ) > U2(b2, v̄, F1) for any

b2 ∈
[
b,b + ε] ∩ support(F2). Because Pr(

[
b,b + ε] ∩

support(F2)) > 0, this case cannot be part of an equilib-
rium.

iii. b > v and at least one bidder, say bidder 1 has Pr(σ1(v) =
b) > 0. If Pr(σ2 = b) = 0, then b1 = v + δ, where δ > 0
but small, will be a profitable deviation; if Pr(σ2 = b) > 0,
then b2 = b + ε, where ε > 0 but small will be a prof-
itable deviation. Therefore, this case cannot be part of an
equilibrium.

By the argument above, it is obvious that b1 = b2 = v .

(d) Prove that it is not optimal for v̄ to bid
¯
v .

Soln: From (a) and (c), we know that in any equilibrium, for
any j = 1,2, σj(v) = v and σj(v) follows distribution Fj
which has v as a minimum of its support. Then we have

Ui(v,v,σj) = 1
2
(
1
2
(v−v))+1

2
(
1
2
(v−v)Fj(v)) = 1

4
(v−v)(1+Fj(v))
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and

Ui(v+ε, v,σj) = 1
2
(v−v−ε)(1+Fj(v+ε))+1

4
(v−v−ε)Pr(σj(v) = v+ε)

for small ε > 0. By continuity of probability, we have limε→0 F2(v+
ε) = F2(v). Also for any δ > 0, ∃γ > 0 such that Pr(σj(v) =
v + γ′) < δ for any γ′ ∈ [0, γ]. Therefore limε→0Ui(v +
ε, v,σj) = 1

2(v − v)(1 + F2(v)) > 1
4(v − v)(1 + F2(v)) =

Ui(v,v,σj), and there exists ε′ > 0 such that bidding v + ε′
gives strictly greater utility than from bidding v for v .

(e) Prove that the symmetric profile in which each bidder bids
¯
v

if v =
¯
v , and according to the distribution function F(b) =

(b −
¯
v)/(v̄ − b) if v = v̄ is a Nash equilibrium.

Soln: Under the given strategy profile, player i’s interim pay-
off when vi = v and vi = v is given by

ui(b, v,σj)
{
< 0, if b > v,
= 0, if b ≤ v.

and

ui(b, v,σj)


< 1

2(v − v), if b > v+v
2 ,

= 1
2(v − v), if v < b ≤ v+v

2 ,
= 1

4(v − v), if b = v,
= 0, if b < v.

Therefore each player’s strategy in the profile is an element of
best reply correspondence, hence the given profile is a Nash
equilibrium.

4.3.7. A variant of Example 4.1.1. The two bidders have independent
private values drawn independently and identically from the com-
mon three point set {v1, v2, v3}, with v1 < v2 < v3. The common
distribution assigns probability pk to value vk, k = 1,2,3. There
is a symmetric equilibrium in which the low value bidders bid v1,
the mid value bidders randomize over a support [v1, b̄2], and the
high value bidders randomize over a support [b̄2, b̄3]. Fully de-
scribe the equilibrium, and verify that it is indeed an equilibrium.

Soln: In the candidate symmetric equilibrium, type v2 bidder is in-
different over all bids in (v1, b̄2], and v3 bidder is indifferent over
all bids in (b̄2, b̄3]. Let F2 and F3 be the probability distribution of
bids by v2 and v3 bidder, respectively. The indifference condition
for v2 bidder gives

(p1 + p2)(v2 − b̄2) = (p2F2(b)+ p1)(v2 − b), ∀b ∈ (v1, b̄2].
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In the symmetric equilibrium, the distributions F2 and F3 have no
atoms, anywhere in the support. Hence, F2(v1) = 0, and is contin-
uously increasing up till F2(b̄2) = 1. Using this fact, one can let b
in the RHS approach v1 and conclude,

(p2F2(b)+ p1)(v2 − b) = p1(v2 − v1), ∀b ∈ (v1, b̄2].

Solving for F2,

F2(b) = p1(v2 − v1)
p2(v2 − b) −

p1

p2
.

Note that F2(v1) is 0 as desired, and that F2 is a strictly increasing
function of b. Therefore, the indifference condition naturally pins
down the upper bound of the support:

F(b̄2) = p1(v2 − v1)
p2(v2 − b̄2)

− p1

p2
= 1,

(p2 + p1)(v2 − b̄2) = p1(v2 − v1),

b̄2 = v2 − p1

p1 + p2
(v2 − v1) = p1v1 + p2v2

p1 + p2
.

Similarly, the condition that v3 bidder is indifferent over all bids
in (b̄2, b̄3] yields the following condition:

(p1+p2+p3F3(b))(v3−b) = (p1+p2)(v3−b̄2) = (p1+p2+p3)(v3−b̄3).

The first equality pins down the distribution,

F3(b) = p1 + p2

p3

v3 − b̄2

v3 − b −
p1 + p2

p3
,

and the second equality pins down the value of b̄3 (or you might
as well use the condition F3(b̄3) = 1, which yields the same result):

(p1 + p2)v3 − (p1 + p2)b̄2 = (p1 + p2 + p3)v3 − (p1 + p2 + p3)b̄3,

(p1 + p2 + p3)b̄3 − (p1 + p2)b̄2 = p3v3,

b̄3 = p3

p1 + p2 + p3
v3 + p1 + p2

p1 + p2 + p3
b̄2.

Substituting in the value of b̄2,

b̄3 = p1v1 + p2v2 + p3v3

p1 + p2 + p3
.

In this symmetric equilibrium, v1 bidder’s expected payoff is 0, v2

bidder’s expected payoff is p1(v2−v1), while v3 bidder’s expected
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payoff is (p1 + p2)(v3 − b̄2) = p1(v3 − v1)+ p2(v3 − v2). Clearly,
v1 bidder does not deviate to a higher bid which generates posi-
tive probability of negative payoff. v2 and v3 does not bid below
v1, which has 0 probability of winning, or p1 chance of tying with
v1 competitor. Furthermore, they do not bid strictly above b̄3 be-
cause bidding b̄3 guarantees win, but the payoff is strictly higher
than any bid above.

Need only check if b ∈ (v1, b̄2] is profitable for v3, or b ∈ (b̄2, b̄3]
is profitable for v2. In fact, when v3 bidder bids b ∈ (v1, b̄2], his
expected payoff is,

(p1 + p2F2(b))(v3 − b) = p1
v2 − v1

v2 − b (v3 − b),

which is strictly increasing in b, and its value at b̄2 is precisely
(p1 + p2)(v3 − b̄2) = p1(v3 − v1)+ p2(v3 − v2). Hence, v3 bidder
does not deviate.

Similarly, when v2 bidder bids b ∈ (b̄2, b̄3],

(p1 + p2 + p3F3(b))(v2 − b) = (p1 + p2)
v3 − b̄2

v3 − b (v2 − b),

which is strictly decreasing in b, and its limit value at b = b̄2 is
(p1 + p2)(v2 − b̄2) = p1(v2 − v1).

4.3.8. Consider again the two bidder sealed bid auction of Example 3.3.1,
but with a different valuation structure. In particular, the two bid-
ders valuations are independent draws from the interval [1,2],
with each bidder’s valuation being a uniform draw from that in-
terval with probability p ∈ (0,1) and with complementary proba-
bility 1− p equaling some v∗ ∈ [1,2].
(a) Suppose v∗ = 1. What is the symmetric Nash equilibrium?

[Hint: What must v∗ bid?]
Soln: Bidder v∗ has to bid 1. Intuitively, if they both bid less
than 1, then one of the v∗ bidder wants to raise the bid and
win against the other v∗ bidder. If they both bid more than
1, they incur positive probability of loss.
Suppose there is cotinuous equilibrium strategy σ(v) for v >
1. Bidder v ’s payoff when she bids instead as type s is given
by:

max
s
((1− p)+ ps)(v − σ(s)).

Using the fact that the first order condition has to satisfy at
s = v ,

p(v − σ(v))− ((1− p)+ pv)σ ′(v) = 0.
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This differential equation yields solution to the equilibrium
bid function, given that limv→1+ σ(v) = 1.

((1− p)+ pv)σ ′(v)+ pσ(v) = pv,
d
dv
((1− p)+ pv)σ(v) = pv,

((1− p)+ pv)σ(v)− 1 = p1
2
(v2 − 1).

σ(v) = p
1
2(v

2 − 1)+ 1

(1− p)+ pv .

(b) Suppose v∗ = 2. What is the symmetric Nash equilibrium?
[Hint: Type v∗ must randomize. Why? Can v∗ have an atom
in his bid distribution?]
Soln: Given that the bidding strategy is monotonic in v , v ∈
[1,2) bids as if there are no v∗ = 2 bidders. Hence, the
first order condition that the solution to arg maxs s(v −σ(s))
should be s = v gives (vσ(v))′ = v , and∫ v

1
(sσ(s))′ds =

∫ v
1
s ds

vσ(v)− σ(1) = 1
2
(v2 − 1),

σ(v) = 1
2
v − 1

2v
+ σ(1)

v
,

where σ(1) ≤ 1. v∗ needs to randomize in order to avoid
competition among them. No atoms in symmetric equilib-
rium. Randomization F :

(p + (1− p)F(b))(v∗ − b) = p(v∗ − b) = (v∗ − b̄).
b = σ(2) = 3

4 + σ(1)
2 , otherwise, v∗’s bid near b has prof-

itable deviation to bid less than b, and win only against [1,2)
bidders.

(p + (1− p)F(b))(v∗ − b) = p(v∗ − 3
4
− σ(1)

2
)

F(b) = p(5
4 − σ(1)

2 )
(1− p)(2− b) −

p
1− p .

Using F(b̄) = 1 we get b̄ = 2− p(5
4 − σ(1)

2 ).
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(c) Suppose v∗ ∈ (1,2). What is the symmetric Nash equilib-
rium?
Soln: Combining the results from the two previous questions,
v ∈ [1, v∗) bidders bid σ1(v) = 1

2v − 1
2v + σ(1)

v . v∗ bidders

randomize over [σ1(v∗), b̄] according to F :

(p(v∗ − 1)+ (1− p)F(b))(v∗ − b) = p(v∗ − 1)(v∗ − σ1(v∗))

= (p(v∗ − 1)+ (1− p))(v∗ − b̄)

F(b) = p(v
∗ − 1)(v∗ − σ1(v∗))
(1− p)(v∗ − b) − p(v

∗ − 1)
1− p ,

b̄ = v∗ − p(v
∗ − 1)(v∗ − σ1(v∗))
p(v∗ − 1)+ (1− p) .

Strategy for bidders with value v ∈ (v∗,2] can be derived
using the process in part (a):

max
s
((1− p)+ ps)(v − σ2(s)),

p(v − σ2(v))− ((1− p)+ pv)σ ′2(v) = 0.

With σ2(v∗) = b̄,

((1− p)+ pv)σ ′2(v)+ pσ2(v) = pv,
d
dv
((1− p)+ pv)σ2(v) = pv,

((1−p)+pv)σ2(v)−((1−p)+pv∗)σ2(v∗) = p1
2
(v2−v∗2).

σ2(v) =
p 1

2(v
2 − v∗2)+ ((1− p)+ pv∗)b̄

((1− p)+ pv) .

(d) Compare and contrast the comparative statics with respect to
p of the equilibria for different values of v∗.
Soln: Note that the limit outcomes of part (c) as v∗ approaches
1 and 2 are the same as the results in part (a) and (b), respec-
tively.

4.3.9. Consider the following variant of a sealed bid auction: There are
two bidders who each value the object at v , and simultaneously
submit bids. As usual, the highest bid wins and in the event of a
tie, the object is awarded on the basis of a fair coin toss. But now
all bidders pay their bid. (This is an all-pay auction.)



June 29, 2017 93

(a) Formulate this auction as a normal form game.

Soln: The game can be defined by Γ = 〈N,B,u〉 where N =
{1,2}, strategy space for each player is given by B1 = B2 = R+
and payoff functions are given by

ui
(
bi, bj

)
=


−bi, if bi < bj ,
1
2v − bi, if bi = bj ,
v − bi, if bi > bj

∀i = 1,2.

(b) Show that there is no equilibrium in pure strategies.

Soln: Suppose there was an equilibrium in pure strategies
with b1 = b2 = b. Then each player would want to increase its

bid by a small amount and improve her payoff from
(

1
2v − b

)
to (v − b − ε) . This represents a profitable deviation, there-
fore b1 = b2 = b cannot be an equilibrium.

Consider now an asymmetric pure strategy profile (b1, b2). As-
sume without loss of generality that b1 > b2. Then player
1 can reduce her bid by an amount small enough (less than
b1 − b2) and win the auction at a lower price. This also repre-
sents a profitable deviation, eliminating the possibility of an
asymmetric pure strategy equilibrium.

(c) This game has an equilibrium in mixed strategies. What is it?
(You should verify that the strategies do indeed constitute an
equilibrium).

Soln: Suppose player 2 bids according to the distribution
function F2(b). Then, assuming F2 has a density, player 1’s
expected payoff from a bid b1 is given by

u1 (b1, F2) = vF2 (b1)− b1.

Now we assume that (F1, F2) is an equilibrium and that each
Fi has a density. Denote the support of Fi by [bi, bi]. Now we
prove the following claim:

Claim 4.0.2. b1 = b2 ≡ b = v .

Proof. We exploit the fact that, since Fi has a density,
bidding the upper bound of an opponent’s support im-
plies winning the auction for sure (while bidding the lower
bounds implies losing the auction for sure).
If b1 > b2 then player 1 would be assigning positive prob-
ability to a set of strategies which allows her to win the



94 CHAPTER 4. NASH EQUILIBRIUM

auction with probability 1. She cannot therefore be indif-

ferent between all bids in
[
b2, b1

]
. Therefore b1 = b2 ≡ b.

Now suppose that b < v . Then if player 1 bids b she
obtains v − b > 0. This means her expected payoff to
playing any strategy in the support of F1 must be v −
b, which is strictly positive. This yields a contradiction,
since the payoff to b1 (suppose (without loss of generality)
that b1 ≤ b2) is given by u1(b1, F2) = −b ≤ 0. Thus,
b ≥ v . Since all-pay nature of the auction clearly implies
that bi ≤ v , so b = v . �

From claim, it follows that ui(b̄, Fj) = 0 for all i = 1,2. Since
each player is randomizing his strategy, player i must be in-
different over every bid in the support of Fi. It must then be
the case that the support of Fi is [0, v] (were it the case that
b > 0, it would also be the case that ui(bi, Fj) < 0). Therefore,
imposing the indifference condition one obtains:

ui
(
bi, Fj

)
= vFj (bi)− bi = 0 ∀bi ∈ [0, v]

⇒ F (bi) = bi
v

∀bi ∈ [0, v]

for all i = 1,2. That is, both players distribute their bids
uniformly over [0, v] . Now we need to verify that the distri-
bution functions just obtained for the two players constitute
an equilibrium. Let F∗(x) = x/v . Then

u(b, F∗) =
{
v · bv − b = 0 if b ∈ [0, v]
v − b < 0 if b > v

Therefore, each strategy in the support of F∗ constitutes a
(weak) best response to F∗.

4.3.10. Fill in the details of Example 4.1.2.

Soln: Value 4 bidder knows that the other bidder has value 3.
Value 3 bidder does not bid over 3 because there is possibility
that the other bidder is of value 3 and he might win. Hence, value
4 bidder does not have a well-defined best response as long as tie
is resolved with flip of a fair coin. Existence would be restored if
value 4 bidder is given the object when tying, but it is not possible
to tell ex-ante whether player 1 or player 2 will be the winner.

In case there is an interim stage where only one bidder can be a
identified to be a high type, then can specify a tie-breaking rule
which always awards to the high-type bidder. For instance, as-
sume that the nature is choosing between the two distributions in
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v1 = 3 v2 = 4

v1 = 3 1
2 0

v2 = 4 1
2 0

v1 = 3 v2 = 4

v1 = 3 1
2

1
2

v2 = 4 0 0

Display 4.3.5: The conditional distributions.

Display 4.3.5 with equal probability. The unconditional type dis-
tribution is the same as given in the example. However, here one
can set up a tie-breaking rule for each conditional type distribu-
tions: award to player 1 conditional on the first matrix, and award
to player 2 in case of the second matrix.

4.3.11. An asymmetric variant of Example 4.1.1. The two bidders have in-
dependent private values drawn independently from the common
two point set {

¯
v, v̄}, with

¯
v < v̄ . The probability that bidder i has

value v̄ is pi ∈ (0,1), and p1 < p2. Ties are broken in favor of
bidder 2.

(a) As in Problem 4.3.6, in any equilibrium any bidder with value

¯
v must bid

¯
v . Prove that in any equilibrium, the support of

the bids made by bidder 1 when high value is the same as
that of bidder 2 when high value, and the minimum of the
common support is

¯
v . Denote the common support by [

¯
v, b̄].

Soln: In any equilibrium, low value bidder has some chance
of winning against another low value bidder, so they do not
bid above v . The bids must be v otherwise the other low
type bidder has incentive to raise the bid. Therefore, low type
bidders bid v .

As for high type bidders, for bids b ≤ v , (and b < v for the
case of bidder 2) players incur probability of losing against
the other low type bidder. Therefore, they don’t bid less than
v . Furthermore, their upper bound of support has to agree,
otherwise some of them are winning for sure with unneces-
sary high bid. Lower bound of support also has to agree, and
the lower bound must reach v otherwise someone near the
lower bound wants to deviate to lower bid, to win only against
the low type.

(b) Prove that one of the bidder’s behavior strategies has an atom
at

¯
v (the other does not). What is the size of the atom?
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Soln: Conditions to keep the other bidder indifferent over the
support (v, b̄] given by:

((1− p1)+ p1F1(b2))(v̄ − b2) = (v̄ − b̄)
((1− p2)+ p2F2(b1))(v̄ − b1) = (v̄ − b̄)

for all b ∈ (v, b̄]. The conditions have to be true as both
b1, b2 → v , so that,

(1− p1)+ p1F1(v) = (1− p2)+ p2F2(v),

Since p1 and p2 differ, there is one bidder who has an atom
at v . Player 2 can bid v with positive probability because the
tie breaking rule is that he wins against the other low type.
Therefore, if we let F1(v) = 0 then the player 2 puts an atom
of mass F2(v) = p2−p1

p2
on v .

(c) Describe the equilibrium.
Soln: Note that from player 1’s perspective, limb→v(1 − p2 +
p2F2(b)) = (1−p2+p2

p2−p1

p2
) = 1−p1. Therefore, (1−p1)(v̄−

v) = (v̄ − b̄), and b̄ = p1v̄ + (1−p1)v . Similarly for player 2,
if he bids v , he guarantees (1− p1)(v̄ − v), so that the same
calculation yields the b̄. F1 and F2 are found to be

F1(b) = (1− p1)(v̄ − v)
p1(v̄ − b) − 1− p1

p1
,

F2(b) = (1− p1)(v̄ − v)
p2(v̄ − b) − 1− p2

p2
.

v bidders bid v , v̄ bidders bid mixed bids according to the
above.

(d) Suppose now that the high value bidder 1 has value v̄1, while
the high value bidder 2 has value v̄2, with the two values not
necessarily equal. This game only has an equilibrium if ties
are broken in the “right” way. What is that way?
Soln: Using the indifference conditions,

((1− p1)+ p1F1(b2))(v̄2 − b2) = (v̄2 − b̄)
((1− p2)+ p2F2(b1))(v̄1 − b1) = (v̄1 − b̄),

we get, for b ∈ (v, b̄]:

F1(b2) = v̄2 − b̄
(v̄2 − b2)p1

− 1− p1

p1
,



June 29, 2017 97

F2(b1) = v̄1 − b̄
(v̄1 − b1)p2

− 1− p2

p2
,

In order for this bidding strategy to be consistent at v , who-
ever the limit value at v is higher should have atom at v ,
which is possible only if he is the winner in case of tie. Other-
wise atom there cannot be justified. Hence, the tie has to be
broken in favor of a bidder who has higher value among

F1(v) = v̄2 − b̄
(v̄2 − v)p1

− 1− p1

p1
, F2(v) = v̄1 − b̄

(v̄1 − v)p2
− 1− p2

p2
.

4.3.12. This question is a variation of the Cournot duopoly of Example
1.1.4. The market clearing price is given by P(Q) =max{a−Q,0},
where Q = q1 + q2 is total quantity and qi is firm i’s quantity.
There is a constant marginal cost of production c, with 0 < c < a.
Finally, there is a fixed cost of production κ. Suppose (a−c)2/9 <
κ < (a− c)2/4.

(a) Suppose firm i only incurs the fixed cost of production when
qi > 0. Then, firm i’s profits are given by

Ui(q1, q2) =
{
(P(q1 + q2)− c)qi − κ, if qi > 0,

0, if qi = 0.

This game has two pure strategy Nash equilibria. What are
they? Why doesn’t this game have a symmetric pure strat-
egy Nash equilibrium? Since firm payoffs are not continuous
functions (why not?), the existence of a symmetric Nash equi-
librium in mixed strategies is not implied by any of the theo-
rems in Section 4.1.
Soln: Recall the best reply correspondence for Cournot duopoly
without fixed cost is, (j ≠ i)

φi(qj) =max{
a− c − qj

2
,0}

However with the fixed cost, the best reply correspondence is:

φi(qj) =


a−c−qj

2 , if Ui(
a−c−qj

2 , qj) > 0,

{a−c−qj2 ,0}, if Ui(
a−c−qj

2 , qj) = 0,

0, if Ui(
a−c−qj

2 , qj) < 0.

Strategy profile is q1, q2 where q1, q2 ∈ R+.
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I claim that (0, a−c2 ) and (a−c2 ,0) are two pure Nash equilibria:

Observe that when player i chooses qi = 0, player j’s payoff
from choosing qj = a−c

2 is a−c
2 × a−c

2 −κ which is strictly posi-
tive since κ < (a−c)2/4. Hence qj = a−c

2 is a best response to
qi = 0 and yields a strictly positive payoff. Furthermore when
player j chooses qj = a−c

2 , player i’s payoff from choosing

qi = a−c−qj
2 = a−c

4 is

(a− 3
4
(a− c)− c)a− c

4
− κ = (a− c

4
)2 − κ

Which is strictly negative since (a − c)2/9 < κ, so player i’s
best response to qj = a−c

2 is qi = 0. We can conclude that
these two strategy profiles are Nash equilibria.
Suppose there exists a symmetric Nash equilibrium, i.e. qi =
qj = q. If q = 0 then firm 1 has incentive to choose q1 = a−c

2 ,
since the payoff from q1 = a−c

2 is strictly positive, while payoff
from q1 = 0 is zero, a contradiction. If q > 0, then from best
reply correspondence we have:

q = a− c − q
2

⇒ q = a− c
3

⇒ Ui(q, q) = (a− c
3
)2 − κ

which is strictly negative since (a − c)2/9 < κ < (a − c)2/4,
so player i has incentive to deviate to qi = 0, a contradiction.
Payoff is not continuous at q1 = 0, because of the fixed cost,
i.e. at q1 = 0 payoff is zero, however at q1 = ε > 0, for small ε,
payoff is close to −κ. Formally there exists ε′ such that payoff
is strictly lower than −κ

2 for any q1 ∈ (0, ε′) and at q1 = 0
payoff is zero, hence it is not continuous. Note that such ε′
exists because payoff is less than or equal to (a− c)q1−κ, so
for q1 = ε′ < κ

2(a−c) payoff is strictly lower than −κ
2 .

(b) Suppose the fixed cost is an entry cost (and so is sunk). The
game is still a simultaneous move game, but now firm i’s
strategy space is {−1} ∪ R+, with the strategy −1 meaning
“don’t enter”, and a number qi ∈ R+ meaning “enter” and
choose qi ≥ 0 (note the weak inequality). Then, firm i’s prof-
its are given by

Ui(s1, s2) =


(P(q1 + q2)− c)qi − κ, if (s1, s2) = (q1, q2),
(P(qi)− c)qi − κ, if si = qi and sj = −1,

0, if si = −1.

The existence of a symmetric Nash equilibrium in mixed strate-
gies is implied by Theorems 4.1.4 and 4.1.5 as follows:



June 29, 2017 99

i. Argue that we can restrict the strategy space of firm i
to {−1} ∪ [0, a], and so the strategy space is closed and
bounded (i.e., compact). Note that the strategy space is
not convex. (In contrast, the strategy spaces in part 4.3.12(a)
are convex. But see part iii below!)
Soln: Any strategy si > a will yield a strictly negative pay-
off since the price will be zero for any sj , and κ > 0, c > 0.
Hence any si > a is strictly dominated by si = −1. So we
can restrict the strategy space of firm i to Si := {−1} ∪
[0, a], which is clearly closed and bounded.

ii. Prove that Ui is continuous function of the strategy pro-
files.
Soln: For si, sj ∈ [0, a] the utility function is a quadratic
utility function and is continuous. We need to check the
continuity at si = −1 and sj = −1. Recall the definition
of continuity at a point x0: suppose A ⊆ R2, f : A → R is
said to be continuous at x0 if for every ε > 0, there exists
δ > 0 such that |f(x) − f(x0)| < ε whenever x ∈ A and
|x−x0| < δ. Notice that at any isolated point, like si = −1
or sj = −1 in this case, by choosing δ small enough and
letting x0 to be the isolated point, the only x that satisfies
x ∈ A and |x − x0| < δ is x0, and |f(x0) − f(x0)| = 0.
Since 0 < ε we have |f(x)−f(x0)| < ε for every ε > 0. So
utility function is continuous everywhere.

iii. We can make the strategy space convex, while maintaining
continuity as follows. Define Si := [−1, a], and extend Ui
to Si be setting

Ui(s1, s2) =


(P(s1 + s2)− c)si − κ, if sj ≥ 0,

(P(si)− c)si − κ, if si ≥ 0 and sj < 0,

−(1+ si)κ, if si < 0.

Prove Ui is continuous on Si. Prove that every strategy in
(−1,0) is strictly dominated (and so the addition of these
strategies has no strategic impact). In particular, the set of
Nash equilibria (in pure or mixed strategies) is unaffected
by this change. Prove that Ui is not quasiconcave.
Soln: Given sj , if si > 0 then Ui is a quadratic function of
si and it is continuous, if si ∈ [−1,0) then Ui is a linear
function of si and it is continuous. We need to check 0.
If si = 0 then, (P(si) − c)si − κ = (P(s1 + s2) − c)si − κ =
−(1 + si)κ = −κ, hence the left limit and the right limit
are the same for any given sj . Therefore Ui is continuous
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on Si.
Observe that −(1 + si)κ is a strictly decreasing function
of si, hence −(1 + si)κ on the [−1,0) achieves its unique
maximum at −1. No matter what player j does, player
i will get a higher payoff from si = −1 rather than any
si ∈ (−1,0), so all strategies in (−1,0) are strictly domi-
nated by si = −1.
To show that Ui is not quasiconcave, suppose firm i just
breaks even by entering and choosing the optimal quan-
tity. Note that given any sj , Ui for si > 0 is strictly con-
cave, so if the maximum is achieved at q∗ > 0, for any
other si > 0, si ≠ q∗, we have Ui(q∗, sj) > Ui(si, sj), more-
over Ui(q∗, sj) = 0 = Ui(−1, sj). This implies that for any
λ ∈ (0,1), Ui(λq∗+(1−λ)(−1), sj) < min{Ui(q∗, sj),Ui(−1, sj)},
therefore Ui is not quasiconcave.

iv. As for finite games, since the payoff defined on pure strate-
gies is continuous, by considering mixed strategies, we
obtain convex strategy spaces and payoffs that are con-
tinuous and quasiconcave. Nothing to prove here. This
yields for firm each i, a best reply correspondence (where
j ≠ i)

φi : ∆(Sj)⇒ ∆(Si)
that satisfies all the conditions of Theorem 4.1.4.

v. Explain why Theorem 4.1.4 implies the existence of a sym-
metric Nash equilibrium in mixed strategies.
Soln: Consider the best reply correspondence for player
1:

φ1 : ∆(S2)⇒ ∆(S1)
Since the strategy space is symmetric for both players,
we have ∆(S1) = ∆(S2). Using Theorem 4.1.4 when X =
∆(S1) = ∆(S2) and F = φ1, we know the best reply cor-
respondence for player 1 has a fixed point. Denote this
fixed point by σ , φ1(σ) = σ .
Furthermore this is a fixed point for φ2, too. Because the
best reply correspondence is the same for two players,
φ2(σ) = σ . Hence this fixed point is a Nash equilibrium
strategy for each player, and this equilibrium is symmet-
ric, i.e. strategy profile (σ ,σ) is a Nash equilibrium.

(c) The symmetric mixed strategy equilibrium of the game in part
4.3.12(b) can be easily calculated for this parameterization
(and coincides with the symmetric mixed strategy equilibrium
of the game in part 4.3.12(a)).
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i. In the mixed strategy equilibrium the support must be
{−1, q∗}, for some q∗ > 0, since firm payoffs are a strictly
concave function of q > 0. Explain the role of strict con-
cavity.
Soln: Firm payoffs are a strictly concave function of q > 0,
hence condition on entry, i.e. for q > 0, for every s−i there
exists a unique quantity that maximizes the payoff for
firm i: ∃!q∗i (s−i) s.t. Ui(q∗i (s−i), s−i) > Ui(si, s−i), for all
si ≠ q∗i (s−i), si > 0. Therefore given s−i, the only strictly
positive q in the support of the mixed strategy equilib-
rium is q∗i (s−i). Furthermore Ui(−1, s−i) = 0 > −κ =
Ui(0, s−i), so q = 0 cannot be in the support of the mixed
strategy equilibrium. We can conclude that the only possi-
ble candidates for the support of the mixed strategy equi-
librium are −1 and q∗, where q∗ = q∗i (s−i)and s−i is the
other firm’s equilibrium strategy.
If firm payoffs are not a strictly concave function of q > 0,
then we cannot rule out the possibility of q′ such that
Ui(q′, s−i) = Ui(q∗, s−i). In this case q′ can be in the sup-
port of a mixed strategy equilibrium, for example the sup-
port can be {q′, q∗,−1}.

ii. The symmetric mixed strategy equilibrium is thus deter-
mined by two numbers, q∗ and α, the probability of q∗.
Express q∗ as a function of α using an appropriate first
order condition.
Soln: Given firm 2’s strategy q2, α2, firm 1 will maximize:

Maxq1,α1(α1)
(
α2((P(q1+q2)−c)q1−κ)+(1−α2)((P(q1)−c)q1−κ)

)
Suppose the solution is interior for q1. Then the first or-
der condition with respect to q1 is:

a− 2q1 −α2q2 − c = 0⇒ q∗1 =
a− c −α2q2

2

Assuming symmetric equilibrium, we have:

q∗ = a− c −αq
∗

2
⇒ q∗ = a− c

2+α

iii. Finally, solve for α from the appropriate indifference con-
dition.
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Soln: In order for firm 1 to be indifferent between q∗ and
−1, we must have:

U1(−1, (q∗, α)) = U1(q∗, (q∗, α))
⇒ 0 = α((a− 2q∗ − c)q∗ − κ)+ (1−α)((a− q∗ − c)q∗ − κ)
⇒ (1+α)(q∗)2 + (c − a)q∗ + κ = 0

⇒ q∗ = a− c +
√
(a− c)2 − 4(1+α)κ

2(1+α)

Note that we only considered positive part when solving
for quadratic equation, because q∗ > 0. Putting two equa-
tion for q∗ equal:

a− c
2+α =

a− c + √(a− c)2 − 4(1+α)κ
2+ 2α

⇒ (a− c)(2+ 2α) = (2+α)(a− c +
√
(a− c)2 − 4(1+α)κ)

⇒ (a− c)α = (2+α)(
√
(a− c)2 − 4(1+α)κ)

⇒ (a− c)2α2 = (2+α)2((a− c)2 − 4(1+α)κ)
⇒ (4+ 4α)(a− c)2 = 4(2+α)2(1+α)κ
⇒ (a− c)2 = (2+α)2κ
⇒ (2+α)2 = (a− c)

2

κ

⇒ α =
√(

(a− c)2
κ

)
− 2,

q∗ = a− c√(
(a−c)2
κ

) = √κ.
Note that α is the probability of q∗, so we need to check
that it is in [0,1]:

0 ≤
√(

(a− c)2
κ

)
− 2 ≤ 1

a 2 ≤
√(

(a− c)2
κ

)
≤ 3

a 4 ≤
(
(a− c)2
κ

)
≤ 9

a κ ≤
(
(a− c)2

4

)
&κ ≥

(
(a− c)2

9

)
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So α ∈ [0,1] since (a − c)2/9 < κ < (a − c)2/4 was as-
sumed in the question.

4.3.13. Prove that the phase diagram for example 4.2.3 is as portrayed in
Figure 4.2.3. [This essentially asks you to give an expression for
dq/dp.]

4.3.14. Prove that if σ∗ is asymptotically stable under a myopic adjust-
ment dynamic defined on a game with no role identification, then
it is a symmetric Nash equilibrium.

4.3.15. Suppose F : ∆(S)×R+ → ∆(S) is a dynamic on the strategy simplex
with F is continuously differentiable (including on the boundaries).
Suppose that if

η < σ(s) < 1,
for some η ∈ (0,1), then

σ̇ (s) > 0,

where

σ̇ ≡ ∂F(σ, t)
∂t

∣∣∣∣
t=0
.

Fix σ 0 satisfying σ 0(s) > η. Prove that

σ t(s)→ 1,

where σ t ≡ F(σ 0, t).

4.3.16. Suppose a large population of players are randomly paired to play
the game (where the payoffs are to the row player)

A B C

A 1 1 0

B 0 1 1

C 0 0 1

(such a game is said to have no role identification). Let α denote
the fraction of the population playing A, and γ denote the fraction
of the population playing C (so that 1−α−γ is the fraction of the
population playing B). Suppose the state of the population adjusts
according to the continuous time replicator dynamic.

(a) Give an expression for α̇ and for γ̇.

(b) Describe all the rest points of the dynamic.

(c) Describe the phase diagram in the space {(α, γ) ∈ R2+ : α+γ ≤
1}. Which of the rest points are asymptotically stable?
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Chapter 5

Dynamic Games and
Sequential Equilibria

5.4.1. This problem concerns the game given in Figure 5.4.1.

(a) Show that (GoStop1Stop2, StopGo1) is a Nash equilibrium.
Soln: Given that player II plays Stop after Go, the only action
of player I that is relevant to his payoff is at his initial node.
Choosing Go is better than Stop for him (payoff 6 instead of
5), so GoStop1Stop2 is a best response. Given that player I
plays Go at his initial node and Stop1 subsequently, the only
choice of player II that is relevant to her payoff is between Go
and Stop. Choosing Stop is better than Go for her (payoff 2
instead of 0), so StopGo1 is a best response.

(b) Identify all of the profitable one-shot deviations.
Soln: There is only one profitable one-shot deviation: imme-
diately following II’s play of Go, player I would get a higher
payoff (4 instead of 0) by choosing Go1.

(c) Does player I choose Go in any subgame perfect equilibrium?
Soln: Backward induction gives us the unique subgame per-
fect equilibrium of this game: (StopGo1Stop2,GoGo1). Thus
Go is not chosen by player I in any subgame perfect equilib-
rium.

5.4.2. Complete the proof of Theorem 5.1.1.

Soln: We want to show that for a profile in an extensive form of
perfect information, if it is not subgame perfect, then there exists
a profitable one-shot deviation.

105
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I
Go

Stop

5
1

II Go

Stop

6
2

I Go1

Stop1

0
0

II Go1

Stop1

1
0

I Go2 3
2

Stop2

4
3

Figure 5.4.1: The game for Problem 5.4.1.

Suppose not (i.e. there is no profitable one-shot deviation). If the
profile is not subgame perfect, there is a subgame in which the
profile does not prescribe a Nash equilibrium. Let the subgame be
denoted as Γ , and the profile restricted to Γ be b. In the following,
we restrict our attention to Γ . We know there is a player i, and a
strategy b̂i, that gives player i a higher payoff than bi, given b−i .

We say a strategy b′′i is more similar to bi than another strategy b′i
if, for any node t of player i, b′i(t) = bi(t) implies b′′i (t) = bi(t),
and there exists a node t of player i such that b′i(t) ≠ bi(t) but
b′′i (t) = bi(t).
Claim. Given any strategy b′i that gives player i a higher payoff
than bi, (while bi has no profitable one-shot deviation,) there exists
a strategy b′′i that is more similar to bi than b′i, but still gives the
player higher payoff than bi.

Proof. We will construct such a b′′i . Let the nodes of player
i in Γ be collected in Ti. Let Di =

{
t ∈ Ti|b′i(t) ≠ bi(t)

}
. Col-

lect the “last nodes” in Di: Li =
{
t ∈ Di| t̂ ∈ Di s.t.t ≺ t̂

}
. Li

is nonempty because if it were, then I would be able to con-
struct an infinite sequence of distinct nodes in Di. Now fix
any t̃ ∈ Li. We know ∀t̂ � t̃, and b′i(t̂) = bi(t̂). By our suppo-
sition, bi has no profitable one-shot deviation, so conditional
on reaching t̃, bi gives player i at least as much payoff as b′i.
Define b′′i : b′′i (t) = b′i(t) for all t ∈ Ti except at t̃ where
b′′i (t̃) = bi(t̃). Then b′′i gives player i at least as much payoff
as b′i, that is, a higher payoff than bi. �

We can start with b̂i and construct a finite sequence of strategies
more and more similar to bi, ending up with bi itself. This says bi
gives higher payoff to player i than bi itself. A contradiction.

5.4.3. Prove Theorem 5.2.1 (recall Problem 2.6.11).
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Soln: (Only if part) Let Γ be a finite normal form game and b a
Nash profile. Let µ be a system of beliefs that satisfies Bayes’ rule
at all information sets on the path of play. Suppose that player i is
not sequentially rational at some information set h with Pµ,b(h) >
0. That is, there exists b′i such that∑

z∈Z
ui(z)Pµ,b(z|h) <

∑
z∈Z
ui(z)Pµ,(b

′
i,b−i)(z|h). (5.4.1)

Let H′i be the collection of h and the information sets that come
after h, i.e. H′i = {h} ∪ {h′ ∈ Hi|h ≺∗ h′} (where ≺∗ was defined
in Problem 1.4.4). Now define b′′i that specifies the same choice as
b′i on each information sets in H′i , but specifies the same choice
as bi in Hi\H′i . We will show that b′′i is a profitable deviation in Γ ,
given b−i.
First look at the terminal nodes. Collect in Z′ the terminal nodes
that are reached through h, i.e. the unique path that leads to
z ∈ Z′ contains a node in h. By our definition of H′i , the infor-
mation sets of player i that this path goes through after h, are all
contained in H′i . On all these information sets, b′i and b′′i specify
the same choice, so we have

Pµ,(b
′
i,b−i)(z|h) = Pµ,(b

′′
i ,b−i)(z|h),∀z ∈ Z′. (5.4.2)

At h, µ is updated in accordance to Bayes’ rule under b. That is,
for all x ∈ h, µ(h)(x) = Pρ,b(x|h), where ρ is the move of nature
in the game, which is, together with b, relevant to assessing the
probability of reaching each node x in h. This implies

Pµ,b(z|h) = Pρ,b(z|h), ∀z ∈ Z′. (5.4.3)

Since for any x ∈ h, the unique path leading to x only goes
through the information sets in Hi\H′i , in which bi and b′′i are
the same, we have for all x ∈ h, Pρ,b(x) = Pρ,(b

′′
i ,b−i)(x). So for all

x ∈ h, µ(h)(x) = Pρ,(b
′′
i ,b−i)(x|h), which implies

Pµ,(b
′′
i ,b−i)(z|h) = Pρ,(b

′′
i ,b−i)(z|h),∀z ∈ Z′. (5.4.4)

(5.4.1) to (5.4.4) imply∑
z∈Z′

ui(z)Pρ,b(z|h) <
∑
z∈Z′

ui(z)Pρ,(b
′′
i ,b−i)(z|h). (5.4.5)

Next look at the terminal nodes z ∈ Z\Z′ , i.e. the unique path
that leads to z does not contain any node in h. In this case, the
unique path does not go through any information set in H′i , either,
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by the property of perfect recall. Since bi and b′′i specify the same
outside H′i , we see

Pρ,b(z) = Pρ,(b
′′
i ,b−i)(z), z ∈ Z\Z′. (5.4.6)

Lastly,
Pρ,b(h) = Pρ,(b

′′
i ,b−i)(h), (5.4.7)

With (5.4.5) to (5.4.7), we have

Ui(b′′i , b−i) =
∑
z∈Z′

ui(z)Pρ,(b
′′
i ,b−i)(z|h)Pρ,(b′′i ,b−i)(h)

+
∑

z∈Z\Z′
ui(z)Pρ,(b

′′
i ,b−i)(z)

>
∑
z∈Z′

ui(z)Pρ,b(z|h)Pρ,b(h)+
∑

z∈Z\Z′
ui(z)Pρ,b(z)

= Ui(b).

(If part) Let b be a strategy profile, µ a system of beliefs which
satisfies the Bayes’ rule at all the information sets on the path of
play. b is sequentially rational at all h with Pb(h) > 0. We want to
show that b is Nash.

Take player i, and let Ĥi be the collection of the player’s first infor-
mation sets, i.e.

{
h ∈ Hi| h′ ∈ Hi, h′ ≺∗i h

}
. Denote the elements

of Ĥi as h1
i , ..., h

K
i . We will let Zk be the collection of the terminal

nodes whose unique paths go through hki . And Z0 the collection
of terminal nodes whose unique paths do not contain any nodes
of player i. Then

{
Z1, ..., ZK , Z0

}
is a partition of Z .

Eρ,b(ui|hki ) :=
∑
z∈Zk

ui(z)Pρ,b(z|hki ).

The payoff to player i is

Ui(b) =
∑
hki∈Ĥi

Eρ,b(ui|hki )Pρ,b(hki )+
∑
z∈Z0

ui(z)Pρ,b(z).

Let b′i be any other strategy of player i and b′ ≡ (b′i, b−i). Two
observations: First, Pρ,b(hki ) = Pρ,b

′(hki ) for all k since hki is one
of player i’s first information set. Second, Pρ,b(z) = Pρ,b

′(z) for
those z ∈ Z0 by our definition of Z0. So to show that b is Nash,
i.e., Ui(b) ≥ Ui(b′), we only need to show that for all k such that
Pρ,b(hki ) > 0, Eρ,b(ui|hki ) ≥ Eρ,b

′(ui|hki ) is true.

For all k such that Pρ,b(hki ) > 0, player i is sequentially rational at
hki given µ, that is

Eµ,b(ui|hki ) ≥ Eµ,b
′
(ui|hki ). (5.4.8)
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1
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0

0
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Figure 5.4.2: The game for Problem 5.4.4.

First, since the player’s belief satisfies Bayes’ rule at hki , we have
Pρ,b(x|hki ) = µ(hki )(x) for all x ∈ hki . That means Eρ,b(ui|hki ) =
Eµ,b(ui|hki ). Second, because hki is one of player i’s first informa-
tion sets, the nodes of hki are reached with the same probabilities
under b and b′, i.e. Pρ,b(x|hki ) = Pρ,b

′(x|hki ) for all x ∈ hki . These
two facts imply Pρ,b

′(x|hki ) = µ(hki )(x) for all x ∈ hki . This means
Eρ,b

′(ui|hki ) = Eµ,b
′(ui|hki ). With these said, we see that (5.4.8) be-

comes
Eρ,b(ui|hki ) ≥ Eρ,b

′
(ui|hki ).

By this step we have shown that Ui(b) ≥ Ui(b′), which means that
b is Nash.

5.4.4. This problem illustrates how badly behaved the “*-follows” rela-
tion ≺∗ on information sets can be, and the reason for the in-
troduction of hh′ into the definition of almost perfect Bayesian
equilibria. Consider the game in Figure 5.4.2.

(a) Verify that the profile (1
2◦U+ 1

2◦D,B,A) is a Nash equilibrium.

Soln: Starting from the top left, label the left terminal nodes
by z1, z2, z3, and from the top right, the right terminal nodes
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by z4, z5, z6. The strategy profile induces distribution 1
2 ◦z3+

1
2 ◦ z4.

Payoffs from this profile are, 1
2 ·0+ 1

2 ·0 = 0, 1
2 ·(−1)+ 1

2 ·1 = 0,

and 1
2 · 1 + 1

2 · (−1) = 0 for players 1, 2, and 3 respectively.
Player 1 is indifferent between actions U and D, each leading
to node z4 and z3, respectively, and both payoffs being 0.
Hence, player 1 mixing the two strategies is a best response.
If player 2 deviates to A, the terminal probabilities are 1

2 ◦z1+
1
2 ◦ z2, which yields 0 for player 2. If player 3 deviates to B,

the distribution is 1
2 ◦ z5 + 1

2 ◦ z6 and payoff is 0.

(b) Denote player II’s information set by h and player III’s in-
formation set by h′. Verify that h *-follows h′ and that h′
*-follows h. Evaluate

Pµ,b(x | h′) and Pµ,b(h | h′)

for all x ∈ h. Conclude that µ(x) should not equal their ratio.

Soln: There are three information sets in the game, h1, the ini-
tial node; h2, player 2’s information set, and h3, player 3’s in-
formation set. Precedence order is given by h1 ≺ h2, h1 ≺ h3,
h2 ≺ h3 and h3 ≺ h2. Note that the ordering of information
sets of different players is not anti-symmetric: h2 and h3 both
precedes another. Label the nodes x1, x2 ∈ h2 from the top,
and y1, y2 ∈ h3 in the same way. The beliefs are µ2 and µ3 on
h2 and h3, respectively.

Following the previous definition, one can see that depending
on h′, the beliefs are inconsistent.

µ2(x1) = Pµ,b(x1|h1)
Pµ,b(h2|h1)

=
1
2

1
= 1

2
, µ2(x2) = Pµ,b(x2|h1)

Pµ,b(h2|h1)
=

1
2

1
= 1

2
,

µ2(x1) = Pµ,b(x1|h3)
Pµ,b(h2|h3)

= 0
1
2

= 0, µ2(x2) = Pµ,b(x2|h3)
Pµ,b(h2|h3)

=
1
2
1
2

= 1,

µ3(y1) = Pµ,b(y1|h1)
Pµ,b(h3|h1)

=
1
2

1
= 1

2
, µ3(y2) = Pµ,b(y2|h1)

Pµ,b(h3|h1)
=

1
2

1
= 1

2
,

µ3(y1) = Pµ,b(y1|h2)
Pµ,b(h3|h2)

=
1
2
1
2

= 1, µ3(y2) = Pµ,b(y2|h2)
Pµ,b(h3|h2)

= 0
1
2

= 0.

Notice that the problem here is that conditioning on informa-
tion sets h2 and h3 does not help in calculating the beliefs.
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The beliefs are correctly pinned down only when condition-
ing on information set h1. This happens because both h2 and
h3 proceed each other.
If we instead use definition 5.2.4, we can show that the correct
beliefs (µ2(x1) = µ2(x2) = 1

2 , and µ3(y1) = µ3(y2) = 1
2 ,) are

consistent with the definition. By definition, h2h1 = {x1, x2},
and h2h3 = {x2}, h3h1 = {y1, y2}, and h3h2 = {y1}. Then, the
arithmetic is as follows. For x1, x2 ∈ h2h1 ,

µ2(x1)
µ2(x1)+ µ2(x2)

= Pµ,b(x1|h1)
Pµ,b(h2|h1)

=
1
2

1
= 1

2
,

µ2(x2)
µ2(x1)+ µ2(x2)

= Pµ,b(x2|h1)
Pµ,b(h2|h1)

=
1
2

1
= 1

2
,

µ2(x2)
µ2(x2)

= Pµ,b(x2|h3)
Pµ,b(h2|h3)

=
1
2
1
2

= 1, for x2 ∈ h2h3 .

For y1, y2 ∈ h3h1 ,

µ3(y1)
µ3(y1)+ µ3(y2)

= Pµ,b(y1|h1)
Pµ,b(h3|h1)

=
1
2

1
= 1

2
,

µ3(y2)
µ3(y1)+ µ3(y2)

= Pµ,b(y2|h1)
Pµ,b(h3|h1)

=
1
2

1
= 1

2
,

µ3(y1)
µ3(y1)

= Pµ,b(y1|h2)
Pµ,b(h3|h2)

=
1
2
1
2

= 1, for y1 ∈ h3h2 .

5.4.5. Prove Theorem 5.2.2.

Soln: Fix a subgame Γ with nodes T t = {t} ∪ S(t) where t is the
unique initial node (see exercise 2.6.6) and S(t) is the set of suc-
cessors of t.
For simplicity denote by ht the singleton information set that con-
tains t . By the definition of subgame, for any h ∈ H if h∩ T t ≠ �
then h ⊂ T t . This implies that if h ⊂ T t we have

∑
x∈hht

µ(x) = 1.

Let bt be the original behavioral strategy restricted to Γ . Suppose
h′ is on the path of play on Γ when using the strategy bt . Then
by the definition of Almost Perfect Bayesian Equilibrium (APBE) we
have that ∀x ∈ h′,

µ(x) = Pb(x | ht)
Pb(h′ | ht)

∑
x̂∈h′ht

µ(x̂)

= Pb
t(x)

Pbt(h′)

Where the probabilities Pb
t

are calculated from the initial node in
the subgame, t.
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By definition of APBE b is sequentially rational given µ, so we know
that b is sequentially rational at each information set on T t given
µ and therefore, bt is sequentially rational at each information set
on T t given µ.
By theorem 5.2.1 the strategy bt is a Nash Equilibrium of the sub-
game Γ . Therefore, any APBE is a Subgame Perfect Equilibrium.

5.4.6. Show that (A,a, L) is a sequential equilibrium of Selten’s horse
(Figure 5.1.1) by exhibiting the sequence of converging completely
mixed strategies and showing that the profile is sequentially ratio-
nal with respect to the limit beliefs.

Soln: Let µ be the limit belief system under which (A,a, L) is se-
quentially rational.

The information sets of player I and player II are singletons. So
their beliefs in µ are simple and clear. Each puts probability one
on the only node in his/her only information set. Given (., a, L),
I gets 0 by playing D and 1 by playing A, so A is sequentially
rational. Conditional on II’s information set, given (A, ., L), II gets
0 by playing d but 1 by playing a, so a is sequentially rational. So
we only need to worry about the sequential rationality of III.
Let (xn, yn, zn) be a sequence (indexed by n) of totally mixed
strategy, where xn is the probability that player I plays A, yn
the probability that II plays a, and zn the probability that III plays
L. The belief of player III would be

1− xn
1− xnyn ◦ t +

xn(1−yn)
1− xnyn ◦ t′,

where t is the node reached by D and t′ is the node reached by
Ad. We want III to put sufficient weight on t′ so that the choice L
is sequentially rational. One possible sequence is{

xn = 1− 1
n2

yn = 1− 1
n

As n→ +∞, we have

1− xn
1− xnyn → 0,

xn(1−yn)
1− xnyn → 1

So the limit belief prescribes (0 ◦ t + 1 ◦ t′) for III, and L is se-
quentially rational given this belief. Choosing any zn → 1, we have
(xn, yn, zn) → (1,1,1), i.e. (A,a, L). So (A,a, L) is a sequential
equilibrium.
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5.4.7. Prove by direct verification that the only sequential equilibrium of
the first extensive form in Example 2.3.4 is (RB, r), but that (L, `)
is a sequential equilibrium of the second extensive form.

Soln: Consider the first extensive form in Example 2.3.4, and I
claim that (RB, r) is the only sequential equilibrium. In player
1’s second information set, B strictly dominates T . Let p de-
note the probability that player 2 assigns to the node following
T . Since player 2’s information set is reached with positive prob-
ability from player 1’s second information set, by Bayes’ rule we
have p = 0. Given p = 0, player 2 is sequentially rational only if he
plays r . Given player 2’s strategy, player 1 is sequentially rational
in his first information set only if he plays RB.

Consider the second extensive form in Example 2.3.4, and we want
to show that (L, `) is a sequential equilibrium. It is easy to see that
given player 2’s strategy, player 1 is sequentially rational. Con-

sider a sequence of player 1’s strategies, bn1 =
(
1− n+1

n2 , 1
n ,

1
n2

)
(n ≥ 2), where the second (third) component denotes the proba-
bility with which T (B) is chosen. Then bn1 → (1,0,0) as n → ∞.
Under bn1 , the probability that player 2 assigns to the node follow-
ing T is n

1+n , which goes to 1 as n goes to infinity. Hence p = 1 is
consistent with the (L, `). Given p = 1, it is sequentially rational
for player II to choose `.

5.4.8. We return to the environment of Problem 3.6.1, but with one change.
Rather than the two firms choosing quantities simultaneously, firm
1 is a Stackelberg leader: Firm 1 chooses its quantity, q1, first. Firm
2, knowing firm 1’s quantity choice then chooses its quantity. De-
scribe a strategy profile for this dynamic game. What is the ap-
propriate equilibrium notion for this game and why? Describe an
equilibrium of this game. Is it unique?

Soln: A strategy profile for this dynamic game is σ = (q1, q2),
where q1 ∈ R+, and q2 : {3,4} × R+ → R+. The most natural
extensive form (see Display 5.4.1) puts nature’s move (the deter-
mination of θ) first, followed by a single information set for player
1 containing two nodes, followed by singleton information sets for
player 2, one for each possible value of θ and q1.

The appropriate equilibrium notion for this extensive form is sub-
game perfection, because

(a) firm 1’s information set is reached with probability one, and
so 1’s beliefs must be given by the distribution determining
Natures’ move in any Nash equilibrium;
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Firm 1

N

θ=3 θ=4

q1 q1

Firm 2 Firm 2

q2 q2

Display 5.4.1: The natural extensive form for Problem 5.4.8.

(b) firm 2’s information sets are all singletons, and so are sub-
games, implying that 2’s behavior at any quantity choice of 1,
on or off the path-of-play, and given any θ, must be optimal;
and

(c) there are no non-trivial information sets off the path-of-play,
and so no need to specify beliefs.

Formally, this is not a game of perfect information, and so sub-
game perfection is not an implication of backward induction. But
there is an equivalent extensive form in which backward induction
has the same implications: firm 1 moves first at a singleton infor-
mation set, and then Nature determines θ (at each of 1’s quantity
choices according to the same distribution), and finally, there are
the singleton information sets for player 2.

In a subgame perfect equilibrium, at the information set (θ, q1),
firm 2 chooses q2 to solve

max
q2∈R+

[θ − q1 − q2]q2.

The first-order condition for this problem implies

q∗2 (θ, q1) = 1
2
(θ − q1).
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I

t1 i II U

D

2; 0

u 1; 2

d 0; 1

o
2; 0

t2

i II U

D

1; 0

u 10; 1

d 13;�4

o
2; 0

I

Figure 5.4.3: The game for Problem 5.4.9. The two types of player II are equally
likely.

Given the function q∗2 , firm 1 chooses q1 ∈ R+ to maximize{
α
(

3− q1 − 1
2
(3− q1)

)
+ (1−α)

(
4− q1 − 1

2
(4− q1)

)}
q1

=
{
α

3
2
+ (1−α)2− q1

2

}
q1 =

{
4−α− q1

} q1

2
.

Solving the first-order condition, q∗1 = 1
2(4 − α). Thus a subgame

perfect equilibrium is σ∗ = (q∗1 , q∗2 ). Since all objective functions
are strictly concave, the equilibrium is unique.

Note that the strategy profile involves a specification of the be-
havior of firm 2 at every information (firm 1 quantity), and not
just after q∗1 = 1

2(4 − α). In the equilibrium outcome, 1 chooses

q∗1 = 1
2(4−α) and firm 2 chooses q∗2 (θ, q

∗
1 ) = (2θ − 4+α)/4.

5.4.9. Consider the game in Figure 5.4.3.1

(a) Prove that player I plays i in the unique sequential equilib-
rium.

(b) Does the analysis of the sequential equilibria of this game
change if the two types of player II are modeled as distinct
players (receiving the same payoff)?

(c) Prove that (od,UD) is an almost perfect Bayesian equilibrium.

5.4.10. Consider the game in Figure 5.4.4.

1This example was motivated by Section 8.2.1.
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I x1

L
C

R

II

`

1
1
0

r

−1
0
1

` r ` r

III

`′

2
0
1

r ′

0
0
0

`′

−1
0
0

r ′

−1
1
1

`′

2
0
1

r ′

0
0
x

`′

0
0
0

r ′

0
1
1

Figure 5.4.4: The game for Problem 5.4.10.

(a) Suppose x = 0. Verify that (L`r ′) is an almost perfect Bayesian
equilibrium that is not a sequential equilibrium.

Soln: First, notice that beliefs on information set of player III
are not restricted under an Almost Perfect Bayesian Equilib-
rium, since this information set is reached with probability 0
from any other information set. Then the beliefs of player III
can be (0, p,0,1 − p). With this beliefs for player III to play
r ′ is sequentially rational for her. Given the strategy of player
I, to play ` is sequentially rational for player II. Finally, given
the strategy of players II and III, player I strictly prefers to
play L (he obtains 1) to C or R (he obtains 0).
Now, take any completely mixed behavioral strategy (1 − ε −
γ)◦L, ε◦C,γ◦R, (1−α)◦`,α◦r , (1−β)◦`′, β◦r ′. The beliefs on

the information set of player III would be
(
(1−α)ε
ε+γ ,

αε
ε+γ ,

(1−α)γ
ε+γ ,

αγ
ε+γ

)
and this converges to (q,0,1−q,0) for some q ∈ [0,1] as the
trembles converge to zero, depending on the relative rate of
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convergence of ε and γ. But with this beliefs in the limit, it
is only sequentially rational for player III to play `′. Then
(L`r ′) is not a sequential equilibrium.

(b) Describe a pure strategy sequential equilibrium for this game
for x = 0.
Soln: The profile (C``′) is a sequential equilibrium. As in-
formation set of player III is on the path of play we know
that the only consistent beliefs are given by (1,0,0,0). Given
this beliefs `′ is sequentially rational for player III. The only
consistent beliefs for player II are given by (0,1,0) so given
strategy of player III, player II is indifferent between ` and r .
Finally, given strategies of player II and III, it is sequentially
rational for player I to play C .
By an analogous argument, another pure strategy sequential
equilibrium is (R``′).

(c) Suppose x = 3. Verify that (L`r ′) is a sequential equilibrium,
and describe the supporting beliefs, showing they are consis-
tent.
Soln: By solution to part 5.4.10(a) we have that if players I and
II play L and `, the set of consistent beliefs on information
set of player III are given by (q,0,1−q,0) for some q ∈ [0,1].
Take q = 0. Then the beliefs of player III are (0,0,1,0) and
therefore r ′ is sequentially rational for player III. The only
consistent beliefs for player II given the strategy of player I
are (1,0,0), so player II prefers ` to r . Finally, given strate-
gies of player II and III, it is sequentially rational for player
I to play L, since he gets 1 and by choosing other action he
would get 0.

5.4.11. Fix a finite extensive form game. Suppose µ is consistent with b.
Suppose for some player i there are two information sets h,h′ ∈
Hi with h′ ≺∗ h and P(µ,b)(h|h′) = 0. Prove that if there exists an-
other strategy b̂i for player iwith the property that P(µ,(b̂i,b−i))(h|h′) >
0, then

µ(x) = P(µ,(b̂i,b−i))(x|h′)
P(µ,(b̂i,b−i))(h|h′) , ∀x ∈ h.

Soln: Let bk be a completely mixed behavioral strategy converging
to b. For any x′ in h′ there is a unique path from some x′0 ∈ h.

Denote the sequence of actions from x′0 to x′ by a1
x′ , a2

x′ , . . . , a
Lx′
x′ .

For simplicity denote the set of information sets that are in the
path of play from x′0 to x′ by Lx′ .



118 CHAPTER 5. DYNAMIC GAMES

Notice that the sequence of actions from x′0 to x′ can be different
for each x′. However, by perfect recall the collection of informa-
tion sets in Lx′ owned by player i is the same for all x′; that is
Ti ∩ Lx′ is independent of x′. Furthermore, by perfect recall for
any ` ∈ Ti ∩ Lx we have a`x = a` ∀x ∈ h′ .
We have that for any x ∈ h′,

µk(x) = Pb
k(x)

Pbk(h′)
=

Pb
k(x0)

Lx∏̀
=0
bkι(`)(a

`
x)

∑
x′∈h′

Pbk(x′0)
Lx′∏̀
=0
bkι(`)(a

`
x′)

=
Pb

k(x0)
∏

`∈Ti∩Lx
bki (a`)

∏
` 6∈Ti∩Lx

bkι(`)(a
`
x)∏

`∈Ti∩Lx′
bki (a`)

∑
x′∈h′

Pbk(x′0)
∏

` 6∈Ti∩Lx′
bkι(`)(a

`
x′)

=
Pb
k (x0)

Pbk (h)

∏
` 6∈Ti∩Lx

bkι(`)(a
`
x)∑

x′∈h′
Pbk (x′0)
Pbk (h)

∏
` 6∈Ti∩Lx′

bkι(`)(a
`
x′)

∏
`∈Ti∩Lx

b̂i(a`)∏
`∈Ti∩Lx′

b̂i(a`)

=
µk(x0)

∏
` 6∈Ti∩Lx

bkι(`)(a
`
x)∑

x′∈h′
µk(x′0)

∏
` 6∈Ti∩Lx′

bkι(`)(a
`
x′)

∏
`∈Ti∩Lx

b̂i(a`)∏
`∈Ti∩Lx′

b̂i(a`)

= Pb̂i,b
k
−i(x|h)

Pb̂i,b
k
−i(h′|h)

Where the first and fifth equalities follow from (5.3.1) and (5.2.1)
respectively in the notes. Third equality follows from the state-
ment that player i is playing the same action in all the information
sets between h and h′ where he plays, and P(µ,(b̂i,b−i))(h′|h) > 0 im-
plies that b̂i(a`) > 0 ∀` ∈ Ti ∩ Lx∀x ∈ h′. Finally, fourth follows
trivially from the definition of beliefs on h.
As µ is consistent with b ( this is, µk(x) →

k→∞
µ(x)), P(µ,(b̂i,b−i))(h′|h) >

0 and probabilities are continuous, by taking limits in both sides
of the expression above, we conclude that

µ(x) = P(µ,(b̂i,b−i))(x|h)
P(µ,(b̂i,b−i))(h′|h), ∀x ∈ h′

5.4.12. Complete the proof of Theorem 5.3.2 by showing that

Eµ,(b
(K)
i ,b−i)[ui|h′] ≥ Eµ,(b′i,b−i)[ui|h′].
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Be sure to explain the role of consistency. (Hint: use Problem
5.4.11).

Soln: Define HKi (h′) the set of K-level information sets. Take h ∈
HKi (h′). If∀b̂i Pµ,b̂i,b−i(h | h′) = 0 the expected utility of individual
i, given the game has reached h′, does not depend on the beliefs
or the strategies on h. If ∃b̃i Pµ,b̃i,b−i(h | h′) > 0, by consistency of
µ and 5.4.11 we have that ∀x ∈ h

µ(x) = P(µ,(b̃i,b−i))(x|h′)
P(µ,(b̃i,b−i))(h|h′)

So the beliefs at h does not depend on the actual strategy of player
i, that is, the beliefs are identical under strategies (b(K)i , b−i) and
b. Then, let ZK the set of terminal nodes that follows from some
h ∈ HKi (h′) and as there is not profitable deviation in any h ∈
HKi (h′), we have

Eµ,b[ui | h] ≥ Eµ,b′i,b−i[ui | h]
⇒

∑
z∈ZK

ui(z)Pµ,b(z | h) ≥
∑
z∈ZK

ui(z)Pµ,b
′
i,b−i(z | h)

⇒
∑

h∈HKi (h′)
Pµ,b

′
i,b−i(h | h′)

∑
z∈ZK

ui(z)Pµ,b(z | h) ≥
∑

h∈HKi (h′)
Pµ,b

′
i,b−i(h | h′)

∑
z∈ZK

ui(z)Pµ,b
′
i,b−i(z | h)

⇒
∑
z 6∈ZK

ui(z)Pµ,b
′
i,b−i(z | h′)+

∑
z∈ZK

ui(z)Pµ,b
(K)
i ,b−i(z | h′) ≥

∑
z 6∈ZK

ui(z)Pµ,b
′
i,b−i(z | h′)+

∑
z∈ZK

ui(z)Pµ,b
′
i,b−i(z | h′)

⇒
∑
z
ui(z)Pµ,b

(K)
i ,b−i(z | h′) ≥

∑
z
ui(z)Pµ,b

′
i,b−i(z | h′)

⇒Eµ,b(K)i ,b−i[ui | h′] ≥ Eµ,b′i,b−i[ui | h′]
Where the first and last implications follow from the definition of
expectation, third one is satisfied because definition of strategy
b(K)i , interchangeability of finite sums and the law of total proba-
bility, and fourth implication follows from the definition of strat-
egy b(K)i .
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Chapter 6

Signaling

6.3.1. Show that for the game in Figure 6.3.1, for all values of x, the
outcome in which both types of player I play L is sequential by
explicitly describing the converging sequence of completely mixed
behavior strategy profiles and the associated system of beliefs. For
what values of x does this equilibrium pass the intuitive criterion?

Soln: The strategy profile (τ̂, σ̂ ) where τ̂(t1)(L) = τ̂(t2)(L) = 1
and σ̂ (D) = 1 is a sequential equilibrium with the belief that
µ(t1|R) = 0.

First given σ̂ it is optimal for both types of player I to choose L
since 2 > 0. Given the belief that µ(t1|R) = 0, it is optimal for
player II to choose D since 2 > 0.

Second µ is consistent. To see this consider the following se-
quence of completely mixed behavior strategies, (τn, σn) for n ≥
2:

τn(t1)(L) = 1− 1
n2
, τn(t2)(L) = 1− 1

n
,

and

σn(D) = 1− 1
n
.

It is clear that (τn, σn) converges to (τ̂, σ̂ ) as n → ∞. Under
(τn, σn), the associated belief for player II is

µn(t1|R) =
1
n2

1
n2 + 1

n

= 1
1+n → 0,

as n→∞.

If x < 2, the equilibrium fails the intuitive criterion. Consider the
unsent message R. We have BR(T ,R) = {U,D}. Type t1 of player

121
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t1

[1
2]

R
U 6,3

D 0,0

L
2,0

t2

[1
2]

R
U x,0

D 0,2

L
2,0

II

Figure 6.3.1: Game for problem 6.3.1. The probability that player I is type t1 is
1/2 and the probability that he is type t2 is 1/2. The first payoff is
player I’s payoff, and the second is player II’s.

I would prefer R to L if he believed that R would be followed by U
since his equilibrium payoff 2 is smaller than 6. Type t2 of player
I would never prefer R to L no matter what the strategy of player
II since his equilibrium payoff 2 is larger than max{x,0}. Hence
D(R) = {t2}. Then for t1 of player I the equilibrium payoff 2 is
smaller than

min
r∈BR(T\D(R),R)

u(R, r , t1) = u(R,U, t1) = 6.

If x ≥ 2, the equilibrium passes the intuitive criterion. Consider
the unsent message R. Now D(R) = �, since t2’s equilibrium pay-
off 2 is less than or equal to x. Hence there’s no type t whose
equilibrium payoff is smaller than

min
r∈BR(T\D(R),R)

u(R, r , t) = u(R,D, t) = 0.

6.3.2. (a) Prove that the signaling game illustrated in Figure 6.3.2 has
no Nash equilibrium in pure strategies.
Soln: (Assume that p ∈ (0,1) throughout this question.) Sup-
pose not, and there is a pure strategy Nash equilibrium, (τ̂(t1),
τ̂(t2), σ̂ (L), σ̂ (R)).
Note that by choosing L both types of the sender can get at
least −2 and at most 2. Suppose, in equilibrium, σ̂ (R) = TR,
then τ̂(t1) = R and τ̂(t2) = L because 3 > 2 and −3 < −2.
Then player II’s belief is µ(t2|L) = 1 and µ(t1|R) = 1. How-
ever, given this belief, σ2(R) = BR is a profitable deviation for
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t1
[p]

R
TR

3,0

BR −3,1

LML2,2

TL
−2,0

BL1,3

t2
[1− p]

R
TR

−3,1

BR 3,0

LML2,2

TL
1,3

BL−2,0

IIII

Figure 6.3.2: Figure for question 6.3.2.

player II.
Suppose, in equilibrium, σ̂ (R) = BR, then τ̂(t1) = L and
τ̂(t2) = R because 3 > 2 and −3 < −2. Then player II’s belief
is µ(t1|L) = 1 and µ(t2|R) = 1. However, given this belief,
σ2(R) = TR is a profitable deviation for player II.
Hence there is no pure strategy Nash equilibrium.

(b) Definition 6.1.1 gives the definition of a pure strategy perfect
Bayesian equilibrium for signaling games. How should this
definition be changed to cover mixed strategies? More pre-
cisely, give the definition of a perfect Bayesian equilibrium
for the case of finite signaling games.
Soln: If we allow for mixed strategies, then the sender’s strat-
egy is τ : T → ∆(M) and the responder’s strategy is σ : M →
∆(R)
Definition 6.0.1. A perfect Bayesian equilibrium of the signal-
ing game is a strategy profile (τ̂, σ̂ ) such that

i. for all t ∈ T , for all m with τ̂(t)(m) > 0:

m ∈ arg max
m′∈M

Eσ̂ (m
′)[u(m′, r , t)],

where Eσ̂ (m) denote the expectations with respect to σ̂ (m).
ii. for all m, there exists some µ ∈ ∆(T) such that for all r

with σ̂ (m)(r) > 0

r ∈ arg max
r ′∈∆(R)

Eµ[v(m, r ′, t)],
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where Eµ denote the expectations with respect to µ, and

iii. form such that τ̂(t)(m) > 0 for some t ∈ T , µ in part 2 is
given by

µ(t) = ρ(t) · τ̂(t)(m)∑
t′∈T ρ(t′) · τ̂(t′)(m)

.

(c) For the game in Figure 6.3.2, suppose p = 1
2 . Describe a per-

fect Bayesian equilibrium.
Soln: The strategy profile (τ̂, σ̂ ), where τ̂(t)(L) = 1 ∀t ∈ T ,
and σ̂ (L)(ML) = 1 and σ̂ (R)(TR) = 1

2 is a perfect Bayesian
equilibrium:

Since under τ̂ no type sends R with positive probability, we
can arbitrarily specify µ(t|R) to any value. In order for player
II to be indifferent between TR and BR after observing R, it
must be the case that µ(t1|R) = 1

2 .

Note that µ(t1|L) = p = 1
2 , hence player II’s expected payoff

from choosing TL after L is

1
2
× 0+ 1

2
× 3 = 3

2
.

Similarly, after L, player II’s expected payoff is 2 from choos-
ing ML and 3

2 from choosing BL. Hence it is optimal for player
II to choose ML.
Now consider the sender. Given σ̂ , both types of the sender
get 0 from sending R and 2 from sending L. Hence it is opti-
mal for them to send L.

(d) How does your answer to part 6.3.2(c) change if p = 0.1?
Soln: If p = 0.1, then the strategy profile described in part
(c) is no longer a perfect Bayesian equilibrium. To see this,
note that when p = 0.1, after L, player II’s expected payoff
is 0.3 from choosing BL, 2 from choosing ML and 2.7 from
choosing TL. Hence it is optimal for player II to choose TL
after L. Furthermore, if we specify σ̂ (L)(TL) = 1, then R is a
profitable deviation for t1 since 0 > 2. Hence it cannot be a
perfect Bayesian equilibrium in which both types pool on L.

The strategy profile (τ̂, σ̂ ), where τ̂(t1)(R) = 1 and τ̂(t2)(R) =
1
9 , and σ̂ (L)(TL) = 1 and σ̂ (R)(TR) = 1

3 is a perfect Bayesian
equilibrium:
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Now both L and R are sent with positive probability under τ̂
and we have µ(t2|L) = 1 and

µ(t1|R) = 0.1
0.1+ 0.9× 1

9

= 1
2
.

Given this belief, it is optimal for player II to choose TL after
L, and it is also optimal for him to randomize σ̂ (R)(TR) = 1

3
after R since he is indifferent between TR and BR.
Given σ̂ , it is optimal for t1 to send R since

1
3
× 3+ 2

3
× (−3) = −1 > −2,

and it is optimal for t2 to randomize between L and R since

1
3
× (−3)+ 2

3
× 3 = 1 = 1.

6.3.3. Prove Theorem 6.1.1.

Soln: Necessity. After considering Theorem 5.3.2 and conditions
1 and 2 in the definition of PBE, to prove that a PBE is a sequential
equilibrium we only need to prove that the beliefs µ are consis-
tent. Besides, consistency along the path of play is guaranted by
part 3 of Definition 6.1.1.
Take a message m that is not sent in equilibrium and denote
the PBE associated receiver’s vector beliefs afterm by (µ1, . . . , µn)
such that

∑
i = 1nµi = 1, where n = |T |. Finally, let (p1, . . . , pn)

the prior distribution over the sender’s type. As the set of types is
finite we note that pi > 0 for all i ∈ {1, . . . , n}.1
Take a completely mixed strategy, with probability of sending mes-
sage m given by

bik(m) =


µi
pi

1
k if µi > 0

1
pi

1
k2 if µi = 0

By Bayes’ rule we have that when µi > 0

µik =
bik(m)pi∑
i bik(m)pi

=
µi
k∑

{i:µi>0}
µi
k +

∑
{i:µi=0}

1
k2

= µi∑
{i:µi>0}

µi + ∑
{i:µi=0}

1
k

→ µi

1If pi = 0 for some i, any bayesian belief would give probability 0 to that type.
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And when µi = 0

µik =
bik(m)pi∑
i bik(m)pi

=
1
k2∑

{i:µi>0}
µi
k +

∑
{i:µi=0}

1
k2

=
1
k∑

{i:µi>0}
µi + ∑

{i:µi=0}
1
k

→ 0

Therefore, the beliefs associated to the PBE are consistent and we
can conclude that a PBE is a sequential equilibrium.
Sufficiency. Because players play only once, the no profitable one-
shot deviation condition given beliefs µ that is satisfied by the
sequential equilibrium implies that both players are playing their
best response given the beliefs µ. Therefore, a sequential equilib-
rium satisfies conditions 1 and 2 in Definition 6.1.1.
Besides, as µ is consistent, µ satisfies Bayes’ rule along the path of
play, so condition 3 on the definition of a PBE is satisfied.
Therefore, a sequential equilibrium is a PBE.

6.3.4. The canonical signaling game has a sender with private informa-
tion, denoted θ ∈ Θ ⊂ R choosing a message m ∈ R, where Θ is
compact. A receiver, observingm, but not knowing θ then chooses
a response r ∈ R. The payoff to the sender is u(m, r , θ) while the
payoff to the receiver is v(m, r , θ). Assume both u and v are C2.
Assume v is strictly concave in r , so that v(m, r , θ) has a unique
maximizer in r for all (m,θ), denoted ξ(m,θ). Define

U(θ, θ̂,m) = u(m,ξ(m, θ̂), θ).
Assume u is strictly increasing in r , and ξ is strictly increasing in
θ̂, so that U is also strictly increasing in θ̂. Finally, assume that for
all (θ, θ̂), U(θ, θ̂,m) is bounded above (and so has a well-defined
maximum).

(a) Given a message m∗ and a belief F over θ, suppose r∗ max-
imizes the receiver’s expected payoff. Prove there exists θ̂
such that r∗ = ξ(m∗, θ̂). Moreover, if the support of F is a
continuum, [

¯
θ, θ̄], prove that θ̂ is in the support of F .

Soln: Assume that v is defined for all θ ∈ R, so is ξ. The
assumption that r∗ maximizes the receiver’s expected payoff
implies ∫

Θ
v2(m∗, r∗, θ)dF(θ) = 0,

where

v2(m∗, r∗, θ) ≡ ∂v(m
∗, r∗, θ)
∂r

.

Then, there must be a θ1 ∈ Θ such that v2(m∗, r∗, θ1) ≥
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0 and a θ2 ∈ Θ such that v2(m∗, r∗, θ2) ≤ 0. Since v is
strictly concave in r , ξ(m∗, θ1) ≤ r∗ ≤ ξ(m∗, θ2). Since ξ
is strictly increasing in θ, θ1 ≤ θ2. Then by the continuity
of v2(m∗, r∗, θ) and the Intermediate Value Theorem, there
exists a θ̂ such that θ1 ≤ θ̂ ≤ θ2 and v2(m∗, r∗, θ̂) = 0. Note,
θ̂ may not be an element of Θ. Then the definition of ξ implies
r∗ = ξ(m∗, θ̂).
In particular, if the support of F is a continuum, [θ, θ̄], then
θ1 ≤ θ̂ ≤ θ2 implies θ ≤ θ̂ ≤ θ̄. That is, θ̂ is in the support of
F .

Assume u satisfies the single-crossing condition:

If θ < θ′ and m < m′, then u(m, r , θ) ≤ u(m′, r ′, θ)
implies u(m, r , θ′) < u(m′, r ′, θ′).

(Draw the indifference curves for different types inm−r space to
see that they can only cross once.)

(b) Provide restrictions on the productive education case covered
in Section 6.2 so that the sender’s payoff satisfies the single-
crossing condition as defined here.
Soln: In the productive education case, the sender’s message
is education e ∈ R+ and the receiver’s response is wage w ∈
R+. The sender’s (worker) payoff is given by:

u(e,w,θ) = w − c(e, θ),
The single-crossing condition is then:

If θ < θ′ and e < e′, then w − c(e, θ) ≤ w′ − c(e′, θ)
implies w − c(e, θ′) < w′ − c(e′, θ′).

This is equivalent to

If θ < θ′ and e < e′, then w −w′ ≤ c(e, θ) − c(e′, θ)
implies w −w′ < c(e, θ′)− c(e′, θ′).

A sufficient condition for this single crossing condition is that
θ < θ′ and e < e′ implies c(e, θ)−c(e′, θ) < c(e, θ′)−c(e′, θ′).
When c is C2, this sufficient condition can be written as

ceθ ≡ ∂2c
∂e∂θ

< 0.

To see this, suppose that

c(e′, θ)− c(e, θ) ≤ w′ −w,
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then

c(e′, θ′)− c(e, θ′) =
∫ e′
e

∂c(s, θ′)
∂s

ds,

<
∫ e′
e

∂c(s, θ)
∂s

ds,

=c(e′, θ)− c(e, θ),
≤w′ −w.

The first inequality follows from that if θ < θ′ then

∂c(e, θ′)
∂e

<
∂c(e, θ)
∂e

, ∀e,

since ceθ < 0.

(c) Prove that U satisfies an analogous version of the single-crossing
condition: If θ < θ′ andm <m′, then U(θ, θ̂,m) ≤ U(θ, θ̂′,m′)
implies U(θ′, θ̂,m) < U(θ′, θ̂′,m′).
Soln: Let θ < θ′ andm <m′. Suppose U(θ, θ̂,m) ≤ U(θ, θ̂′,m′).
Then, by the definition of U ,

u(m,ξ(m, θ̂), θ) ≤ u(m′, ξ(m′, θ̂′), θ).

By the single crossing condition on u, we have

u(m,ξ(m, θ̂′), θ′) < u(m′, ξ(m′, θ̂′), θ′),

which is equivalent to

U(θ′, θ̂,m) < U(θ′, θ̂′,m′).

(d) Prove that the messages sent by the sender in any separating
Nash equilibrium are strictly increasing in type.
Soln: Let τ̂ be an incentive compatible separating strategy. Fix
θ < θ′. Let m ≡ τ̂(θ) and m′ ≡ τ̂(θ′). Since τ̂ is separating,
we have m ≠ m′. The incentive compatibility conditions for
the sender imply that

U(θ′, θ′,m′) ≥ U(θ′, θ,m), (6.3.1)

and
U(θ, θ,m) ≥ U(θ, θ′,m′). (6.3.2)



June 29, 2017 129

Suppose m > m′. Then, by the single-crossing condition,
(6.3.2) implies that

U(θ′, θ,m) > U(θ′, θ′,m′),

which contradicts with (6.3.1). Hence m <m′.

(e) Prove that in any separating perfect Bayesian equilibrium, type
θ ≡minΘ chooses the actionmmaximizing u(m,ξ(m,θ), θ)
(recall (6.2.4)). How is this implication of separating perfect
Bayesian equilibrium changed if u is strictly decreasing in r?
If ξ is strictly decreasing in θ̂?
Soln: Note our equilibrium concept here is separating per-
fect Bayesian equilibrium, rather than Nash equilibrium. Let
(m∗, r∗) be the equilibrium. Separating means thatm∗ : Θ →
R is a one to one mapping. Sequential rationality of the sender
requires that for any m̂, m ≡m∗(θ) is a better choice:

u(m, r∗(m), θ) ≥ u(m̂, r∗(m̂), θ).
m is on the path of play of the separating equilibrium, so
r∗(m) = ξ(m,θ). Message m̂ may be on the path or off
the path, but r∗(m̂) is sequential rational given some belief.
From (a) and its proof, we know that ∃θ̂ ∈ Θ̄, the closure of
Θ, such that r∗(m̂) = ξ(m̂, θ̂). So

u(m,ξ(m,θ), θ) ≥ u(m̂, ξ(m̂, θ̂), θ). (6.3.3)

Since both u and ξ are strictly increasing in their second ar-
guments, we have

u(m̂, ξ(m̂, θ̂), θ) ≥ u(m̂, ξ(m̂, θ), θ). (6.3.4)

(6.3.3) and (6.3.4) says that m maximizes u(m,ξ(m,θ), θ).
If u is strictly decreasing in its second argument OR ξ is
strictly decreasing in its second argument, then by a simi-
lar argument, we will have that θ̄ ≡ maxΘ chooses the action
that maximizes u(m,ξ(m, θ̄), θ̄).

6.3.5. Prove that in any discretization of the job market signaling game,
in any almost perfect Bayesian equilibrium, after any e, firms have
identical beliefs about worker ability.
Soln: As the game has been discretized, let n = |Θ|. Denote the be-
lief of the worker after observing θi by µ0(θi). Suppose there is a
education signal such that firm 1 and firm 2 have different beliefs,
that is, ∃e such that µ1(e) ≠ µ2(e). Let i ∈ {1, . . . , n} be one of
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the types for which the firms’ beliefs are different, µ1
i (e) ≠ µ

2
i (e).

Without loss of generality, assume µ1
i (e) > µ

2
i (e). Call the system

of beliefs µ.
Fix the behavioral strategy b(θi) for the worker. Using the defini-
tion of almost PBE, the previous inequality implies P1,µ,b(e | θi) >
P2,µ,b(e | θi). As the information set of the worker given θi is a
singleton, and since the previous inequality depends on the be-
lief system only through the belief of the worker, we can conclude
that P1,b(e | θi) > P2,b(e | θi); but this is a contradiction since all
workers are playing the same behavioral strategy.

6.3.6. Suppose that, in the incomplete information model of Section 6.2,
the payoff to a firm from hiring a worker of type θ with education
e at wage w is

f(e, θ)−w = 3eθ −w.
The utility of a worker of type θ with education e receiving a wage
w is

w − c(e, θ) = w − e
3

θ
.

Suppose the support of the firms’ prior beliefs ρ on θ is Θ = {1,3}.
(a) Describe a perfect Bayesian equilibrium in which both types

of worker choose their full information eduction level. Be sure
to verify that all the incentive constraints are satisfied.
Soln: Let θ̄ = 3 and θ = 1. So Θ = {θ, θ̄}. Define U(θ, θ̂, e) in
the same way as in the lecture notes. Under full information,
worker of type θ solves the following problem:

max
e
f(e, θ)− c(e, θ).

Solving the first order condition, we get

e∗(θ) = θ.

I now argue that the strategy profile {e,w} constitutes a per-
fect Bayesian equilibrium with beliefs µ, where

e(θ) = θ; w(e) =
3e if e < 3

9e if e ≥ 3
; µ(e) =

1 ◦ θ if e < 3

1 ◦ θ̄ if e ≥ 3
.

We observe that the beliefs µ are consistent with Bayes rule
on the path of play, and given µ, w(e) = Eµf(e, θ̂). So the
firm’s response is optimal given the worker’s strategy.
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It remains to show that worker’s strategy is incentive com-
patible for both types. First, the high type worker does not
have a profitable deviation because his equilibrium payoff is
his highest payoff possible:

U(θ̄, θ̄, e(θ̄)) ≥ U(θ̄, θ̄, e′) ≥ Eµ̂U(θ̄, θ̂, e′),∀e′, µ̂.

The first inequality is true because e(θ̄) = θ̄ is the full infor-
mation optimal level; the second inequality is due to the fact
that U is increasing in θ̂.
For the low type worker, in equilibrium he gets

U(θ, θ, e(θ)) = U(1,1,1) = 2.

It is never profitable deviation to choose some other e′ in
[0,3) since the worker will still be perceived as the low type,
and his payoff will be lower than if he choose the full infor-
mation optimal level. If he chooses e′ ∈ [3,+∞], he will get

U(1,3, e) = 9e− e3 < 0 < U(1,1,1).

Hence, the worker’s strategy is a best response to the firm’s
strategy.

(b) Are there other separating perfect Bayesian equilibria? What
are they? Do they depend on the prior distribution ρ?
Soln: There exist a continuum of outcomes that can be sup-
ported in equilibrium: the worker with type θ̄ chooses edu-
cation level eH and the worker with type θ̄ chooses eL = 1;
the firm pays 9eH when seeing eH and 3 when see eL = 1. eH
is some number in [a, b], where a and b are to be specified
later.
There are multiple belief systems to support each of the out-
comes. For simplicity we consider beliefs of the following
form:

µ(e) =
1 ◦ θ̄ if e = eH

1 ◦ θ otherwise
.

In this form of proposed equilibria, the low type worker gets
2 and the high type worker gets 9eH − e3

H/3. Given the beliefs
specified, the best possible deviation for type θ is eH ; to get
the best possible deviation for type θ̄, we solve

max
e
U(3,1, e), i.e. max

e
3e− e

3

3
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The best possible deviation is
√

3 and the high type will get
2
√

3. The sufficient and necessary conditions such that the
strategies of both types are incentive compatible are thus

2 ≥ 9eH − e3
H ;

9eH − e3
H/3 ≥ 2

√
3.

Let a be the largest root of 2 = 9eH − e3
H and b be the largest

root of 9eH − e3
H/3 = 2

√
3. Then the conditions are equivalent

to eH ∈ [a, b].
The equilibrium does not depend on prior distribution be-
cause the equilibrium is separating. Off-the-path beliefs can
be arbitratry as long as the incentive constraints are satisfied;
and by the Bayes rule, on-the-path beliefs put probability 1 on
a certain type.

Now suppose the support of the firms’ prior beliefs on θ is Θ =
{1,2,3}.
(c) Why is it no longer consistent with a separating perfect Bayesian

equilibrium to have θ = 3 choose his full information educ-
tion level e∗(3)? Describe the Riley outcome (the separating
equilibrium outcome that minimizes the distortion), and ver-
ify that it is indeed the outcome of a perfect Bayesian equilib-
rium.
Soln: In any separating perfect Bayesian equilibrium, the worker
with θ = 2 will be perceived as type θ = 2. So the maxi-
mum payoff he can receive is U(2,2, e∗(2)) = U(2,2,2) = 8.
Now suppose the θ = 3 worker choose his full information
eduction level e∗(3) = 3 in equilibrium. Then by deviating to
e∗(3) = 3, the θ = 2 type would be considered as type θ = 3,
and get a payoff U(2,3,3) = 13.5. This is a profitable devia-
tion from the putative equilibrium strategy. Therefore we get
a contradiction.
In the Riley outcome, every adjacent upward incentive com-
patibility constraint is binding. That is to say, each type is
indifferent between choosing his equilibrium level and mas-
querading the type one level above him. The lowest type θ = 1
will choose the full information level eR(1) = e∗(1) = 1 and
get a payoff 2. For the θ = 1 type to be indifferent between
eR(1) and masquerading θ = 2, eR(2) should satisfy

2 = 6eR(2)− eR(2)3.
We should pick the larger of the two positive roots. Thus
eR(2) ≈ 2.26. For the θ = 2 type to be indifferent between
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eR(2) and masquerading θ = 3, eR(3) should satisfy

6eR(2)− eR(2)3/2 = 9eR(3)− eR(3)3/2.
Again we should select that larger of the two positive roots,
what gives eR(3) ≈ 3.72.
Consider the following beliefs of the firm:

µ(e) =


1 ◦ {θ = 1} if e ∈ [0, eR(2))
1 ◦ {θ = 2} if e ∈ [eR(2), eR(3))
1 ◦ {θ = 3} if e ∈ [eR(3),∞)

We now verify that under such beliefs, the Riley outcome is
indeed an equilibrium outcome. For type θ = 1, eR(2) is the
best possible deviation in [eR(2), eR(3)) since U(1,2, e) is de-
creasing in the interval. Then by the way we derive eR(2), we
know that any e ∈ [eR(2), eR(3)) cannot be a profitable de-
viation. There is no profitable deviation on [0, eR(2)) since
eR(1) is the full information level. Moreover, type θ = 1 gets
a negative payoff by choosing e ≥ eR(3). So the incentive con-
straints are satisfied for θ = 1 type.
Similarly for type θ = 2, U(2,2, e) is decreasing on [eR(2), eR(3)),
so he does not want to choose any other education that still
identifies him as θ = 2 ; U(2,3, e) is decreasing on [eR(3),∞),
so he does not want to mimic θ = 3. The most he can get by
masquerade θ = 1 is

max
e
U(2,1, e) = 3e− e3/2 = 2

√
2,

smaller than his equilibrium payoff. Therefore there is no
profitable deviation for the worker with θ = 2.
Finally. for type θ = 3, he does not want to choose any e >
eR(3) since U(3,3, e) is decreasing on [eR(3),∞). The best he
can achieve by masquerading others is

max
e
U(3,2, e) =max

e
6e− e3/3 = 4

√
6,

smaller than U(3,3, eR(3)). So there is no profitable deviation
for type θ = 3, either.

(d) What is the largest education level for θ = 2 consistent with
separating perfect Bayesian equilibrium? Prove that any sep-
arating equilibrium in which θ = 2 chooses that level of edu-
cation fails the intuitive criterion. [Hint: consider the out-of-
equilibrium education level e = 3.]
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Soln: Suppose eM(2) is the largest education level for θ = 2
consistent with separating perfect Bayesian equilibrium. Then
the θ = 2 worker should be indifferent between choosing
eM(2) and the maximum payoff from being treated as θ = 1.
eM(2) should satisfy

U(2,2, eM(2)) =max
e
U(2,1, e).

Thus
6eM(2)− eM(2)3/2 =max

e
3e− e3/2 = 2

√
2.

The larger positive root of the above equation is the eM(2) we
want: eM(2) ≈ 3.20. This eM(2) can indeed be supported as
part of an equilibrium outcome. For example one can check
that {e(1) = 1, e(2) = eM(2), e(3) = 4.5} is supported in equi-
librium by

µ(e) =


1 ◦ {θ = 1} if e ∈ [0, eM(2))
1 ◦ {θ = 2} if e ∈ [eM(2),4.5)
1 ◦ {θ = 3} if e ∈ [4.5,∞)

Any separating equilibrium in which θ = 2 chooses eM(2) fails
intuitive criterion. Consider the unsent signal e = 3. Since
U(1,1,1) = 2 > U(1,3,3) = 0, θ = 1 is a dominated type for
the signal e = 3. If the firm puts 0 probability on θ = 1 after
seeing e = 3, then θ = 2 can at least get U(2,2,3) = 4.5 >
U(2,2, eM(2)). So the equilibrium fails intuitive criterion.

(e) Describe the separating perfect Bayesian equilibria in which
θ = 2 chooses e = 2.5. Some of these equilibria fail the in-
tuitive criterion and some do not. Give an example of one of
each (i.e., an equilibrium that fails the intuitive criterion, and
an equilibrium that does not fail).
Soln: Consider a candidate separating equilibrium strategy
{e(1), e(2), e(3)}. We know that it has to be the case that
e(1) = 1, and we are given that e(2) = 2.5. It remains to find
the set of e(3) such that it will be part of an equilibrium. To
support each e(3) as part of the equilibrium outcome, there
are again multiple beliefs systems. For simplicity, we consider
beliefs in the following form:

µ(e) =


1 ◦ {θ = 2} if e = 2.5

1 ◦ {θ = 3} if e = e(3)
1 ◦ {θ = 1} otherwise

.
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The incentive constraints of θ = 2 requires

U(2,2,2.5) ≥ U(2,3, e(3)), i.e. 15−2.53/2 ≥ 9e(3)−e(3)3/2. (6.3.5)

Let x be the larger positive root of the equation 15−2.53/2 =
9e(3)− e(3)3/2: x ≈ 3.77.
The incentive constraints of θ = 3 requires that

U(3,3, e(3)) ≥max
e
U(3,1, e) and U(3,3, e(3)) ≥ U(3,2,2.5),

which is equivalent to

9e(3)− e(3)3/3 ≥ 15− 2.53/3. (6.3.6)

Let y be the larger positive root of the equation 9e(3)−e(3)3/3 =
15 − 2.53/3: y ≈ 4.53. Then conditions (6.3.5), (6.3.6) are
equivalent to e(3) ∈ [x,y]. It can be further verified that for
any e(3) ∈ [x,y], given the beliefs µ specified above, there
is no profitable deviation for any type. So for any e(3) ∈
[x,y], the separating outcome {e(1), e(2), e(3)}where e(1) =
1, e(2) = 2.5 can be supported in equilibrium.
For e(1) = 1, e(2) = 2.5 and any e(3) ∈ (x,y], {e(1), e(2), e(3)}
is part of a separating equilibrium that does not pass the in-
tuitive criterion. Consider the unsent signal e′ = (e(3)+x)/2.
For this signal, both θ = 1 and θ = 2 are dominated types,
i.e., {1,2} = D(e′), because

U(1,1,1) > max
θ̂∈{1,2,3}

U(1, θ̂, e′) = U(1,3, e′);

U(2,2,2.5) > max
θ̂∈{1,2,3}

U(2, θ̂, e′) = U(2,3, e′).

Moreover, if θ = 3 is perceived as θ = 3 by sending e = (e(3)+
x)/2, he is better off than in the equilibrium since U(3,3, e)
is decreasing on (3,∞), i.e.,

U(3,3, e(3)) < min
µ∈∆(Θ\{1,2})

EµU(3, θ̂, e′) = U(3,3, e′).

Given e(2) = 2.5, e(3) = x is the only e(3) such that {e(1), e(2), e(3)}
is part of a separating equilibrium that passes the intuitive
criterion. When e(3) = x, θ = 2 is indifferent between choos-
ing e(2) = 2.5 and choosing e(3) to masquerade as θ = 3,
i.e.,

U(2,2,2.5) = U(2,3, e(3)).
First we consider potential profitable unsent signal (in the
sense of intuitive criterion) for θ = 2. Note that θ = 1 is not
a dominated type, i.e., {1} ∉ D(e′) for any unsent signal e′ ∈
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(1,2.5). This is because if perceived as θ = 3 then his payoff
is U(1,3, e) > U(1,1,1) for all e ∈ (1,2.5). So θ = 2 cannot
benefit from sending any unsent signal e′ ∈ (1,2.5) since he
could be perceived as θ = 1: U(2,1, e′) < U(2,2,2.5). Neither
can θ = 2 benefit from sending a signal e′ ∈ [0,1) ∪ (2.5,∞)
since U(2,2, e) < U(2,2,2.5) on that domain.
Now consider θ = 3. Note that θ = 2 is not a dominated type,
i.e., {2} ∉ D(e′) for any e′ ∈ [2, x) by the way we defined
x. Therefore θ = 3 cannot benefit from sending any unsent
signal e′ ∈ [2, e(3)) since he could be perceived as θ = 2:
U(3,2, e′) < U(3,3, x). Neither can he benefit from sending
any e′ ∈ [0,2) ∪ (x,∞) since U(3,3, x) > U(3,3, e′) on that
domain.
Clearly θ = 1 cannot benefit by sending an unsent signal in
the intuitive criterion sense no matter whether θ = 1 is a dom-
inated type or not. Therefore, there is no unsent signal, such
that as long as some type is not perceived as a dominated
type he will strictly be better off than in the equilibrium. So
the equilibrium passes the intuitive criterion.

6.3.7. Verify the claims in the caption of Figure 6.2.4.

6.3.8. The owner of a small firm is contemplating selling all or part of
his firm to outside investors. The profits from the firm are risky
and the owner is risk averse. The owner’s preferences over x, the
fraction of the firm the owner retains, and p, the price “per share”
paid by the outside investors, are given by

u(x,θ,p) = θx − x2 + p(1− x),
where θ is the value of the firm (i.e., expected profits). The quadratic
term reflects the owner’s risk aversion. The outside investors are
risk neutral, and so the payoff to an outside investor of paying p
per share for 1− x of the firm is then

θ(1− x)− p(1− x).

There are at least two outside investors, and the price is deter-
mined by a first price sealed bid auction: The owner first chooses
the fraction of the firm to sell, 1 − x; the outside investors then
bid, with the 1 − x fraction going to the highest bidder (ties are
broken with a coin flip).

(a) Suppose θ is public information. What fraction of the firm
will the owner sell, and how much will he receive for it?
Soln: When θ is public, the outside investors are bidding in
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a common value auction of known value, and so bid p = θ.
Given this, the owner maximizes u(x,θ, θ), x ≥ 0 and sells
all of the firm (x = 0). The sale shifts all of the risk from the
risk averse agent to a risk neutral agent.

(b) Suppose now θ is privately known by the owner. The out-
side investors have common beliefs, assigning probability α ∈
(0,1) to θ = θ1 > 0 and probability 1−α to θ = θ2 > θ1. Char-
acterize the separating perfect Bayesian equilibria. Are there
any other perfect Bayesian equilibria?
Soln: Let x̂(θ) be the share of the firm putting up for sale
by the owner of type θ. In a separating perfect Bayesian
equilibrium, the investors have common beliefs θ̂(x); θ̂(x) ∈
[θ1, θ2] for all x ∈ [0,1], pays a price p(x) = θ̂(x) and cor-
rectly infer the type of the owner on the path of play,

θ̂(x(θ)) = θ, θ = θ1, θ2.

We will denote x̂(θ1) = x1 and x̂(θ2) = x2. First of all, x1 =
0, because “worst” type is undistorted by standard signaling
arguments. In order for θ1 to not find it optimal to choose x2,
incentive compatibility for θ1 (IC(θ1)) should be satisfied:

θ1x1 − x2
1θ1 + θ1(1− x1) = θ1 ≥θ1x2 − x2

2 + θ2(1− x2)

a x2
2 ≥(θ2 − θ1)(1− x2).

Note that this is trivially satisfied at x2 = 1, and violated at
x2 = 0. Thus IC(θ1) requires that x2 ≥ x̄ > 0 , where x̄2 =
(θ2 − θ1)(1− x̄), i.e.,

x̄ = 1
2

(
−(θ2 − θ1)+

√
(θ2 − θ1)2 + 4(θ2 − θ1)

)
We also need x2 to not be so large that θ2 does not prefer x1,
this is IC(θ2):

θ2x2 − x2
2 + θ2(1− x2) = θ2 − x2

2 ≥θ2x1 − x2
1 + θ1(1− x1) = θ1

a x2
2 ≤(θ2 − θ1).

Clearly, x̄ strictly satisfies this constraint.
The IC constraints are necessary but not sufficient for an equi-
librium. They only guarantee that any type won’t mimic the
other, but do not rule out off-equilibrium-path actions. So we
need to require that neither type has a profitable deviation to
x’s not chosen in equilibrium:

θ1 ≥ θ1x − x2 + θ̂(x)(1− x), ∀x ∈ [0,1] (6.3.7)

θ2 − x2
2 ≥ θ2x − x2 + θ̂(x)(1− x), ∀x ∈ [0,1] (6.3.8)
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The belief θ̂(·) that most easily deters deviations, but still
follows Bayes’ rule on the path of play, is

θ̂(x) =
{
θ1 , if x ≠ x2,
θ2 , if x = x2,

so that the worst possible belief is specified after any observ-
able deviaiton. Under this belief, note (6.3.7) is true if IC(θ1) is
satisfied, so it does not impose more constraints. But (6.3.8)
is stronger than IC(θ2).

• If θ2 − θ1 ≥ 2, type θ2’s most profitable deviation (the
maximizer of the left hand side of (6.3.8)) is x = 1, i.e.,
retaining the entire firm, leading to profits of θ2−1, which
is clearly (weakly) smaller than θ2 − x2

2 .
• If θ2 − θ1 < 2, type θ2’s most profitable deviation is to
x = (θ2 − θ1)/2, leading to profits of θ1 + (θ2 − θ1)2/4.
The implied constraint on x2 is

x2
2 ≤ (θ2 − θ1)− (θ2 − θ1)2/4 =: x†.

Note that x† < θ2 − θ1, confirming that constraint (6.3.8)
is stronger than IC(θ2).
Further, x̄ ≤ x†, because:

x̄2 ≤ (θ2 − θ1)− (θ2 − θ1)2/4

a
1
4

[
(θ2 − θ1)2 − 2(θ2 − θ1)

√
(θ2 − θ1)2 + 4(θ2 − θ1)

+(θ2 − θ1)2 + 4(θ2 − θ1)
]

≤ (θ2 − θ1)− (θ2 − θ1)2/4

⇒
[√
(θ2 − θ1)2 + 4(θ2 − θ1)− (θ2 − θ1)

]2

≤ 4(θ2 − θ1)

In conclusion, any separating outcome where the price per
share is the value of the firm, the low type sells the whole
firm, and the high type keeps x2 ∈ [x̄, x†] can be sup-
ported in a separating perfect Bayesian equilibrium.

There may also be other perfect Bayesian equilibria, namely
pooling equilibria. Here both types choose the same xp, with

θ̂(xp) = αθ1 + (1 − α)θ2 ≡ θ̄. Consider the most punishing

beliefs, θ̂(x) = θ1 for x ≠ xp, and the incentive constraints
on xp.
The low type has no incentive to deviate iff

θ1xp − x2
p + θ̄(1− xp) ≥ θ1

a (1−α)(θ2 − θ1)(1− xp) ≥ x2
p.
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The high type has no incentive to deviate iff

θ2xp − x2
p + θ̄(1− xp) ≥ θ2x − x2 + θ1(1− x), ∀x ∈ [0,1]

Analogous to the separating case, we can solve explicitly for
bounds on xp that give a pooling equilibrium. It turns out
that pooling equilibria may or may not exist depending upon
parameter values.
For example, if α is close to 0, then xp = 0 satisfies the con-
straints. That is, both types are very happy to sell the entire
firm for a price close to θ2.
Now, consider the case where α is close to 1. The punishment
for deviations is that the price paid per share drops from θ̄
to θ1. However, if α is close to 1, then θ̄ is close to θ1; the
punishment is relatively small. Hence, the low type must be
relatively undistorted, implying that xp must be close to 0.
Supposing θ2 −θ1 is large, then the high type will want to de-
viate and retain more of the firm.
In conclusion, there may or may not exist pooling perfect
Bayesian equilibria depending upon the parameter values.

(c) Maintaining the assumption that θ is privately known by the
owner, suppose now that the outside investors’ beliefs over θ
have support [θ1, θ2], so that there a continuum of possible
values for θ. What is the initial value problem (differential
equation plus initial condition) characterizing separating per-
fect Bayesian equilibria?
Soln: The payoff to the seller from choosing x when it leads
to a belief θ̂ by the outside investors is

U(x,θ, θ̂) = θx − x2 + θ̂(1− x).
Let x̂ : [θ1, θ2] → [0,1] be a separating strategy. Then in-
vestors correctly infer the types on the path of play: θ̂(x) =
x̂−1(x),∀x ∈ x̂([0,1]) ≡ X and the seller’s choice satisfies

x̂(θ) ∈ arg max
x∈X

U(x,θ, x̂−1(x)) = arg max
x∈X

[
θx − x2 + x̂−1(x)(1− x)

]
.

Assuming that the first order condition works here,

0 = θ − 2x − x̂−1(x)+ dx̂
−1(x)
dx

(1− x)
= θ − 2x − x̂−1(x)+ (x̂′(x̂−1(x)))(1− x).

In equilibrium, x = x̂(θ) satisfies this first order condition,
so

0 = θ− 2x̂(θ)− θ + (x̂′(θ))−1(1− x̂(θ))
⇒ x̂′(θ) = 1− x̂(θ)

2x̂(θ)
.
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The initial condition is x̂(θ1) = 0.

6.3.9. Firm 1 is an incumbent firm selling widgets in a market in two pe-
riods. In the first period, firm 1 is a monopolist, facing a demand
curve P1 = A − q1

1, where q1
1 ∈ R+ is firm 1’s output in period 1

and P1 is the first period price. In the second period, a second
firm, firm 2, will enter the market, observing the first period quan-
tity choice of firm 1. In the second period, the two firms choose
quantities simultaneously. The inverse demand curve in period 2
is given by P2 = A − q2

1 − q2
2, where q2

i ∈ R+ is firm i’s output in
period 2 and P2 is the second period price. Negative prices are
possible (and will arise if quantities exceed A). Firm i has a con-
stant marginal cost of production ci > 0. Firm 1’s overall payoff is
given by

(P1 − c1)q1
1 + (P2 − c1)q2

1,
while firm 2’s payoff is given by

(P2 − c2)q2
2.

Firm 2’s marginal cost, c2, is common knowledge (i.e., each firm
knows the marginal cost of firm 2), and satisfies c2 < A/2.

(a) Suppose c1 is also common knowledge (i.e., each firm knows
the marginal cost of the other firm), and also satisfies c1 <
A/2. What are the subgame perfect equilibria and why?
Soln: Since each ci is public, each first period quantity leads
to a subgame. In that subgame, firm i chooses q2

i to maximize
(A − q2

1 − q2
2 − ci)q2

i . Ignoring boundary issues temporarily,
the payoff maximizing quantity is, where j ≠ i,

q2
i =

A− ci − q2
j

2
,

and so the unique solution is

q2
i =

A− 2ci + cj
3

,

which is interior (and so boundary issues can be ignored).
Since this equilibrium is unique and independent of q1

1, firm 1
chooses the monopoly quantity in the first period, (A−c1)/2.
The unique subgame perfect equilibrium is the strategy pro-
file ((q̃1

1, τ̃
2
1), τ̃

2
2), where q̃1

1 = (AấLŠc1)/2, is firm 1âĂŹs first
period quantity, and τ̃2

1 : R+ → R+ is firm iâĂŹs second pe-
riod quantity as a function of firm 1âĂŹs first period quantity
given by

τ̃2
i (q

1
1) =

A− 2ci + cj
3

.
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(b) Suppose now that firm 1’s costs are private to firm 1. Firm
2 does not know firm 1’s costs, assigning prior probability
p ∈ (0,1) to cost cL1 and complementary probability 1− p to
cost cH1 , where cL1 < c

H
1 < A/2.

i. Define a pure strategy almost perfect Bayesian equilib-
rium for this game of incomplete information . What re-
strictions on second period quantities must be satisfied
in any pure strategy almost perfect Bayesian equilibrium?
[Make the game finite by considering discretizations of
the action spaces. Strictly speaking, this is not a signaling
game, since firm 1 is choosing actions in both periods, so
the notion from Section 6.1 does not apply.]
Soln: A pure strategy profile is ((τ1

1 , τ
2
1), τ

2
2), where τ1

1 :
{cL1 , cH1 } → R+ gives firm 1’s first period quantity as a
function of its cost, τ2

1 : {cL1 , cH1 } × R+ → R+ gives firm
1’s second period quantity as a function of its costs and
first period quantity, and τ2

2 : R+ → R+ gives firm 2’s sec-
ond period quantity as a function of firm 1’s first period
quantity. Let µ(q1

1) be the posterior probability assigned
by firm 2 to cL1 after the first period quantity q1

1.
The strategy profile ((τ̃1

1 , τ̃
2
1), τ̃

2
2), is a weak perfect Bayesian

equilibrium if there exists µ such that
A. for all c1 ∈ {cL1 , cH1 }, q1

1 = τ̃1
1(c1) maximizes

(A−q1
1−c1)q1

1+(A−τ̃2
1(c1, q1

1)−τ̃2
2(q

1
1)−c1)τ̃2

1(c1, q1
1),

B. for all q1
1 ∈ R+ and all c1 ∈ {cL1 , cH1 }, q2

1 = τ̃2
1(c1, q1

1)
maximizes

(A− q2
1 − τ̃2

2(q
1
1)− c1)q2

1),

C. q2
2 = τ̃2

2(c1, q1
1) maximizes

µ(q1
1)(A−τ̃2

1(c
L
1 , q

1
1)−q2

2−c2)q2
2+(1−µ(q1

1))(A−τ̃2
1(c

H
1 , q

1
1)−q2

2−c2)q2
2,

and
D. for all q1

1 = τ̃1
1(c1), µ(q1

1) is calculated using Bayes’
rule.

In other words, for any q1
1, given beliefs µ(q1

1), in the
second period the two firms play a Nash equilibrium of
the incomplete information game where firm 1’s cost is
cL1 with probability µ(q1

1), firm 1’s choice of first period
quantity maximizes total payoffs, given second period be-
havior, and finally, beliefs on the path of play are obtained
from Bayes’ rule.
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ii. What do the equilibrium conditions specialize to for sep-
arating pure strategy almost perfect Bayesian equilibria?
Soln: In a separating equilibrium, q̃L1 ≡ τ̃1

1(c
L
1) ≠ τ̃

1
1(c

H
1 ) ≡

qH1 . Bayes’ rule then implies µ(q̃L1) = 1 and µ(q̃H1 ) = 0.
From part (a) we know that there is a unique specification
of second period quantities in the game with known costs.
Let (q2

1(c1), q2
2(c1)) be this unique equilibrium when firm

1’s costs are c1. Consequently, (τ2
1(c

L
1 , q̃

L
1), τ

2
2(q̃

L
1)) = (q2

1(c
L
1), q

2
2(c

L
1))

and (τ2
1(c

H
1 , q̃

H
1 ), τ

2
2(q̃

H
1 )) = (q2

1(c
H
1 ), q

2
2(c

H
1 )), and τ2

1(c
H
1 , q̃

L
1)

is the best reply of firm 1 with cost cH1 to q2
2(c

L
1) (a similar

statement holds for τ2
1(c

H
1 , q̃

L
1). Define

U(q1
1, c1, ĉ1) = (A−q1

1−c1)q1
1+max

q2
1

(A−q2
1−q2

2(ĉ1)−c1)q2
1,

that is, U(q1
1, c1, ĉ1) is the payoff to firm 1 from choosing

a first period quantity q1
1, having cost c1, and optimally re-

sponding to the firm 2 interpreting q1
1 as revealing a cost

of ĉ1. Note that q2
2(ĉ1) is increasing in ĉ1 (firm 2’s reac-

tion function is downward sloping, and since a higher cost
firm is less aggressive – 1’s Cournot quantity choice is de-
creasing in its own costs – firm 2 chooses a larger second
period quantity if it believes firm 1 has higher costs).
The quantity q2

1 maximizing second period profits is

q2
1(c1, ĉ1) = (A− q2

2(ĉ1)− c1)/2 = 2A+ 2c2 − ĉ1 − 3c1

6
,

and the value of maximized second period profits is

Π2(c1, ĉ1) = [q2
1(c1, ĉ1)]2.

Note that firm 1’s second period quantity and profits are
both decreasing in ĉ1 (firm 1 wants to be viewed as a low
cost firm). Total payoff for firm 1 is given by

U(q1
1, c1, ĉ1) = (A− q1

1 − c1)q1
1 +Π2(c1, ĉ1)

= (A− q1
1 − c1)q1

1 + [q2
1(c1, ĉ1)]2

Incentive compatibility for cL1 requires

U(q̃L1 , c
L
1 , c

L
1) ≥ U(q̃H1 , cL1 , cH1 )

and for cH1 that

U(q̃H1 , c
H
1 , c

H
1 ) ≥ U(q̃L1 , cH1 , cL1)

The worst belief that firm 2 can have about firm 1 is that
c1 = cH1 (as explained above, this belief maximizes 2’s
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quantity). More formally,

∂U
∂ĉ1

= 2q2
1(c1, ĉ1)

∂q2
1(c1, ĉ1)
∂ĉ1

= 2q2
1(c1, ĉ1)

−1
6
≤ 0

Consequently, cH1 cannot be “threatened” by beliefs, and
so q̃H1 maximizes (qH1 , c

H
1 , c

H
1 ) over q1

1 ∈ R+, that is, (from
part (a)) cH1 chooses the monopoly quantity so that q̃H1 =
(A − cH1 )/2. This implies that if c1 = cH1 , firm 1 does not
have a profitable deviation to any q1 ≠ q̃H1 .
Finally, if c1 = cL1 , firm 1 does not have a profitable devia-
tion to any q1

1 ≠ q̃
L
1 if U(q̃L1 , c

L
1 , c

L
1) ≥ U(q1

1, c
L
1 , c

H
1 ).

(c) Suppose now that firm 2’s beliefs about firm 1’s costs have
support [cL1 , c

H
1 ]; i.e., the support is now an interval and not

two points. What is the direction of the signaling distortion in
the separating pure strategy almost perfect Bayesian equilib-
rium? What differential equation does the function describing
first period quantities in that equilibrium satisfy?
Soln: The signaling distortion is upwards. Every type of firm
1, other than type cH1 , chooses a quantity larger than the
monopoly quantity, i.e.,

τ̃1
1(c1) >

A− c1

2

The separating strategy τ̃1
1 satisfies

τ̃1
1(c1) ∈ arg maxq1

1∈τ̃1
1 [c

L
1 ,c

H
1 ]U(q

1
1, c1, (τ̃1

1)−1(q1
1))

implying that q1
1 = τ̃1

1(c1) satisfies the following first order
condition,

∂U
∂q1

1

+ ∂U
∂ĉ1

(
dτ̃1

1

dc1
1

)−1

= 0

or
dτ̃1

1

dc1
1

= −∂U(τ̃
1
1(c1), c1, c1)/∂ĉ1

1

∂U(τ̃1
1(c1), c1, c1)/∂q1

1

.

Since

U(q1
1, c1, ĉ1) = (A− q1

1 − c1)q1
1 + [q2

1(c1, ĉ1)]2

and

q2
1(c1, ĉ1) = 2A+ 2c2 − ĉ1 − 3c1

6
,
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the differential equation is

dτ̃1
1

dc1
1

= A+ c2 − 2c1

9(A− c1 − 2τ̃1
1(c1))

.

6.3.10. Suppose that in the setting of Problem 3.6.1, firm 2 is a Stackel-
berg leader, i.e., we are reversing the order of moves from Problem
5.4.8.

(a) Illustrate the preferences of firm 2 in q2-θ̂ space, where q2 is
firm 2’s quantity choice, and θ̂ is firm 1’s belief about θ.
Soln: To illustrate firm 2’s preference in q2-θ̂ space, we first
calculate firm 1’s best response to any (θ̂, q2). That is, firm
1 chooses q1 to maximize Π1(q1) = (θ̂ − q1 − q2)q1. Strict
concavity of Π1(q1) guarantees that the solution to firm 1’s
problem is unique, and the first-order condition implies q∗1 =
max{ θ̂−q2

2 ,0}. Thus, firm 2’s payoff as a function of θ, θ̂, and
q2, is

U(θ, θ̂, q2) =

(
θ − 1

2 θ̂ − 1
2q2

)
q2, if q2 ≤ θ̂,

(θ − q2)q2, if q2 > θ̂.

The full information optimal choice of q2 maximizes U(θ, θ, q2),
and is given by qf2 (θ) = θ/2.

Given q2 and θ, U(θ, θ̂, q2) is decreasing in θ̂ for θ̂ ≥ q2. The
indifference curves are illustrated in Display 6.3.1.

(b) There is a separating perfect Bayesian equilibrium in which
firm 2 chooses q2 = 1

2 when θ = 3. Describe it, and prove it is
a separating perfect Bayesian equilibrium (the diagram from
part 6.3.10(a) may help).
Soln: The worst belief that the firm 1 can hold in any perfect
Bayesian equilibrium is θ̂ = 4, and in a separating perfect
Bayesian equilibrium, firm 2 of type θ = 4 must choose the
full information optimal choice, i.e., qs2(4) = 2. [Suppose not,
and it chooses qs2(4), then

u2(4,4, qs2(4)) < u2(4,4,2)

≤ u2(4, θ̂,2),

for any θ̂ ∈ [3,4]. Therefore, firm 2 finds it profitable to
deviate to q2 = 2.]
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0

θ̂

q2

θ̂ = q2

U(4,4,2) = 2

U(3,3, 1
2) = 5

8

θ̂ = q2

4

2

3

11
2

Display 6.3.1: The arrow indicates increasing preference for firm 2. The indif-
ference curve labeled U(4,4,2) = 2 is the θ = 4 indifference
curve through the point (q2, θ̂) = (2,4). The indifference curve
labeled U(3,3, 1

2) = 5
8 is the θ = 3 indifference curve through the

point (q2, θ̂) = ( 1
2 ,3). Note that the indifference curves are verti-

cal for θ̂ < q2. Note also that θ = 4 is indifferent between (2,4)
and (1,3).
The double lines describe the responses in part 6.3.10(b).
For any q2 ∈ ( 1

2 ,1), θ = 4 strictly prefers (2,4) to (q2,3) while

θ = 3 strictly prefers (q2,3) to ( 1
2 ,3) (this is relevant for part

6.3.10(c)).

Consider the candidate equilibrium in which firm 1 responds
with the belief θ̂ = 4 to any quantity different from 1

2 , and

with the belief θ̂ = 3 at q2 = 1
2 . This clearly satisfies Bayes’

rule on the path of play (since θ = 3 chooses 1
2 and θ = 4

chooses 2). We need only verify the following inequalities.

i. θ = 4 incentive constraint, U(4,4,2) ≥ U(4,3, 1
2):

This holds because U(4,4,2) = (4−2−1)2 = 2 < U(4,3, 1
2) =

(4− 3
2 − 1

4)
1
2 = 9

8 .

ii. θ = 3 incentive constraint, U(3,3, 1
2) ≥ U(3,4,2):

This holds because U(3,3, 1
2) = (3−3

2−1
4)

1
2 = 5

8 < U(3,4,2) =
(3− 2− 1)2 = 0.

iii. θ = 4 has no incentive to choose a quantity off the path-
of-play:
This is immediate since U(4,4,2) =maxq2 U(4,4, q2), that
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is, q2 = 2 maximizes firm 2’s payoff, when the belief of
firm 1 is the worst possible, θ̂ = 4.

iv. Finally, θ = 3 has no incentive to choose a quantity off the
path-of-play:
The best deviation firm 2 can choose in this case is q′2 ∈
arg maxq2∈R+(3 − 2 − 1

2q2))q2, that is, q′2 = 1, which gives

firm 2 profit 1
2 . But by choosing 1

2 , firm 2 receives 5
8 >

1
2 .

Figure 6.3.1 illustrates an equilibrium in which q2 < 1
2 results

in the belief θ̂ = 3.

(c) Does the equilibrium from part 6.3.10(b) pass the intuitive cri-
terion? Why or why not? If not, describe a separating perfect
Bayesian equilibrium that does.
Soln: The equilibrium does not pass the intuitive criterion.
We first note that from the calculations in part 6.3.10(b) that
both types strictly prefer their equilibrium action to deviat-
ing to the other type’s action. We now look for the quantity
that makes θ = 4 indifferent, i.e., U(4,3, q2) = U(4,4,4) =
u∗(4) = 2, i.e.,

(4− 3
2
− 1

2
q2)q2 = 2 a (5− q2)q2 = 4 a q2 = 1.

Consider any quantity q2 ∈ (1
2 ,1). Then, since q2 < 1, we

have U(4,3, q2) < 2. Moreover, since q2 > 1
2 , we also have

U(3,3, q2) > U(3,3, 1
2) = u∗(3) = 5

8 . (See also Figure 6.3.1.)
Hence, D(q2) = {4}, and so a deviation to q2, with associated
belief θ̂ = 3 eliminates the equilibrium.

The only equilibrium outcome that passes the intuitive cri-
terion is the Rile equilibrium outcome, which is the efficient
(from the informed player’s perspective) separating perfect
Bayesian equilibrium outcome. In this outcome, θ = 4 is in-
different between his own quantity (which must by 2) and im-
itating θ = 3. We saw above, this quantity is 1, so the Riley
quantities for firm 2 are given by

qR2 (θ) =
{

2, θ = 4,
1, θ = 3.

Since θ = 4 is indifferent, single crossing implies θ = 3 has
no incentive to deviate (direct verification: U(3,3,1) = 1 > 0).
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6.3.11. We continue with the setting of Problem 3.6.1, but now suppose
that firm 2 is a Stackelberg leader who has the option of not choos-
ing before firm 1: Firm 2 either chooses its quantity, q2, first, or
the action W (for wait). If firm 2 chooses W , then the two firms si-
multaneously choose quantities, knowing that they are doing so. If
firm 2 chooses its quantity first (so that it did not choose W ), then
firm 1, knowing firm 2’s quantity choice then chooses its quantity.

(a) Describe a strategy profile for this dynamic game. Following
the practice in signaling games, say a strategy profile is per-
fect Bayesian if it satisfies the conditions implied by sequen-
tial equilibrium in discretized versions of the game. (In the
current context, a discretized version of the game restricts
quantities to some finite subset.) What conditions must a per-
fect Bayesian equilibrium satisfy, and why?
Soln: A strategy for firm 1 is a function σ1 : {W} ∪ R+ → R+,
where σ1(W) is the quantity if 2 waits, and σ1(q2) is 1’s choice
when 2 doesn’t wait and chooses q2. A strategy for 2 is a pair
(σ 1

2 , σ
2
2 ) with σ 1

2 : {3,4} → {W} ∪R+ and σ 2
2 : {3,4} × {W} →

R+, where σ 2
2 describes 2’s quantity choice as a function of θ

after waiting.
A strategy profile is a perfect Bayesian equilibrium if there
exist beliefs satisfying the following:

• The beliefs satisfy Bayes’ rule at any information set on
the path of play.

• After the choice W by firm 2, the player’s choices are a
Nash equilibrium of the resulting incomplete information
game given the players’ beliefs.

• After the choice q2 other thanW by firm 2, firm 1’s choice
must be sequentially rational given its beliefs, that is, it
must maximize the expected value of (θ−q1−q2)q1 con-
ditional on q2.

• Firm 2’s initial choice σ 1
2 (whether W or a quantity choice)

must maximize its profits given the strategy of firm 1.

(b) For which parameter values is there an equilibrium in which
firm 2 waits for all values of θ.
Soln: : Suppose such an equilibrium exists. Then by Bayes’
rule, the beliefs after W must be the same as the prior, as-
signing probability α ∈ (0,1) to θ = 3. Following the ar-
gument of Example 3.1.1, we can calculate the equilibrium
strategy profile and the payoffs of the resulting incomplete
information game. Then the payoffs to firm 2 of type θ is
Π∗2 (3) = 1

36(5+α)2 and Π∗2 (4) = 1
36(8+α)2.
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For 2’s signal which is off the path-of-play, (in order to make
the conditions easiest to satisfy) suppose that firm 1 holds
the belief which is worst to firm 2: if it observes anything
other than W it believes that θ = 4 with probability 1. If firm
2 of θ = 4 deviates, then he is treated as type θ = 4 and gets
the payoff of 2. Therefore if 2 ≤ 1

36(8 + α)2 then θ = 4 will
not deviate. Also, it is easy to check that if type θ = 4 does
not want to deviate, then neither does type θ = 3. There-
fore, we conclude that such an equilibrium exists if and only
if 2 ≤ 1

36(8+α)2.

(c) Prove that the outcome in which firm 2 does not wait for any
θ, and firms behave as in the separating outcome of question
6.3.10(b) is not an equilibrium outcome of this game.
Soln: In the separating equilibrium in question 6.3.10(b) , the
payoff to firm 2 of type θ = 3 is 5

8 and the payoff to firm 2
of type θ = 4 is 2. Similar to (a), suppose firm 1 holds worst
possible belief, i.e., when it observes W it believes that θ = 4
with probability 1. Then if firm 2 of type θ = 3 deviates to W ,
its payoff is 1

36(5+ 0)2 = 25
36 . However, since 25

36 >
5
8 , firm 2 of

type θ = 3 has an incentive to deviate to W regardless of firm
1’s belief.



Chapter 7

Repeated Games

7.6.1. Suppose G ≡ {(Ai, ui)} is an n-person normal form game and GT
is its T -fold repetition (with payoffs evaluated as the average). Let
A ≡ ∏

iAi. The strategy profile, s, is history independent if for
all i and all 1 ≤ t ≤ T − 1, si(ht) is independent of ht ∈ At (i.e.,
si(ht) = si(ĥt) for all ht, ĥt ∈ At). Let N(1) be the set of Nash
equilibria of G. Suppose s is history independent. Prove that s is a
subgame perfect equilibrium if and only if s(ht) ∈ N(1) for all t,
0 ≤ t ≤ T−1 and all ht ∈ At (s(h0) is of course simply s0). Provide
examples to show that the assumption of history independence is
needed in both directions.

Soln: Since s is history independent, we can denote s = (s0, s1, . . . , sT−1)
where st = s(ht) for all ht ∈ At .
For any t and ht ∈ At , define H(ht) ≡ {h′ ∈ H : h′ ≺ ht} and
si|ht : H(ht) → A as si|ht(ht′) = si(ht′). Then si|ht is also history
independent and ski |ht = ski . Let Si|ht be a set of all continuation
strategies s̃i : H(ht)→ A.

(⇐) Fix any t and ht ∈ At . Then it is sufficient to show that si|ht is
a best response to s−i|ht . Since st is stage-game Nash equilibrium
for all t, we have

ski |ht = ski ∈ argmax
ai
ui(ai, sk−i|ht) ∀k = t, . . . , T − 1

Summing over k = t, . . . , T − 1, we have

si|ht ∈ arg max
s̃i∈Si|ht

T−1∑
k=t
ui(s̃i(h̃k), sk−i|ht),

where h̃k is history up to and including period k, induced by ht
and (s̃i, s−i|ht). Since s−i is history independent, s−i|ht is as well.

149
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Therefore, we have

si|ht ∈ arg max
s̃i∈Si|ht

T−1∑
k=t
ui(s̃i(h̃k), s−i(h̃k)).

and we have shown that si|ht is a best response to s−i|ht .
(⇒) Suppose not, i.e., there exists t′, 0 ≤ t′ ≤ T − 1 such that
st′ ∉ N(1). Then ∃i and âi ∈ Ai such that ui(âi, st

′
−i) > ui(s

t′
i , s

t′
−i).

Take any ht′ ∈ At′ . Now consider player i’s alternative strategy
ŝi|ht′ , where ŝi(ht) = âi if ht = ht′ and ŝi(ht) = si(ht) otherwise.
Since s is history independent, we have

Ui(ŝi|ht′ , s−i|ht′ )|ht′ ≡ u(âi, st
′
−i)+u(st

′+1)+ · · · +u(sT−1)
> u(st

′
)+u(st′+1)+ · · · +u(sT−1)

= Ui(s|ht′ )|ht′ ,
hence ŝti |ht′ is a profitable deviation for player i in the subgame
beginning with ht . Therefore, s|ht′ is not a Nash equilibrium in
this subgame, and consequently s is not a subgame perfect equi-
librium.

We now illustrate that the assumption of history independence is
needed in both directions. As an example, consider the following
stage game G:

L M R

T 10,10 2,12 0,13

M 12,2 5,5 0,0

B 13,0 0,0 1,1

Note that N(1) = {(M,M), (B,R)} is the set of stage Nash equilib-
ria of G. Suppose the game is repeated twice.
Consider the following strategy profile: s0 = (T , L); s1(h0) =
(M,M) if h0 = (T , L), and s1(h0) = (B,R) otherwise. This strat-
egy profile, which is clearly not history independent, is a subgame
perfect equilibrium. In final stage, no player ever has an incen-
tive to deviate since a Nash equilibrium of the stage game is being
played. In the initial stage, no player has an incentive to deviate
either: the payoffs on the equilibrium path are (15

2 ,
15
2 ) whereas a

deviation yields a payoff of at most 14
2 = 7. However, the strategy

profile played in the initial stage is not a Nash equilibrium of the
stage game.
Now, consider the following strategy profile: s0 = (M,M); s1(h0) =
(B,R) if h0 = (M,M), and s1(h0) = (M,M) otherwise. This strat-
egy profile is again history-dependent. Also note that s(ht) ∈
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N(1) for all t = 0,1 and all ht ∈ At . However, this is not a sub-
game perfect equilibrium. Player 1 is getting a payoff of 5+1

2 = 3,
whereas deviating to T in initial stage would yield a payoff of
2+5

2 = 7
2 .

7.6.2. Prove the infinitely repeated game with stage game given by match-
ing pennies does not have a pure strategy Nash equilibrium for any
δ.

Soln:

H T

H 1,-1 -1,1

T -1,1 1,-1

A pure strategy of player i is a function si :H → {H,T}. Suppose
(s1, s2) is a pure strategy Nash equilibrium. Given player 1 plays
s1, player 2 can guarantee a discounted average payoff equal to 1
by playing ŝ2, where

ŝ2(ht) =
H if s1(ht) = T
T if s1(ht) = H

.

Since (s1, s2) is Nash, U2(s1, s2) ≥ U2(s1, ŝ2). Hence U2(s1, s2) ≥
1. By a similar argument looking at ŝ1(ht) = s2(ht),∀ht ∈ H ,
we have U1(s1, s2) ≥ 1. However, since u1(a1, a2) + u2(a1, a2) =
0,∀a1, a2 ∈ {H,T}, we have U1(s1, s2) + U2(s1, s2) = 0, which is a
contradiction.

7.6.3. Suppose (W ,w0, f , τ) is a (pure strategy representing) finite au-
tomaton with |W| = K. Label the states from 1 to K, so that
W = {1,2, . . . , K}, f : {1,2, . . . , K} → A, and τ : {1,2, . . . , K} ×
A → {1,2, . . . , K}. Consider the function Φ : RK → RK given by
Φ(v) = (Φ1(v),Φ2(v), . . . ,ΦK(v)), where

Φk(v) = (1− δ)ui(f (k))+ δvτ(k,f (k)), k = 1, . . . , K.

(a) Prove that Φ has a unique fixed point. [Hint: Show that Φ is a
contraction.]

Soln: Let v , v′ ∈ RK . Observe that

|Φk(v)− Φk(v′)| = δ|vτ(k,f (k)) − v′τ(k,f (k))|
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and so

sup
k
|Φk(v)−Φk(v′)| = δ sup

k
|vτ(k,f (k))−v′τ(k,f (k))| ≤ δ sup

k
|vk−v′k|.

Since δ < 1, this implies that Φ is a contraction mapping on
RK under the sup norm. By the contraction mapping theorem,
it then has a unique fixed point.

(b) Given an explicit equation for the fixed point of Φ.

Soln: Let v∗ be the unique fixed point. It satisfies

v∗k = (1− δ)ui(f (k))+ δv∗τ(k,f (k)) ∀k

Recursive substitution yields

v∗k = (1− δ)
∞∑
t=0

δtui(f (kt)),

where the sequence {kt}∞t=0 is defined by k0 = k, kt+1 =
τ(kt, f (kt)).
Since the strategy sets are finite, the collection of values {ui(f (k))}Kk=1
is bounded, and so the infinite sum above is well-defined.

(c) Interpret the fixed point.

Soln: The value v∗k is the value to player i of being in state k if
the strategy profile represented by the automaton is followed.

7.6.4. Provide a direct proof that Ṽi satisfies (7.1.2).

Soln: Because W and Ai are finite, given (W ,w, f−i, τ), Ṽi(w)
is well-defined and finite. Denote by sj(w′) player j’s repeated
game strategy described by the automaton (W ,w′, f−i, τ). For all
w′ ∈W , if s′i is a best response to s−i(w′), then

Ṽi(w′) = Ui(s′i , s−i(w′)) ≥ Ui(si, s−i(w′)) ∀si ∈ Si. (7.6.1)

For any w ∈W and any ai ∈ Ai,

Ṽi(w) ≥ (1− δ)ui(ai, f−i(w))
+δUi

(
s′i
(
τ(w, (ai, f−i(w))

)
, s−i

(
τ(w, (ai, f−i(w)))

))
= (1− δ)ui(ai, f−i(w))+ δṼi(τ(w, (ai, f−i(w)))).
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The inequality comes from (7.6.1), by plugging in a strategy si ∈
Si(w) given by si(∅) = ai, and equal to s′i(τ(w, (ai, f−i(w)))

)
afterwards. We thus have

Ṽi(w) ≥ max
ai∈Ai

{
(1− δ)ui(ai, f−i(w))+ δṼi(τ(w, (ai, f−i(w))))

}
.

But if ŝi is a best response to s−i(w), we have (where â := (ŝi(∅), f−i(w)) ∈
A)

Ṽi(w) = Ui(ŝi, s−i(w))
= (1− δ)ui(â)+ δUi

(
si|â, s−i(τ(w, â))

)
≤ (1− δ)ui(â)+ δṼi(τ(w, â))
≤ max

ai∈Ai

{
(1− δ)ui(ai, f−i(w))+ δṼi(τ(w, (ai, f−i(w))))

}
,

and so all the inequalities are equalities.

7.6.5. A different proof (that can be generalized to more general infinite
horizon games without a recursive structure) of the hard direction
of Theorem 7.1.3 is the following:

Suppose (s1, . . . , sn) (with representing automaton (W ,w0, f , τ))
is not subgame perfect.

(a) Prove there is a history h̃t′ and a player i with profitable devi-
ation s̄i that only disagrees with si|h̃t′ for the first T periods.

Soln: Then there exists some history h̃t′ and player i such
that si|h̃t′ is not a best reply to s−i|h̃t′ . That is, there exists ŝi
such that

0 < Ui(ŝi, s−i|h̃t′ )−Ui(si|h̃t′ , s−i|h̃t′ ) ≡ ε.
For simplicity, define s̃j = sj|h̃t′ . DefiningM ≡ 2 maxi,a |ui(a)|,
suppose T is large enough so that δTM < ε/2, and consider
the strategy for i defined by

s̄i(ht) =
{
ŝi(ht), t < T ,
s̃i(ht), t ≥ T .

Then,
|Ui(s̄i, s̃−i)−Ui(ŝi, s̃−i)| ≤ δTM < ε/2,

so that

Ui(s̄i, s−i|h̃t′ )−Ui(si|h̃t′ , s−i|h̃t′ ) = Ui(s̄i, s̃−i)−Ui(s̃i, s̃−i) > ε/2 > 0.

Note that s̄i is a profitable “T -period” deviation from s̃i.
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(b) Prove that either player i has a one shot deviation from s̄i, or
player i has a different “T −1”-period deviation. (The proof is
then completed by induction).
Soln: Let h̄T−1 be the history up to and including period T −1
induced by (s̄i, s̃−i), and let w̄ = τ(w0, h̃t′h̄T−1). Note that

Ui(s̃i|h̄T−1 , s̃−i|h̄T−1) = Vi(τ(w0, h̃t
′
h̄T−1)) = Vi(w̄)

and

Ui(s̄i|h̄T−1 , s̃−i|h̄T−1)

= (1−δ)ui(s̄i(h̄T−1), f−i(w̄))+δVi(τ(w̄, (s̄i(h̄T−1), f−i(w̄)))).

Hence, if Ui(s̄i|h̄T−1 , s̃−i|h̄T−1) > Ui(s̃i|h̄T−1 , s̃−i|h̄T−1), then we are
done, since player i has a profitable one-shot deviation from
(W ,w0, f , τ).
Suppose not, i.e., Ui(s̄i|h̄T−1 , s̃−i|h̄T−1) ≤ Ui(s̃i|h̄T−1 , s̃−i|h̄T−1). For
the strategy ši defined by

ši(ht) =
{
s̄i(ht), t < T − 1,
s̃i(ht), t ≥ T − 1,

we have

Ui(ši, s̃−i) =(1− δ)
T−2∑
t=0

δtui(at(s̄i, s̃−i))+ δT−1Ui(s̃i|h̄T−1 , s̃−i|h̄T−1)

≥(1− δ)
T−2∑
t=0

δtui(at(s̄i, s̃−i))+ δT−1Ui(s̄i|h̄T−1 , s̃−i|h̄T−1)

=Ui(s̄i, s̃−i) > Ui(s̃i, s̃−i).
That is, the (T − 1)-period deviation is profitable. But then
either the one-shot deviation in period T − 1 is profitable, or
the (T − 2)-shot deviation is profitable. Induction completes
the argument.

7.6.6. Prove that the profile described in Example 7.1.4 is not a Nash
equilibrium if δ ∈ [1/3, 1/2). [Hint: what is the payoff from al-
ways playing A?] Prove that it is Nash if δ ∈ [1/2, 1).
Soln: One can see that the pure strategy minmax payoff for the
players is 1. This is the lower bound of punishment that can be
imposed in case some player deviates. For the given profile of
strategies, the players do not deviate from the equilibrium path
if and only if any myopic deviation can be punished by lower fu-
ture continuation payoffs. Since the lower bound on continuation
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E S

E 1,1 − `,1+ g
S 1+ g,−` 0,0

Figure 7.6.1: A general prisoners’ dilemma, where ` > 0 and g > 0.

payoff is 1, it is necessary that 2 ≥ (1 − δ)3 + δ1, or 2 ≥ 3 − 2δ.
Therefore, if δ < 1

2 , BB cannot be observed on the equilibrium
path, and the given profile is not a Nash equilibrium. If instead
δ ≥ 1

2 , then the profile is indeed an equilibrium. However, the pro-

file is not subgame perfect for δ ∈ [1
2 ,

2
3) because players deviate

at state wCC , which is off-the-equilibrium path.

7.6.7. Suppose two players play the infinitely repeated prisoners’ dilemma
displayed in Figure 7.6.1.

(a) For what values of the discount factor δ is grim trigger a sub-
game perfect equilibrium?
Soln: Automaton representation of grim trigger strategies:

wEEw0 wSS

¬EE
EE

We have to check if no one-shot deviation is profitable in each
state. Vi(wEE) and Vi(wSS) are simple in this case because
the same action profile (EE and SS, respectively) is repeated
in each state. Hence Vi(wEE) = 1 and Vi(wSS) = 0.
Consider state wEE . We have to verify

Vi(wEE) ≥ (1− δ)(1+ g)+ δVi(wSS),
which gives

1 ≥ (1− δ)(1+ g), δ ≥ g
1+ g .

At state wSS , τ(w,a) = wSS for all a, which means that con-
tinuation value is always constant. Since SS is a static Nash
equilibrium, no deviation from SS is profitable.
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(b) Describe a simple automaton representation of the behavior
in which player I alternates between E and S (beginning with
E), player II always plays E, and any deviation results in per-
manent SS. For what parameter restrictions is this a subgame
perfect equilibrium?
Soln: The automaton can be represented as:

wEEw0 wSE wSS
EE

SE

¬SE

¬EE
Following equations determine the values of each state:

Vi(wEE) = (1− δ)1+ δVi(wSE)
V1(wSE) = (1− δ)(1+ g)+ δV1(wEE)
V2(wSE) = (1− δ)(−l)+ δV2(wEE)
Vi(wSS) = (1− δ) · 0+ δVi(wSS)

The values are given by

V1(wEE) = 1
1+ δ(1+ δ(1+ g))

V2(wEE) = 1
1+ δ(1− δl)

V1(wSE) = 1
1+ δ(1+ g + δ)

V2(wSE) = 1
1+ δ(−l+ δ)

Vi(wSS) = 0

At state wSS , SS is static Nash equilibrium, and continuation
values are constant. Hence, there are no profitable deviations
in the state.
No profitable one-shot deviation implies that at state wEE :

V1(wEE) ≥ (1− δ)(1+ g)+ δV1(wSS)
V2(wEE) ≥ (1− δ)(1+ g)+ δV2(wSS)

Since V1(wEE) ≥ V2(wEE), it suffices to check only for player
2. The inequality is satisfied if

V2(wEE) = 1
1+ δ(1− δl) ≥ (1− δ)(1+ g),
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which is equivalent to:

1− δl ≥ (1− δ2)(1+ g) =⇒ δ ≥
l+

√
l2 + 4g(1+ g)
2(1+ g) . (∗)

At state wSE , player 1 receives his best payoff in the game,
(1+ g), and his deviation to E gives him period payoff 1 and
constant payoff stream of 0 afterwards. Hence, player 1 does
not have incentive for one-shot deviation. We check only for
player 2’s incentive to deviate:

V2(wSE) ≥ (1− δ) · 0+ δV2(wSS),

which gives
1

1+ δ(−l+ δ) ≥ 0, δ ≥ l.
This shows that in case l ≥ 1, there is no δ ∈ (0,1) which
can deter player 2 from deviating. In case l < 1, if δ ≥ l
and (∗) is satisfied, the strategy profile is a subgame perfect
equilibrium.

(c) For what parameter values of `, g, and δ is tit-for-tat a sub-
game perfect equilibrium?
Soln: Refer to Display 7.6.1. We have to solve the following
system of equations for vectors of values V = (V1, V2), each
component of a vector being value for player 1 and 2:

V(wEE) = (1− δ)(1,1)+ δV(wEE)
V(wSE) = (1− δ)(1+ g,−l)+ δV(wES)
V(wES) = (1− δ)(−l,1+ g)+ δV(wSE)
V(wSS) = (1− δ)(0,0)+ δV(wSS)

Note that in states wSE and wES , the action profiles are alter-
nating between SE and ES. At state wSE , SE happens first,
while in wES , ES happens first. Hence, the value at state wSE
for player 1 is:

V1(wSE) = (1− δ) 1+ g
1− δ2

+ (1− δ) −δl
1− δ2

= 1+ g
1+ δ −

δl
1+ δ.

Similarly, all the values are:

V(wEE) = (1,1)
V(wSE) =

( 1
1+ δ(1+ g − δl),

1
1+ δ(−l+ δ(1+ g))

)
V(wES) =

( 1
1+ δ(−l+ δ(1+ g)),

1
1+ δ(1+ g − δl)

)
V(wSS) = (0,0)
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wEEw0

wES

wSE

wSS

SE
EE

ES

EE
SS

EE

ES
SE

SSSE

SS
ES

EE

SE

ES

SS

Display 7.6.1: Automaton for question 7.6.7
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We need to check if there is profitable one-shot deviation in
each of these states.

At wEE , if player 1 deviates to S, the one-period outcome will
be SE, while the state in the second period will be wES . In-
equality to check is V1(wEE) ≥ (1− δ)(1+ g)+ δV1(wES).

1 ≥ (1− δ)(1+ g)+ δ 1
1+ δ(−l+ δ(1+ g)).

The outcome path after deviation is (SE, ES, SE, . . .), which
simply generates average payoff V1(wSE) = 1

1+δ(1 + g − δl).
Hence the inequality can be written as 1 ≥ 1

1+δ(1+ g − δl).
At wSE , for player 1, if he deviates to E, the one-period out-
come will be EE, while the second period state will be wEE .
The inequality is V1(wSE) ≥ (1− δ) · 1+ δV1(wEE),

1
1+ δ(1+ g − δl) ≥ 1.

The first two restrictions pin down δ = g
1+l .

For player 2, if he deviates at state wSE to S, the one-period
outcome will be SS, while the second period state will be wSS .

1
1+ δ(−l+ δ(1+ g)) ≥ 0, δ ≥ l

1+ g .

At wES , the inequalities we need to check are identical to the
ones in state wSE .
At wSS , if one of the players deviate, one period outcome is
ES or SE, and switches to wSE or wES state. V1(wSS) ≥ (1 −
δ)(−l)+ δV1(wSE) has to be satisfied:

0 ≥ (1− δ)(−l)+ δ 1
1+ δ(1+ g − δl).

Effectively, the payoff on the right is V1(wES). So the inequal-
ity can be rewritten as 0 ≥ 1

1+δ(−l+ δ(1+ g)). Together with

the third restriction, δ is pinned down to be δ = l
1+g .

In order for the δ to exist, it must be δ = g
1+l = l

1+g . Hence, it
must be g = l.

7.6.8. Suppose the game in Figure 7.6.2 is infinitely repeated: Let δ de-
note the common discount factor for both players and consider
the strategy profile that induces the outcome pathDL,UR,DL,UR, · · · ,
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L R

U 2,2 x,0

D 0,5 1,1

Figure 7.6.2: The game for Problem 7.6.8.

and that, after any unilateral deviation by the row player speci-
fies the outcome path DL,UR,DL,UR, · · · , and after any unilat-
eral deviation by the column player, specifies the outcome path
UR,DL,UR,DL, · · · (simultaneous deviations are ignored. i.e., are
treated as if neither player had deviated).

(a) What is the simplest automaton that represents this strategy
profile?
Soln: An automaton representation of the strategy profile is
W = {wDL,wUR}, w0 = wDL,

f(wa) = a,
and

τ(w,a1, a) =
 wDL if w = wDL, a = UL or w = wUR, a ≠ UL,
wUR otherwise .

The automaton can be represented as:

wDLw0 wUR

¬UL
UL UL

¬UL

(b) Suppose x = 5. For what values of δ is this strategy profile
subgame perfect?
Soln: The linear equations used to define the value functions
for player 1 are

V1(wDL) = δV1(wUR),
V1(wUR) = x(1− δ)+ δV1(wDL).
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Solving the above two equations gives

V1(wDL) = xδ
1+ δ,

V1(wUR) = x
1+ δ.

Player 1 does not have a profitable one-shot deviation at state
wDL if

xδ
1+ δ ≥ 2(1− δ)+ δV1(wDL) = 2+ (x − 2)δ2

1+ δ ,

which is equivalent to

(x − 2)δ− 2 ≥ 0. (7.6.2)

When x = 5, (7.6.2) is equivalent to δ ≥ 2/3. Player 1 does not
have a profitable one-shot deviation at state wUR since x > 1
and his unilateral deviation has no impact on his continuation
value at state wUR:

τ(wUR, UR) = τ(wUR,DR).
The linear equations used to define the value functions for
player 2 are

V2(wDL) = 5(1− δ)+ δV2(wUR),
V1(wUR) = δV2(wDL).

Solving the above two equations gives

V2(wDL) = 5
1+ δ,

V2(wUR) = 5δ
1+ δ.

Clearly, player 2 does not have a profitable one-shot deviation
at state wDL since 0 < 1 and his unilateral deviation has no
impact on his continuation value at state wDL. Player 2 does
not have a profitable one-shot deviation at state wUR if

5δ
1+ δ ≥ 2(1− δ)+ δV2(wUR) = 5δ2 − 2δ+ 2

1+ δ ,

which is equivalent to

δ ≥ 2
3
.

Hence for δ ≥ 2/3, the strategy profile is subgame perfect.
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(c) Suppose now x = 4. How does this change your answer to
part 7.6.8(b)?
Soln: We only need to check player 1’s incentives. When x =
4, (7.6.2) is equivalent to δ ≥ 1. That is, player 1 has a a
profitable one-shot deviation at state wDL for any δ ∈ (0,1).
Hence the strategy profile is not subgame perfect for any δ ∈
(0,1).

(d) Suppose x = 5 again. How would the analysis in part 7.6.8(b)
be changed if the column player were short-lived (lived for
only one period)?
Soln: If the column player is short-lived, then the player al-
ways plays his/her myopic best response, and hence, UR can-
not be observed in the equilibrium path.

7.6.9. Fix a stage game G = {(Ai, ui)} and discount factor δ. Let Ep(δ) ⊂
Fp∗ be the set of pure strategy subgame perfect equilibrium pay-
offs.

(a) Prove that every payoff v ∈ Ep(δ) is decomposable on Ep(δ).
Soln: Since v ∈ Ep(δ), there exists a pure strategy subgame
perfect equilibrium of G(∞) whose discounted value is v . Let
ŝ be such an equilibrium strategy profile. Let a = ŝ(∅), and
the continuation strategy after first period history h1 as ŝ(h1).
Since ŝ is a subgame perfect strategy profile, so is ŝ(h1) for
any history h1. Let the value for player i from strategy profile
ŝ as Ui(ŝ). Then,

vi = Ui(ŝ) = (1− δ)ui(a)+ δUi(ŝ(a)), ∀i.
Since vi is subgame perfect payoff, there is no profitable one-
shot deviation at period 1, which implies,

vi ≥ (1− δ)ui(a′i, a−i)+ δUi(ŝ(a′i, a−i)), ∀a′i, ∀i.
That is, a is enforced by continuation promises U(ŝ(a)) ∈
Ep(δ), and v is decomposable on a set of payoffs in Ep(δ).

(b) Suppose γ : A → Ep(δ) enforces the action profile a′. De-
scribe a subgame perfect equilibrium in which a′ is played in
the first period.
Soln: For each profile of equilibrium utility levels γ(a) ∈ Rn,
let ŝ(γ(a)) be an equilibrium strategy profile. Define s : H →
A as

s(∅) = a′



June 29, 2017 163

and for h = (a, ĥ),

s(h) = ŝ(γ(a))(ĥ).

It is obvious that a′ is played in the first period.

Now we claim that s is a subgame perfect equilibrium of the
game, by showing that there is no profitable one-shot devia-
tion. In the first period, if a is played, players’ continuation
payoffs are given by γ(a). Since γ enforces a′, for any i and
ai ∈ Ai we have

(1− δ)ui(a′)+ δγi(a′) ≥ (1− δ)ui(ai, a′−i)+ δγi(ai, a′−i),

so there is no profitable one-shot deviation here.

For later periods, if there is a profitable one-shot deviation at
history h = (a, ĥ), then there is a profitable one-shot devia-
tion in ŝ(γ(a)) at ĥ. This contradicts that ŝ gives us subgame
perfect equilibria.

(c) Prove that every payoff v ∈ Fp∗ decomposable on Ep(δ) is
in Ep(δ).
Soln: Since v is decomposable on Ep(δ), v is enforced by
γ : A→ Ep(δ), and is written as, for a fixed a′ ∈ A,

vi = (1− δ)ui(a′)+ δγi(a′), ∀i.

From the argument in part 2, a strategy s : H → A defined as{
s(∅) = a′
s(h) = ŝ(γ(a))(ĥ), h = (a, ĥ)

is a subgame perfect equilibrium strategy. Note U(s) = v ,
and hence v ∈ Ep(δ).

7.6.10. Consider the prisoner’s dilemma from Figure 7.1.1. Suppose the
game is infinitely repeated with perfect monitoring. Recall that a
strongly symmetric strategy profile (s1, s2) satisfies s1(ht) = s2(ht)
for all ht . Equivalently, its automaton representation satisfies
f1(w) = f2(w) for all w. Let W = {δv,v}, v > 0 to be deter-
mined, be the set of continuation promises. Describe a strongly
symmetric strategy profile (equivalently, automaton) whose con-
tinuation promises come fromW which is a subgame perfect equi-
librium for some values of δ. Calculate the appropriate bounds on
δ and the value of v (which may or may not depend on δ).
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Soln: Consider the following strategy profile (automaton) {W ,w0, f , τ}:
W = {δv,v}, w0 ∈W ,

f(w) =
 EE, if w = v ,

SS, if w = δv ,

and

τ(w,a) =
 v, if w = v,a = EE, or w = δv,a = SS,
δv, otherwise,

v δv

EE

SS

The value of each state is calculated as follows:

V(v) = (1− δ)2+ δV(v),
V(δv) = (1− δ)0+ δV(v).

Therefore, V(v) = 2 and V(δv) = δ2. Because we want W to be
the continuation promises, we have v = 2.
The incentive constraints for the automaton to be subgame perfect
are:

V(v) = (1− δ)2+ δv ≥ (1− δ)3+ δV(δv),
V(δv) = (1− δ)0+ δv ≥ (1− δ)(−1)+ δV(δv).

The second incentive constraint holds trivially. For the first one to
be satisfied, we need δ ≥ 1

2 . To conclude, with δ ≥ 1
2 , the automa-

ton described is a subgame perfect equilibrium and its continua-
tion promises are fromW .

7.6.11. Describe the five state automaton that yields v0 as a strongly sym-
metric equilibrium payoff with the indicated cycle in Figure 7.4.1.

Soln: The automaton, illustrated in Display 7.6.2, specifies a pro-
file that reverts to repetition of static Nash once a deviation oc-
curred. Such reversion is not required for state w3

SS because the
stage game Nash profile is being played. On the equilibrium path,
the play follows EE in the initial period, and an infinite cycle
(EE, EE, SS)∞ afterwards.
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w0
EEw0 w1

EE w2
EE w3

SS

wSS

EE EE EE

¬EE ¬EE ¬EE

Display 7.6.2: The automaton for Problem 7.6.11.

E S

E 1,2 −1,3

S 2,−4 0,0

Figure 7.6.3: The game for Problem 7.6.12.
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7.6.12. Consider the (asymmetric) prisoners’ dilemma in Figure 7.6.3. Sup-
pose the game is infinitely repeated with perfect monitoring. Prove
that for δ < 1

2 , the maximum (average discounted) payoff to player
1 in any pure strategy subgame perfect equilibrium is 0, while for
δ = 1

2 , there are equilibria in which player 1 receives a payoff of 1.

[Hint: First prove that, if δ ≤ 1
2 , in any pure strategy subgame per-

fect equilibrium, in any period, if player 2 chooses E then player 1
chooses E in that period.]

Soln: We first prove the statement in the hint. When δ ≤ 1
2 , sup-

pose in some pure strategy subgame perfect equilibrium, in one
period, SE is played. Then, player 2 has the following incentive
constraint:

(1− δ)(−4)+ δγ2(SE) ≥ (1− δ)0+ δγ2(SS),

where γ2(SS) ≥ 0 because player 2’s minmax value is 0, and
γ2(SE) ≤ 3 because the maximum value player 2 can get is 3.
So, if the above incentive constraint holds, we must have

(1− δ)(−4)+ δ3 ≥ (1− δ)0+ δ0,

⇐⇒ δ ≥ 4
7
>

1
2
,

which contradicts our assumption that δ ≤ 1
2 . Therefore, the state-

ment in the hint is true.

Now, suppose δ < 1
2 . Can action profile EE be played in some

period in pure strategy subgame perfect equilibrium? To answer
this question, note player 1’s incentive constraint in such period
must hold, so

(1− δ)1+ δγ1(EE) ≥ (1− δ)2+ δγ1(SE),

where γ1(EE) ≤ 1 because player 1’s maximum feasible value is 1
(since SE won’t be played in any period of a pure strategy subgame
perfect equilibrium) and γ1(SE) ≥ 0 because player 1’s minmax
value is 0. Therefore, a necessary condition for the above player
1’s incentive constraint to be satisfied is

(1− δ)1+ δ1 ≥ (1− δ)2+ δ0,

a

δ ≥ 1
2
.
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L R

T 2,3 0,2

B 3,0 1,1

Figure 7.6.4: The game for Problem 7.6.13

This violates the assumption in the case we are discussing. So,
combined with the statement in the hint, when δ < 1

2 , player 2
will play S in every period in any pure strategy subgame perfect
equilibrium. As a result, player 1 can only get 0 or −1 in each
stage. Because the strategy profile, playing SS permanently, is a
pure strategy subgame perfect equilibrium, the maximum payoff
to player 1 in any pure strategy subgame perfect equilibrium is 0.

If δ = 1
2 , the grim trigger strategy profile brings player 1 payoff 1.

7.6.13. Consider the stage game in Figure 7.6.4, where player 1 is the row
player and 2, the column player (as usual).

(a) Suppose the game is infinitely repeated, with perfect monitor-
ing. Players 1 and 2 are both long-lived, and have the same
discount factor, δ ∈ (0,1). Construct a three state automaton
that for large δ is a subgame perfect equilibrium, and yields a
payoff to player 1 that is close to 21

2 . Prove that the automa-
ton has the desired properties. (Hint: One state is only used
off the path-of-play.)

Soln: On the equilibrium path, we want TL and BL be played
one after the other, so that player 1 gets payoff 3 for half
of the periods and payoff 2 for the other half. Consider the
following three states automaton, (W ,w0, f , τ), where W =
{wTL,wBL,wBR}, w0 = wBL, f(wa) = a, and transitions

τ(w,a) =


wBL, if w = wTL,a = TL,

wTL, if w = wBL,a = BL,

wBR, otherwise.
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wBLw0 wTL

wBR

BL

TL

To check whether this is a subgame perfect equilibrium, we
first compute the values for each player of being in each state.
It is trivial that V1(wBR) = V2(wBR) = 1. and neither player
has an incentive to deviate at that state, since a stage game
Nash equilibrium is being played, and the state is absorbing.
For player 1, we have

V1(wBL) = (1− δ)3+ δV1(wTL),
V1(wTL) = (1− δ)2+ δV1(wBL).

Solving these equations, we have

V1(wBL) = 3+ 2δ
1+ δ ,

V1(wTL) = 2+ 3δ
1+ δ .

For player 2, we have

V2(wBL) = (1− δ)0+ δV2(wTL),
V2(wTL) = (1− δ)3+ δV2(wBL).

Solving these equations, we have

V2(wBL) = 3δ
1+ δ,

V2(wTL) = 3
1+ δ.

In state wBL, player 1 and player 2’s incentive constraints are
respectively:

3+ 2δ
1+ δ ≥ 2(1− δ)+ δ,

3δ
1+ δ ≥ (1− δ)+ δ.
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Obviously, Player 1’s incentive constraint is trivially satisfied
for all δ, and player 2’s incentive constraint is satisfied if δ ≥
1
2 .

In state wTL, player 1 and player 2’s incentive constraints are
respectively:

2+ 3δ
1+ δ ≥ 3(1− δ)+ δ,

3
1+ δ ≥ 2(1− δ)+ δ.

Obviously, Player 2’s incentive constraint is trivially satisfied
for all δ, and player 1’s incentive constraint is satisfied if
2δ(1 + δ) ≥ 1. Since δ ≥ 1

2 ⇒ 2δ(1 + δ) ≥ 1, the strategy

profile is subgame perfect if, and only if δ ≥ 1
2 . The payoff to

player 1 is given by 3+2δ
1+δ , which is close to 21

2 for δ is close to
1.

(b) Now suppose that player 2 is short-lived (but maintain the as-
sumption of perfect monitoring, so that the short-lived player
in period t knows the entire history of actions up to t). Prove
that player 1’s payoff in any pure strategy subgame perfect
equilibrium is no greater than 2 (the restriction to pure strat-
egy is not needed—can you prove the result without that re-
striction?). For which values of δ is there a pure strategy sub-
game perfect equilibrium in which player 1 receives a payoff
of precisely 2?

Soln: If player 2 is short-lived, his action must always be a
myopic best response in any equilibrium. In order for player
1 to receive a payoff larger than 2, BLmust be played at some
stage on the equilibrium path of the game. However, L is not
a myopic best response to B, so this cannot happen in a pure
strategy equilibrium.

Consider now a mixed Nash equilibrium behavior strategy pro-
file b. Anywhere that player 1’s strategy calls for mixing,
player 1 must be indifferent between T and B. Consider a
strategy profile b̂ = (b̂1, b2), where ∀h ∈ H:

b̂1(h) =
{
T , if b1(h) is a complete mixture.

b1(h), otherwise.

(This new profile need not be an Nash equilibrium). The pay-
off for player 1 will be the same under b and b̂ because of the
indifference at each deviation.
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Under b̂, player 1 can get a payoff no greater than 2. To see
this, first note that the flow payoff when playing T is less than
or equal to 2. Now, b̂1(h) = B iff b1(h) = B, and since player
2 is playing myopic best responses to b1, b̂1(h) = B ⇒ b2 = R.
Hence, when playing B, player 1 gets a flow payoff of 1.
Therefore, b yields a payoff no greater than 2.

The following is an equilibrium in which player 1’s payoff is
precisely 2: Play begins with TL and TL is played in every
stage of the game, and any deviation leads to the infinite rep-
etition of BR. Note that player 2 is always playing a myopic
best response. Player 1 has no incentive to deviate provided
that

2 ≥ 3(1− δ)+ δa δ ≥ 1
2
.

So for δ ≥ 1
2 , this is a subgame perfect equilibrium.

7.6.14. Fix a repeated finite game of imperfect public monitoring (as usual,
assume Y is finite). Say that a player has a profitable one-shot
deviation from the public strategy (W ,w0, f , τ) if there is some
history ht ∈ Y t and some action ai ∈ Ai such that (where w =
τ(w0, ht))

Vi(w) < (1−δ)ui(ai, f−i(w))+δ
∑
y
Vi(τ(w,y))ρ(y | (ai, f−i(w))).

(a) Prove that a public strategy profile is a perfect public equilib-
rium if and only if there are no profitable one-shot deviations.
(This is yet another instance of the one-shot deviation princi-
ple).
Soln: If a public strategy profile is a PPE, it specifies a Nash
equilibrium for the repeated game after any public history ht ,
so there are no profitable deviations (thus no profitable one-
shot deviations).
Now, suppose a public strategy profile is not a PPE, we show
that there must be a profitable one-shot deviation by the fol-
lowing two steps.

Step 1: If a public strategy profile s is not a PPE, there must be
a potentially profitable T -shot deviation, for some finite T . In
other words, if there exists a player i, a public history h̄, and ŝi,
which is a profitable deviation from si|h̄, with ŝi(ht) ≠ si|h̄(ht)
for infinite number of ht ’s, then there exists another strategy
of player i, s̃i, which is also a profitable deviation from si|h̄,
with s̃i(ht) = si|h̄(ht) for all t ≥ T .
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Proof. Let ε = Ui(ŝi, s−i|h̄) − Ui(s|h̄) > 0. Define M =
2 maxi,a |ui(a)|,1 and let T ∈ N big enough such that
δTM < ε/2. Now define player i’s continuation strategy
s̃i as

s̃i(ht) =
 ŝi(ht), if t < T ,

si|h̄(ht), if t ≥ T .
Then,

∣∣Ui(ŝi, s−i|h̄)−Ui(s̃i, s−i|h̄)∣∣
= δT

∣∣∣∣ ∑
hT

Pr(hT |h̄){Ui(ŝi|hT , s−i|h̄hT )−Ui(s̃i|hT , s−i|h̄hT )}
∣∣∣∣

≤ δTM < ε/2,

Where Pr(hT |h̄) is the probability that the history hT =
(y0, y1, · · · , yT−1) ∈ Y T is realized under the profile (ŝi, s−i|h̄).
That is,

Pr(hT |h̄) = Pr(y0, y1, · · · , yT−1|h̄)
= ρ(y0|(ŝi(φ), s−i(h̄)))ρ(y1|(ŝi(y0), s−i(h̄y0)))

× · · ·
× ρ(yT−1|(ŝi(y0, · · · , yT−2), s−i(h̄y0, · · · , yT−2))).

Since ŝi and s̃i agree on all histories ht , t < T , Pr(hT |h̄)
is also the probability under the profile (s̃i, s−i|h̄).
Therefore, Ui(s̃i, s−i|h̄) > Ui(ŝi, s−i|h̄)−ε/2 > Ui(ŝi, s−i|h̄)−
ε = Ui(s|h̄), which implies that s̃i is a profitable T -shot de-
viation. �

Step 2: If for some player i and some public history h̄, there
exists s̃i which is a profitable deviation from si|h̄, with s̃i(ht) =
si|h̄(ht) for all t ≥ T , then there must be a profitable one-shot
deviation. That is, there exists ĥt ∈ Y t and some action ai ∈ Ai
such that (where w = τ(w0, ĥt))

Vi(w) < (1−δ)ui(ai, f−i(w))+δ
∑
y
Vi(τ(w,y))ρ(y | (ai, f−i(w))).

1M is a bound of stage payoffs. Since we assume the stage game is finite, M is well
defined and finite. The assumption that stage game payoffs are bounded is necessary for
the one-shot deviation principle to hold.
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Proof. There are two cases:
(i) Ui(s̃i|hT−1 , s−i|h̄hT−1) > Ui(si|h̄hT−1 , s−i|h̄hT−1), for some
history hT−1, which has positive probability under ( s̃i,
s−i|h̄ ). This is equivalent to

(1− δ)ui(s̃i(hT−1), s−i|h̄(hT−1))

+δ
∑
y
Vi(τ(w0, (h̄hT−1y)))ρ(y|(s̃i(hT−1), s−i|h̄(hT−1)))

> (1− δ)ui(si|h̄(hT−1), s−i|h̄(hT−1))

+δ
∑
y
Vi(τ(w0, (h̄hT−1y)))ρ(y|(si|h̄(hT−1), s−i|h̄(hT−1))).

Then we find the player i and history h̄hT−1 such that
s̃i|hT−1 is a profitable one-shot deviation from si|h̄hT−1 . (Note
given h̄hT−1, s̃i|hT−1 is only different action from si|h̄hT−1

chosen in that period at that particular continuation his-
tory hT−1.) Then we are done.
(ii) Ui(s̃i|hT−1 , s−i|h̄hT−1) ≤ Ui(si|h̄hT−1 , s−i|h̄hT−1) for all hT−1

that arises positive probability under ( s̃i, s−i|h̄ ). Define
a new strategy ši for player i as follows:

ši(ht) =
 s̃i(ht), if t < T − 1,

si|h̄(ht), if t ≥ T − 1.

Then we have

Ui(ši, s−i|h̄)−Ui(s̃i, s−i|h̄)
= δT−1

∑
hT−1|h̄

Pr(hT−1|h̄){Ui(si|h̄hT−1 , s−i|h̄hT−1)−Ui(s̃i|hT−1 , s−i|h̄hT−1)}

≥ 0

That is, in this case, ši is a profitable (T−1)-shot deviation
for player i from si|h̄.
Therefore, inductively, any profitable (T − n)-shot devia-
tion (n ≤ T−1) is either a profitable one-shot deviation or
a profitable (T −n−1)-shot deviation. Since T is finite as
assumed, there must be a profitable one-shot deviation.
�

In sum, from step 1 and step 2, we show that if a public strat-
egy profile is not a PPE, there must be a profitable one-shot
deviation.
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(b) Prove Lemma 7.5.1.
Soln: Suppose that a public strategy profile that is repre-
sented by the automaton (W ,w0, f , τ) is a perfect public
equilibrium. By the previous result, there are no profitable
“one − shot" deviations from this public strategy. Then by
definition we have that for all w, gw(f (w)) = V(w), and by
the “one-shot deviation principle", we have that for all w, for
all ai ∈ Ai
gw(f (w)) = V(w) ≥ (1−δ)ui(ai, fi(w))+δ

∑
y
Vi(τ(w,y))ρ(y | (ai, fi(w))).

Thus, f(w) is a Nash equilibrium of the normal form game
with payoff function defined by gw . On the other hand, if the
public strategy profile (W ,w0, f , τ) is not a perfect public
equilibrium, then there is some statew ∈W with a profitable
“one− shot" deviation. Thus, there is ai ∈ Ai such that

gw(f (w)) = V(w) < (1−δ)ui(ai, fi(w))+δ
∑
y
Vi(τ(w,y))ρ(y | (ai, fi(w))).

So, f(w) is not a Nash equilibrium of the normal form game
with payoff function defined by gw .

7.6.15. Consider the prisoners’ dilemma game in Example 7.5.1.

(a) The grim trigger profile is described by the automaton (W ,w0, f , τ),
whereW = {wEE,wSS}, w0 = wEE , f(wa) = a, and

τ(w,y) =
{
wEE, if w = wEE and y = ȳ ,

wSS , otherwise.

For what parameter values is the grim-trigger profile an equi-
librium?
Soln: Dropping subscripts since the given strategy is strongly
symmetric,value functions of being in each state are given by

V(wEE) = 2(1− δ)+ δ{pV(wEE)+ (1− p)V(wSS)}
V(wSS) = 0.

So V(wEE) = 2(1−δ)
1−δp .

Incentive at the absorbing state wSS is trivially satisfied since
SS is Nash equilibrium in the stage game. Incentive constraint
at wEE is given by

2(1− δ)+ δ{pV(wEE)+ (1− p)V(wSS)}
≥ 3(1− δ)+ δ{qV(wEE)+ (1− q)V(wSS)}.
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ŵEEw0 ŵ′EE ŵSS¯
y

ȳ

¯
y

ȳ

Figure 7.6.5: Automaton for Problem 7.6.15(b).

Simplifying, we have

δ(p − q)V(wEE) ≥ 1− δ,
and so

δ ≥ δ̂ ≡ 1
3p − 2q

.

If 3p − 2q > 1, then with δ ∈ [δ̂,1), the grim trigger strategy
profile is an equilibrium.

(b) An example of a forgiving grim trigger profile is described
by the automaton (Ŵ , ŵ0, f̂ , τ̂), where Ŵ = {ŵEE, ŵ′EE, ŵSS},
ŵ0 = ŵEE , f̂ (wa) = a, and

τ̂(w,y) =


ŵEE, if w = ŵEE or ŵ′EE , and y = ȳ ,

ŵ′EE, if w = ŵEE and y =
¯
y ,

ŵSS , otherwise.

For what parameter values is this forgiving grim-trigger pro-
file an equilibrium? Compare the payoffs of grim trigger and
this forgiving grim trigger when both are equilibria.
Soln: The automaton describing this strategy is in Figure 7.6.5.
Value functions are given by

V(ŵEE) = 2(1− δ)+ δ{pV(ŵEE)+ (1− p)V(ŵ′EE)}
V(ŵ′EE) = 2(1− δ)+ δ{pV(ŵEE)+ (1− p)V(ŵSS)}

V(ŵSS) = 0.

Differencing the value recursion equations for V(ŵEE) and
V(ŵ′EE), we have

V(ŵEE)− V(ŵ′EE) = δ(1− p)V(ŵ′EE),
and so

V(ŵEE) = (1+ δ(1− p))V(ŵ′EE).
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Putting this into the recursion equation, we have

V(ŵEE) = 2(1− δ)(1+ δ− δp)
1− δp(1+ δ− δp) , V(ŵ′EE) =

2(1− δ)
1− δp(1+ δ− δp).

Again, incentive at the absorbing state ŵSS is trivially satis-
fied. Incentive at ŵEE is given by

2(1−δ)+δ{pV(ŵEE)+(1−p)V(ŵ′EE)} ≥ 3(1−δ)+δ{qV(ŵEE)+(1−q)V(ŵ′EE)}
or

δ(p − q){V(ŵEE)− V(ŵ′EE)} ≥ 1− δ.
Simplifying, we have

δ2(1− p)(3p − 2q)+ δp − 1 ≥ 0,

and therefore

δ ≥ δ∗1 ≡
−p +

√
p2 + 4(1− p)(3p − 2q)

2(1− p)(3p − 2q)
.

On the other hand, incentive at ŵ′EE is given by

δ(p − q)V(ŵEE) ≥ 1− δ.
or

δ2(1− p)(3p − 2q)+ δ(3p − 2q)− 1 ≥ 0.
Therefore,

δ ≥ δ∗2 ≡
−(3p − 2q)+

√
(3p − 2q)2 + 4(1− p)(3p − 2q)

2(1− p)(3p − 2q)
.

Note that since p < 3p − 2q, δ∗2 < δ∗1 . Also note that if
3p − 2q > 1 then δ̂ < δ∗1 < 1. Therefore, if grim-trigger is an
equilibrium for some δ, then this version of forgiving grim-
trigger profile is also an equilibrium for sufficiently high δ,
and the conditions on the parameters for this forgiving grim-
trigger are more strict than those for grim-trigger.
When both strategy profiles are equilibria, values from play-
ing each strategy is given by

V(wEE) = 2(1− δ)
1− δp .

and

V(ŵEE) = 2(1− δ)(1+ δ− δp)
1− δp(1+ δ− δp) .

Since 1+ δ− δp > 1, V(wEE) < V(ŵEE).
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h `

H 4,3 0,2

L x,0 3,1

Figure 7.6.6: The game for Problem 7.6.16.

7.6.16. Player 1 (the row player) is a firm who can exert either high ef-
fort (H) or low effort (L) in the production of its output. Player
2 (the column player) is a consumer who can buy either a high-
priced product, h, or a low-priced product `. The actions are cho-
sen simultaneously, and payoffs are given in Figure 7.6.5. Player
1 is infinitely lived, discounts the future with discount factor δ,
and plays the above game in every period with a different con-
sumer (i.e., each consumer lives only one period). The game is
one of public monitoring: while the actions of the consumers are
public, the actions of the firm are not. Both the high-priced and
low-priced products are experience goods of random quality, with
the distribution over quality determined by the effort choice. The
consumer learns the quality of the product after purchase (con-
sumption). Denote by ȳ the event that the product purchased is
high quality, and by

¯
y the event that it is low quality (in other

words, y ∈ {
¯
y, ȳ} is the quality signal). Assume the distribution

over quality is independent of the price of the product:

Pr(ȳ | a) =
{
p, if a1 = H,

q, if a1 = L,

with 0 < q < p < 1.

(a) Describe the ex post payoffs for the consumer. Why can the
ex post payoffs for the firm be taken to be the ex ante payoffs?
Soln: Public signal is quality signal y plus consumer’s action.
Ex ante payoffs is a function of firm’s and consumer’s action.
But the ex post payoffs for the consumer must be function of
public signal and its own action only (not firm’s action):

h `

ȳ A B

y C D

To obtain the ex ante payoff matrix as in the question, we
need Ap+C(1−p) = 3,Bp+D(1−p) = 2,Aq+C(1− q) = 0
and Bq +D(1− q) = 1. These pin down A,B,C and D:
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h `

ȳ 3(1−q)
p−q

1+p−2q
p−q

y − 3q
p−q

p−2q
p−q

The ex post payoffs of the firm must be function of public sig-
nal and its own action. But public signal includes consumer’s
action. This means we can take firm’s ex post payoffs to be
the ex ante ones, and they are independent of the quality sig-
nal y .

(b) Suppose x = 5. Describe a perfect public equilibrium in which
the patient firm chooses H infinitely often with probability
one, and verify that it is an equilibrium. [Hint: This can be
done with one-period memory.]

Soln: One-period memory strategy can be represented by the
following automaton {W ,w0, f , τ}: W = {wH ,wL}, w0 =
wH ,

f(w) =
 Hh, if w = wH ,

L`, if w = wL,

and

τ(w,y) =
 wH , if y = ȳ,
wL, otherwise.

wHw0 wL

y
ȳ y

ȳ

Now we calculate the probability that firm choosesH infinitely
often.

Pr(H is played infinitely often)

= Pr(∀T , ∃t ≥ T , s.t. at1 = H)
= 1-Pr(∃T , at1 = L∀t ≥ T)
= 1-Pr(

⋃
T
{at1 = L,∀t ≥ T})
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Note, for any T ,

Pr(at1 = L, ∀t ≥ T)
= Pr(aT1 = L,aT+1

1 = L, · · · , at1 = L, · · · )
= Pr(aT1 = L)Pr(aT+1

1 = L|aT1 = L) · · ·Pr(at1 = L|at−1
1 = L) · · ·

= Pr(aT1 = L) ·
∞∏

t=T+1
(1− q)t

= 0.

Hence,

Pr(
⋃
T
{at1 = L,∀t ≥ T}) = 0

which says that the probability that firm chooses H infinitely
often is one.

Then, we check this strategy profile is PPE when x = 5. For
consumers (short-live players), note h and l are myopic best
response to H and L respectively. For the firm (the long-live
player), we first calculate values of the two states.

VH = 4(1− δ)+ δ[pVH + (1− p)VL],

VL = 3(1− δ)+ δ[qVH + (1− q)VL],
⇒

VH − VL = (1− δ)
1− δ(p − q).

The firm’s incentive constraints are:

VH ≥ 5(1− δ)+ δ[qVH + (1− q)VL],

VL ≥ 0(1− δ)+ δ[pVH + (1− p)VL].
Solve these two incentive constraints, we get

1
2

1
(p − q) ≤ δ ≤

3
4

1
(p − q).

For such δ exists, we just need 1
2

1
(p−q) < 1 a p − q > 1

2 . That
is, if the signal is very informative about the quality that the
firm chooses, the one-period memory strategy is a PPE in this
game, for δ ∈ [0,1)∩ [1

2
1

(p−q) ,
3
4

1
(p−q)].
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(c) Suppose now x ≥ 8. Is the one-period memory strategy pro-
file still an equilibrium? If not, can you think of an equilibrium
in which H is still chosen with positive probability?
Soln: When x ≥ 8, the two incentive constraints change to be

VH ≥ x(1− δ)+ δ[qVH + (1− q)VL],

VL ≥ 0(1− δ)+ δ[pVH + (1− p)VL],
a

3(1− δ) ≥δ[pVH + (1− p)VL]− δ[qVH + (1− q)VL]
≥(x − 4)(1− δ)
≥4(1− δ).

But this can not be true for any δ ∈ (0,1).
Though one period memory strategy profile doesn’t work here,
we can try grim trigger strategy profile, that is,W = {wH ,wL},
w0 = wH , and

f(w) =
 Hh, if w = wH ,

L`, if w = wL,

and

τ(w,y) =
 wH , if w = wH ,y = ȳ,
wL, otherwise.

wHw0 wL
y

ȳ

In this strategy profile, obviously the firm choosesH with pos-
itive probability (though not infinitely often with probability
one). We show it is a PPE as follows (short-live players are
trivial):

VH = 4(1− δ)+ δ[pVH + (1− p)VL],
VL = 3(1− δ)+ δVL,

⇒
VL = 3,

VH = 4(1− δ)+ 3(1− p)δ
1− δp .
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This is a PPE iif (the incentive constraint at wL is trivial),

VH ≥ x(1− δ)+ δ[qVH + (1− q)VL],
a

δ ≥ x − 4
(x − 3)p − q .

For such values of δ exist, we need x−4
(x−3)p−q < 1.

7.6.17. A financial manager undertakes an infinite sequence of trades on
behalf of a client. Each trade takes one period. In each period, the
manager can invest in one of a large number of risky assets. By
exerting effort (a = E) in a period (at a cost of e > 0), the manager
can identify the most profitable risky asset for that period, which
generates a high return of R = H with probability p and a low
return R = L with probability 1−p. In the absence of effort (a = S),
the manager cannot distinguish between the different risky assets.
For simplicity, assume the manager then chooses the wrong asset,
yielding the low return R = L with probability 1; the cost of no
effort is 0. In each period, the client chooses the level of the fee
x ∈ [0, x̄] to be paid to the financial manager for that period. Note
that there is an exogenous upper bound x̄ on the fee that can be
paid in a period. The client and financial manager are risk neutral,
and so the client’s payoff in a period is

uc(x,R) = R − x,
while the manager’s payoff in a period is

um(x,a) =
{
x − e, if a = E,
x, if a = S.

The client and manager have a common discount factor δ. The
client observes the return on the asset prior to paying the fee, but
does not observe the manager’s effort choice.

(a) Suppose the client cannot sign a binding contract committing
him to pay a fee (contingent or not on the return). Describe
the unique sequentially rational equilibrium when the client
uses the manager for a single transaction. Are there any other
Nash equilibria?
Soln: Since there is no binding commitment, in a single trans-
action, the client pays zero, independent of the return, and so
the manager exerts no effort.
There are other Nash equilibria: Any profile in which the man-
ager exerts no effort and the client pays zero after L, and an
amount no larger than e/p after H is a Nash equilibrium.



June 29, 2017 181

(b) Continue to suppose there are no binding contracts, but now
consider the case of an infinite sequence of trades. For a range
of values for the parameters (δ, x̄, e, p, H, and L), there is a
perfect public equilibrium in which the manager exerts effort
on behalf of the client in every period. Describe it and the
restrictions on parameters necessary and sufficient for it to
be an equilibrium.
Soln: Let x̃ denote the client action of paying a fee of x after
the return H and 0 after the return L (so that 0̃ denotes a fee
of 0 independent of return). The strategy profile is described
by a two-state automaton W = {wx̃E,w0̃S}, initial state w0 =
wx̃E , output function f(wa) = a, and transition function

τ(w,a) =


wx̃E, if w = wx̃E , and either last period’s return was H

and the client paid x, or last period’s return was L,

w0̃S , either last period’s return was H and

the client did not pay x, or w = w0̃S .

In other words, on the path of play, the manager always exerts
effort, the client only pays a nonzero fee of x if the return was
high that period, and if the client ever deviates from the fee
schedule, the manager never exerts effort again and the client
never again pays a nonzero fee.
The value functions for the manager are

Vm(wx̃E) =(1− δ)(px − e)+ δVm(wx̃E) (⇒ Vm(wx̃E) = px − e)

and

Vm(w0̃S) =(1− δ)(0)+ δVm(w0̃S) (⇒ Vm(w0̃S) = 0).

The value functions for the client are

Vc(wx̃E) =(1− δ){p(H − x)+ (1− p)L} + δVc(wx̃E)
(⇒ Vc(wx̃E) = p(H − x)+ (1− p)L)

and

Vc(w0̃S) =(1− δ)(L)+ δVc(w0̃S) (⇒ Vc(w0̃S) = L).

Since the client observes the return on the asset before paying
the fee, it is natural to specify the incentive constraint as: the
client will pay the fee of x after H iff

(1− δ)(H − x)+ δVC(wx̃E) ≥ (1− δ)H + δVC(w0̃E),
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that is,

(1− δ)(H − x)+ δp(H − x)+ δ(1− p)L ≥ (1− δ)H + δL,

⇒ δp(H − L)
(1− δ(1− p)) ≥ x.

However, PPE (which is what the question asks) requires only
that the ex ante incentive constraint (i.e., assuming the client
decides on the deviation before the realization of the return)
hold, which yields the inequality

p(H − x)+ (1− p)L ≥ (1− δ)(pH + (1− p)L)+ δL
⇒ δ(H − L) ≥ x,

which is a looser upper bound.
Turning to the manager, the manager will not deviate as long
as

Vm(wx̃E) =(1− δ)(px − e)+ δVm(wx̃E)
≥(1− δ)(0)+ δVm(wx̃E)
⇒ px ≥ e.

The required parameter restrictions for the more natural con-
straints are

min

{
δp(H − L)

(1− δ(1− p)), x̄
}
≥ e
p
,

and in the desired PPE, x satisfies

e
p
≤ x ≤ δp(H − L)

(1− δ(1− p)).

(c) Compare the fee paid in your answer to part 7.6.17(b) to the
fee that would be paid by a client for a single transaction,

i. when the client can sign a legally binding commitment to
a fee schedule as a function of the return of that period,
and

ii. when the client can sign a legally binding commitment to
a fee schedule as a function of effort.

Soln: When the fee can be made contingent on the return, a
fee contingent on a high return of e/p is sufficient to elicit
effort. This is the lower bound on the fee in the PPE. The
client is not willing to pay more than H.
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When the fee can be made contingent on effort, a fee con-
tingent on effort of e is sufficient to elicit effort. Similar to
an efficiency wage, the inability to monitor effort requires a
higher payment of at least e/p. When effort is contractible,
the client is not willing to pay more than pH.

(d) Redo question 7.6.17(b) assuming that the client’s choice of
fee level and the manager’s choice of effort are simultane-
ous, so that the fee paid in period t cannot depend on the
return in period t. Compare your answer with that to ques-
tion 7.6.17(b).
Soln: The strategy profile is described by a three-state au-
tomaton W = {wxE,w0E,w0S}, initial state w0 = w0E , output
function f(wa) = a, and transition function

τ(w,a) =


wxE, if w = wxE or w0E , and last period’s return was H

and the client paid x,

w0E, if w = wxE or w0E , and if last period’s return was L,

w0S , if the client had not paid the fee prescribed or w = w0S .

In other words, on the path of play, the manager always exerts
effort, the client only pays a nonzero fee of x if the return was
high in the previous period, and if the client ever deviates
from the fee schedule, the manager never exerts effort again
and the client never again pays a nonzero fee.
The value functions for the manager are

Vm(wxE) =(1− δ)(x − e)+ δ{pVm(wxE)+ (1− p)Vm(w0E)},
Vm(w0E) =(1− δ)(−e)+ δ{pVm(wxE)+ (1− p)Vm(w0E)},

and

Vm(w0S) =(1− δ)(0)+ δVm(w0S) (⇒ Vm(w0S) = 0).

The value functions for the client are

Vc(wxE) =(1− δ){pH + (1− p)L− x} + δ{pVc(wxE)+ (1− p)Vc(w0E)},
(7.6.3)

Vc(w0E) =(1− δ)(pH + (1− p)L)+ δ{pVc(wxE)+ (1− p)Vc(w0E)}
=(1− δ)x + Vc(wxE), (7.6.4)

and

Vc(w0̃S) =(1− δ)(L)+ δVc(w0̃S) (⇒ Vc(w0̃S) = L).
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Solving (7.6.3) and (7.6.4), we get

Vc(wxE) =pH + (1− p)L− x + δ(1− p)x

and

Vc(w0E) =pH + (1− p)L)− δpx.
The client is already paying 0 in w0E , only need to check that
the client will not deviate in wxE :

Vc(wxE) =pH + (1− p)L− x + δ(1− p)x
≥(1− δ){pH + (1− p)L} + δL
⇒ δp(H − L) ≥ x(1− δ(1− p)).

Turning to the manager, the manager will not deviate as long
as

Vm(wxE) =(1− δ)(x − e)+ δ{pVm(wxE)+ (1− p)Vm(w0E)}
≥(1− δ)(x)+ δVm(w0E)

and

Vm(w0E) =(1− δ)(−e)+ δ{pVm(wxE)+ (1− p)Vm(w0E)}
≥(1− δ)(0)+ δVm(w0E).

These two incentive constraints are identical, and are equiva-
lent to

δp(Vm(wxE)− Vm(w0E)) ≥ (1− δ)e,
and since

Vm(wxE)− Vm(w0E) = (1− δ)x,
we get

δ(1− δ)px ≥ (1− δ)e ⇐⇒ x ≥ e
δp
.

The required parameter restrictions are

min

{
δp(H − L)

(1− δ(1− p)), x̄
}
≥ e
δp
,

and in the desired PPE, x satisfies

e
δp
≤ x ≤ δp(H − L)

(1− δ(1− p)).

Note that the upper bound on x is the same as in part 7.6.17(b).
This is because the incentive constraint for the client is essen-
tially the same in the two settings, since the equilibria in both
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settings require a payment for sure in the current period, and
the costs and benefits are identical:

pVc(wxE)+ (1− p)V(w0E) = p(H − x)+ (1− p)L,
which is the value of Vc(wx̃E) in part 7.6.17(b), L is the con-
tinuation value from deviating in both settings.

7.6.18. In this question, we revisit the partnership game of Example 7.5.1.
Suppose 3p − 2q > 1. This question asks you to prove that for
sufficiently large δ, any payoff in the interval [0, v̄], is the payoff
of some strongly symmetric PPE equilibrium, where

v̄ = 2− (1− p)
(p − q),

and that no payoff larger than v̄ is the payoff of some strongly
symmetric pure strategy PPE equilibrium. Strong symmetry im-
plies it is enough to focus on player 1, and the player subscript
will often be omitted.

(a) The action profile SS is trivially enforced by any constant con-
tinuation γ ∈ [0, γ̄] independent of y . Let W SS be the set of
values that can be obtained by SS and a constant continuation
γ ∈ [0, γ̄], i.e.,

W SS = {(1− δ)u1(SS)+ δγ : γ ∈ [0, γ̄]} .
Prove thatW SS = [0, δγ̄]. [This is almost immediate.]
Soln: By the definition, W SS = {(1 − δ)u1(SS) + δγ : γ ∈
[0, γ̄]} = {δγ : γ ∈ [0, γ̄]} = [0, δγ̄].

(b) Recalling Definition 7.4.1, say that v is decomposed by EE on
[0, γ̄] if there exists γȳ , γ¯

y ∈ [0, γ̄] such that

v =(1− δ)u1(EE)+ δ{pγȳ + (1− p)γ¯
y} (7.6.5)

≥(1− δ)u1(SE)+ δ{qγȳ + (1− q)γ¯
y}. (7.6.6)

(That is, EE is enforced by the continuation promises γȳ , γ¯
y

and implies the value v .) Let W EE be the set of values that
can be decomposed by EE on [0, γ̄]. It is clear that W EE =
[γ′, γ′′], for some γ′ and γ′′. Calculate γ′ by using the small-
est possible choices of γȳ and γ¯

y in the interval [0, γ̄] to
enforce EE. (This will involve having the inequality (7.6.2)
holding with equality.)
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Soln: From (7.6.1) and (7.6.2), we have

(1−δ)2+δ{pγȳ+(1−p)γ¯
y} ≥ (1−δ)3+δ{qγȳ+(1−q)γ¯

y}.
⇒

γȳ − γ¯
y ≥ 1− δ

δ(p − q).

Because v = (1 − δ)2 + δ{pγȳ + (1 − p)γ¯
y} = (1 − δ)2 +

δp(γȳ − γ¯
y)+ δγ¯

y , we have

γ′ = min
γȳ ,γ¯

y

s.t. γȳ ,γ¯
y∈[0,γ̄]

γȳ−γ¯
y≥ 1−δ

δ(p−q)

v

= min
γȳ ,γ¯

y

s.t. γȳ ,γ¯
y∈[0,γ̄]

γȳ−γ¯
y≥ 1−δ

δ(p−q)

(1− δ)2+ δp(γȳ − γ¯
y)+ δγ¯

y

= (1− δ)(2+ p
p − q).

Here, γȳ = 1−δ
δ(p−q) and γ¯

y = 0.

(c) Similarly, give an expression for γ′′ (that will involve γ̄) by
using the largest possible choices of γȳ and γ¯

y in the interval
[0, γ̄] to enforce EE. Argue that δγ̄ < γ′′.
Soln:

γ′′ = max
γȳ ,γ¯

y

s.t. γȳ ,γ¯
y∈[0,γ̄]

γȳ−γ¯
y≥ 1−δ

δ(p−q)

v

= max
γȳ ,γ¯

y

s.t. γȳ ,γ¯
y∈[0,γ̄]

γȳ−γ¯
y≥ 1−δ

δ(p−q)

(1− δ)2+ δ{pγȳ + (1− p)γ¯
y}

= (1− δ)(2− 1− p
p − q)+ δγ̄

= (1− δ)v̄ + δγ̄.
Here, γȳ = γ̄ and γ¯

y = γ̄ − 1−δ
δ(p−q) . Since under assumption

that 3p − 2q > 1, v̄ = 2− 1−p
p−q = 3p−2q−1

p−q > 0, γ′′ > δγ̄.
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(d) As in Example 7.4.1, we would like all continuations in [0, γ̄]
to be themselves decomposable using continuations in [0, γ̄],
i.e., we would like

[0, γ̄] ⊂W SS ∪W EE.

Since δγ̄ < γ′′, we then would like γ̄ ≤ γ′′. Moreover, since
we would like [0, γ̄] to be the largest such interval, we have
γ̄ = γ′′. What is the relationship between γ′′ and v̄?
Soln: γ′′ = (1− δ)v̄ + δγ̄ = (1− δ)v̄ + δγ′′ ⇒ γ′′ = γ̄ = v̄ .

(e) For what values of δ do we have [0, γ̄] =W SS ∪W EE?
Soln: Because γ̄ > δγ̄,W SS ⊂ [0, γ̄].
Since γ′ = (1−δ)(2+ p

p−q) > 0 trivially holds, and γ′′ = γ̄, we

haveW EE ⊂ [0, γ̄].
Therefore,W SS ∪W EE ⊂ [0, γ̄].
Besides, δγ̄ ≥ γ′ a δ(2 − 1−p

p−q) ≥ (1 − δ)(2 + p
p−q) a δ ≥

3p−2q
6p−4q−1 . Note 3p−2q

6p−4q−1 = 3p−2q
(3p−2q)+(3p−2q−1) ∈ (0,1), we have for

δ ∈ [ 3p−2q
6p−4q−1 ,1), [0, γ̄] ⊂W SS ∪W EE .

Therefore, for δ ∈ [ 3p−2q
6p−4q−1 ,1), [0, γ̄] =W SS ∪W EE .

(f) Let (W ,w0, f , τ) be the automaton given byW = [0, v̄],w0 ∈
[0, v̄],

f(w) =
{
EE, if w ∈W EE,
SS, otherwise,

and

τ(w,y) =
{
γy(w), if w ∈W EE ,

w/δ, otherwise,

where γy(w) solves (7.6.1)–(7.6.2) for w = v and y = ȳ,
¯
y .

For our purposes here, assume that V(w) = w, that is, the
value to a player of being in the automaton with initial state
w is precisely w. (From the argument of Lemma 7.4.2, this
should be intuitive.) Given this assumption, prove that the
automaton describes a PPE with value w0.
Soln: For the automaton describes a PPE with value w0, we
should check the incentive constraint at every w ∈W .
At any state w ∈W EE :

V(w) =(1− δ)2+ δ{pγȳ(w)+ (1− p)γ¯
y(w)}

≥(1− δ)3+ δ{qγȳ(w)+ (1− q)γ¯
y(w)}.
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Since the automoton requires γy(w) solves the above inequal-
ities (1) and (2) for V(w) = w = v and y = ȳ,

¯
y , this incen-

tive constraint holds.
At any state w ∈W SS :

V(w) = (1− δ)0+ δ{r(w/δ)+ (1− r)(w/δ)}.
= w
> (1− δ)(−1)+w
= (1− δ)(−1)+ δ{q(w/δ)+ (1− q)(w/δ)}

So, the incentive constraint at any state w ∈ W SS also holds.
Note here, when w ∈W SS , τ(w,y) is independent from y .

Therefore, for δ ∈ [ 3p−2q
6p−4q−1 ,1), the automoton describes a PPE

with value w0 ∈W .



Chapter 8

Topics in Dynamic Games

8.4.1. (a) Suppose (σ1, σ2) is an MPE of the fisheries game from Exam-
ple 8.1.1 satisfying σ1(s) + σ(s) < s for all s. Prove that the
profile remains an MPE of the dynamic game where payoffs
are given by

ui(s, a) =
logai, if a1 + a2 ≤ s,

log
{

ai
a1+a2

s
}
, if a1 + a2 > s.

Soln: We know that there is no profitable deviation for player
i to any strategy σ ′i such that σ ′i (s)+ σj(s) < s,∀s. We want
to show that this constraint on the strategy space is not bind-
ing. This is immediate from the log utility function and the
fact that δ > 0. If player i deviates to a strategy σ ′i such that
σ ′i (s′) + σj(s′) ≥ s′ for some s′, then in a subgame with ini-
tial state s′, the players will get payoff −∞ because from the
second period on the stock and thus the harvest will be zero
forever.

(b) Prove that

ai(s) = 1− δ
2− δs, i = 1,2,

does indeed describe an MPE of the fisheries game described
in Example 8.1.1.
Soln: If the players are playing according to the putative sym-
metric MPE, then the value of a subgame at state s is

V(s) = (1− δ)
∞∑
t=0

δt log{k[2(1− 2k)]t} + log s ≡ C + log s,

where

k = 1− δ
2− δ.

189
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By the principle of one shot optimality, we only need to show
that there is no profitable deviation at any state s. That is to
say, it suffices to show that

ai(s) ∈ arg max
ã∈[0,s−aj(s))

(1− δ) log ã+ δV(2(s − ã− aj(s))),∀s.

We can restrict ã to be less than s−aj(s) due to the argument
in part (a).
Let

J(ã, s) ≡ (1− δ) log ã+ δV(2(s − ã− aj(s)))

= (1− δ) log ã+ δ(log(2(s − ã− 1− δ
2− δs)))+ C).

Taking derivatives, we get

∂J
∂ã
= 1− δ

ã
+ δ
ã− 1

2−δs
,

∂2J
∂ã2

= −1− δ
ã2

− δ
( 1

2−δs − ã)2
.

Since ∂J/∂ã2 < 0 for all ã, the first order condition is suffi-
cient for maximization. Evaluate ∂J/∂ã at ai(s) = 1−δ

2−δs:

∂J
∂ã

∣∣∣
ã= 1−δ

2−δ s
= 2− δ

s
+ δ

1−δ
2−δs − 1

2−δs
= 0.

So the first order condition is satisfied at ai(s) = 1−δ
2−δs. We

have verified that there is no profitable one shot deviation,
and therefore the strategy profile is indeed an MPE.

8.4.2. What is the symmetric MPE for the fisheries game of Example 8.1.2
when there are n players, and the transition function is given by

q(s, a) = αmax
{
0, s −∑i ai} ,

where α > 1?

Soln: When there are n players, we have a Bellman equation simi-
lar to the one in the lecture notes:

ai(s) ∈ arg max
ã

(1− δ) log(ã)+ δV(α(s − ã−
∑
j≠i

aj(s))),∀s, i.
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Assuming V is differentiable and imposing ai = a,∀i after differ-
entiating, the implied first order condition is

1− δ
a(s)

= αδV ′(α(s −na(s))).

Conjecture that
a(s) = ks,

for some k. Then we have

st+1 = α(st −nkst) = α(1−nk)st.
Given an initial stock s, in period t, ati = k[α(1−nk)]ts, and so

V(s) = (1− δ)
∞∑
t=0

δt log{k[α(1−nk)]t} + log s.

This implies that V is indeed differentiable, with V ′(s) = 1/s. Then
we can solve the first order condition and get

a(s) = 1− δ
n− (n− 1)δ

s.

Same as the case where α = 2, n = 2, the second order condi-
tion holds. So given the other players choose a(s), there is no
profitable one shot deviation from a(s) at any state. So a(s) =

1−δ
n−(n−1)δs is indeed a symmetric MPE.

8.4.3. (a) In the MPE calculated in Example 8.1.2, for what values of the
discount factor does the stock of fish grow without bound,
and for which values does the stock decline to extinction?
Soln: If the players follow the equilibrium strategy a(s) =
1−δ
2−δs, then

st+1 = 2δ
2− δs

t.

If 2δ
2−δ > 1, i.e., δ > 2

3 , then the stock of fish will grow without

bound; if 2δ
2−δ < 1, i.e., δ < 2

3 , then the stock decline to extinc-
tion.

(b) This MPE is inefficient, involving excess extraction. To see
this, calculate the largest symmetric payoff profile that can by
achieved when the firms choose identical Markov strategies,
and prove that the efficient solution extracts less than does
the MPE.
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Soln: We solve the problem as a planner, i.e., we look for some
symmetric policy function a∗(s) such that the symmetric pay-
off is maximized. The Bellman’s equation is

a∗(s) ∈ arg max
a′

(1− δ) loga′ + δV∗(2(s − 2a′)).

The first order condition is

1− δ
a∗(s)

= 2V∗′(2(s − 2a∗(s))).

Similar to the process of solving an MPE, we conjecture that
a∗(s) = k∗s. Under this conjecture

V∗(s) = (1− δ)
∞∑
t=0

δt log{k∗[2(1− 2k∗)]t} + log s,

and V∗′(s) = 1/s. Then we can solve the first order condition
and get

a∗(s) = 1− δ
2
s.

We can verify that the second order condition is also satisfied.
The maximized symmetric payoff is1

V∗(s) = (1− δ)
∞∑
t=0

δt log
(

1− δ
2
(2δ)t

)
+ log s

= log(1− δ)+ δ
1− δ logδ+ 2δ− 1

1− δ log 2+ log s.

We can see that the efficient solution extracts less than does
the MPE:

a∗(s) = 1− δ
2
s < ai(s) = 1− δ

2− δs.

(c) Describe an efficient subgame perfect equilibrium for this game
(it is necessarily non-Markov).
Soln: Let a∗(s) be the efficient symmetric solution and a(s)
be the symmetric MPE strategy. Consider the following trigger
strategy σi(s), i = 1,2:

σi(ht) =
a∗(s(ht)) if t = 0 or ak = (a∗(sk), a∗(sk)), ∀k = 0, ..., t − 1

a(s(ht)) otherwise

1A useful trick:
∑∞
t=0 tδt =

∑∞
t=0

∑∞
s=t+1 δs =

∑∞
t=0

(
δt
∑∞
s=1 δs

) = (∑∞
t=0 δt · δ

1−δ
)
=

1
1−δ · δ

1−δ = δ
(1−δ)2 .
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That is to say, both players start extracting the efficient amount
and continue doing so as long as no one has deviated; if either
deviated once, play the MPE strategy forever.
If in any state any of the players has incentive to deviate,
it is to extract more fish than the social planner solution.
Therefore, after a deviation the amount of fish next period
is smaller than it was supposed to be under a∗(s).
After a deviation we follow the MPE symmetric strategy that
was found in class. We know that it gives a continuation value
to the player, given s, of

V(s) = log(1−δ)+ δ
1− δ logδ+ δ

1− δ log 2− 1
1− δ log(2−δ)+log s,

that is, it is strictly increasing in s. Therefore, after a deviation
the continuation value is smaller than it would be by following
the a∗.
As δ → 1 the benefit of any deviation goes to 0 and then
it is sufficient to compare the difference in the continuation
values. As V is strictly increasing on the state variable we can
focus just in the difference between V∗, as defined in b), and
V at the stock of fish that will be tomorrow if players follow
a∗. We have

V∗(2(s−a∗(s)))−V(2(s−a∗(s))) = 1
1− δ log(2−δ)− log 2.

By using l’Hôpital’s rule is easy to see that as δ → 1 then we
have V∗(2(s − a∗(s))) − V(2(s − a∗(s))) → 1 − log 2 > 0 for
any s. Therefore, for δ large enough the described strategy is
a subgame perfect equilibrium.

8.4.4. Consider the asynchronous move prisoners’ dilemma from Section
8.1.

(a) Suppose x ≥ 1. For some values of δ, there is a Markov per-
fect equilibrium in which players randomize at E between E
and S, and play S for sure at S. Identify the bounds on δ and
the probability of randomization for which the described be-
havior is an MPE.
Soln: Let p the probability that a player chooses E in state
E. In order to randomize the player has to be indifferent be-
tween playing E and S when the state is E. When he plays S he
would get 3(1− δ) since state S is absorbent. When he plays
E he would get 2(1−δ) today; and tomorrow with probability
p he would get 2(1− δ)+ δV(E) and with probability (1−p)
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he would get −x(1−δ). Using that the value function of state
E has to be the same when playing S or E we have

3(1− δ) = 2(1− δ)+ δ (p(2(1− δ)+ δ3(1− δ))+ (1− p) (−x(1− δ)))
⇒ 1 = 2pδ+ 3δ2p − xδ+ xδp
⇒ p = 1+xδ

2δ+3δ2+xδ

See that this probability is not well defined always. We get
that p < 1 if and only if 1 + xδ < 2δ + 3δ2 + xδ. The value
of δ that solves this equation with equality is δ = 1

3 . Then for

any δ > 1
3 the probability is well defined.

Now, remember that the decision is random on state E. Us-
ing the calculations above we have that neither of the players
want to deviate on state S if and only if

−1
2 (1− δ)+ δ

(
p(2(1− δ)+ δ3(1− δ))+ (1− p) (−x(1− δ))) ≤ 0

a (1− δ) ≤ x(1− δ)

what is always satisfied. Then for δ > 1
3 the proposed strategy

is an equilibrium. Notice that in this equilibrium δ does not
have to satisfy any upper bound as it has to in the equilibrium
founded in section 8.1.

(b) Suppose that the initial action of player 1 is not exogenously
fixed. The game now has three states, the initial null state
and E and S. At the initial state, both players choose an ac-
tion, and then thereafter player 1 chooses an action in odd
periods and player 2 in even periods. Suppose x > 1 and δ
satisfies (8.1.2). Prove that there is no pure strategy MPE in
which the players choose E.
Soln: Notice that in the initial state, player 2 will choose S be-
cause to play S is a strictly dominant strategy and his action
in this state does not affect the future strategies of none of
the two players.
In any pure strategy MPE, in the path of play the outcome
have to repeat at least every four periods. If the outcome in
the path of play is always EE the payoff is 2. If the value of
the equilibrium is less than 2 after E, as δ satisfies (8.1.2) and
the minmax payoff is 0, player 1 chooses at the initial node S
and after it all players chose S in all subsequent periods.
Let us try to find an equilibrium with a higher payoff for
player 1 after he plays E in the initial state. In order, to get
such result we need that the outcome SE is part of the four
period cycle. Starting at E chosen by player 1 in the last pe-
riod the possible sequences containing SE are:
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• EE, SE, SE, SE, SE, . . .: It can not be part of an MPE since
player 2 is getting a payoff, after this period, of 2(1−δ)−
xδ and by deviating to S in the first period he would get
at least 3(1− δ)− xδ.

• ES, SS, SE, SE, SE, . . .: In this sequence player 1 would get
−x(1 − δ) + 3δ2 = −x(1 − δ) + 2δ − 2δ + 3δ2 ≤ −2δ +
3δ2 because of (8.1.2). Now the RHS is increasing for δ >
1
3 , and when δ = 1 the value is 1, so with this sequence
player 1 would not get more than 2.

• ES, SS, SE, EE, ES, . . .: The payoff of player 1 is −x(1−δ)
1−δ4 +

3δ2(1−δ)
1−δ4 + 2δ3(1−δ)

1−δ4 . This payoff is less than 2 if and only if
3δ2 + 2δ3 − 2(1 + δ)(1 + δ2) − x < 0. Call the LHS f(δ).
Then we have f ′(δ) = 2δ − 2, that is, ∀δ < 1 the LHS
is decreasing on δ. Then it is sufficient to check that the
inequality is satisfied when δ = 1

3 . But, f(1
3) = −5

27 −x < 0.
Then, this sequence gives to player 1 less than 2.

• EE, SE, SS, SS, SS, . . .: The payoff of player 1 is 2(1− δ)+
3δ(1 − δ). Define f(δ) = 2(1 − δ) + 3δ(1 − δ) − 2. So,
f ′(δ) = 1−6δ and therefore f is decreasing for any δ > 1

6 .

Besides, f(1
3) = 2, so this sequence can not give a payoff

higher than 2 to player 1.

Then player 1 would play S in the initial state as well. That in
all subsequent periods all players will choose S follows from
the analysis above and induction. For example, since in period
2 player 2 has to choose between S and E given that player 1
had chosen S. The same possible best outcome sequences
would appear and then player 2 would choose S because by
choosing E he could get at most 2 in the future after the devia-
tion, but according to (8.1.2) and considering that his minmax
payoff is 0, he would prefer to choose S. The result then fol-
lows by induction, where the induction step is exactly equal
than the analysis for player 2 in period 2.

8.4.5. (A simplification of Livshits (2002).) There are three players. In
the initial period, a player i is selected randomly and uniformly
to propose a coalition with one other player j, who can accept or
reject. If j accepts, the game is over with payoffs given in Figure
8.4.1. If j rejects, play proceeds to the next period, with a new pro-
poser randomly and uniformly selected. The game continues with
a new proposer randomly and uniformly selected in each period
until a proposal is accepted. Thus, the game is potentially of infi-
nite horizon, and if no coalition is formed (i.e., there is perpetual
rejection), all players receive a payoff of 0.
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coalition 1’s payoff 2’s payoff 3’s payoff

{1,2} 9 3 0

{2,3} 0 9 3

{1,3} 3 0 9

Figure 8.4.1: Payoffs to players in each pairwise coalition for Problem 8.4.5. The
excluded player receives a payoff of 0.

(a) Suppose δ < 3/4. Describe a stationary pure strategy Markov
perfect equilibrium. [Hint: in this equilibrium, every proposal
is immediately accepted.]
Soln: We can consider this game as having three states {s1, s2, s3},
si corresponding to player i is to propose. The transition rule
q does not depend on the previous state or actions:

q(s, a) = 1
3
◦ s1 + 1

3
◦ s2 + 1

3
◦ s3,∀s, a.

Player i’s action is the vector (ci, di), where ci ∈ {j1, j2} is to
whom player i would propose to if he were to propose, and
di ∈ {A,R} is whether to accept or reject a proposal. Note
that ci is only relevant when the state is si and di is only
relevant when the state is not si. Otherwise they are dummy
actions.
When δ < 3/4, the following is a stationary pure strategy
Markov perfect equilibrium:

c1(s1) = 2, c2(s2) = 3, c3(s3) = 1;di(sj) = A,∀i, j.
Since the game and the strategies are symmetric, to verify
whether it is indeed an MPE we only need to check the in-
centives for player 1. We again use the principle of one shot
optimality. At state s1, playing according to the putative equi-
librium yields the highest possible payoff for player 1; at state
s2, player 1’s action is irrelevant and he always gets payoff 0.
At state s3, by accepting the proposal by player 3, player 1
gets payoff 3 (here we use the unnormalized payoffs). If he
deviates to rejection, then he will get

0+ 1
3
δ(V1(s1)+ V1(s2)+ V1(s3)) = 1

3
δ(9+ 0+ 3) = 4δ < 3.
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So there is no profitable deviation at any state, and the pro-
posed strategy profile is indeed a stationary MPE.

(b) Suppose δ > 3/4. Prove there is no Markov perfect equi-
librium in stationary pure strategies. There is a stationary
Markov perfect equilibrium in behavior strategies. What is it?
[Hint: The randomization is on the part of the responder.]
Soln: We prove the statement by contradiction. Suppose there
is a pure strategy stationary MPE. If in the MPE, d1(s3) =
A, i.e., player 1 accepts player 3’s proposal, it implies three
things: c3(s3) = 1, c2(s2) = 3 and d3(s2) = R. The first is obvi-
ous; if the first were not true, then player 1 would like to reject
3’s proposal and wait for 2 to propose; the second is true be-
cause, given that player 1 will accept his offer and that player
2 will propose to him again, player 3’s value from rejecting
2’s offer is at least δ(9+3+0)/3 = 4δ, which is larger than 3,
the value from accepting the offer. Now it must be true that
d2(s1) = A, i.e., player 2 will accept player 1’s proposal, be-
cause his proposal will not be accepted. But given that, player
1 at the first place would not want to accept player 3’s pro-
posal and we get a contradiction. If we start with d1(s3) = R,
similar argument holds. Given player 1 rejects player 3, player
3 will want to accept player 2’s proposal. But then player 2
will want to reject player 1’s proposal, making player 1’s re-
jecting player 3 suboptimal.
With a little abuse of notation, the stationary Markov perfect
equilibrium in behavior strategies takes the following form:

c1(s1) = 2, c2(s2) = 3, c3(s3) = 1;

d1(s3) = d2(s1) = d3(s2) = p ◦A+ (1− p) ◦ R;

d1(s2) = d2(s3) = d3(s1) = A.
We need to find the p that each player is indeed indifferent
between accept and reject. Let V be the continuation value
of the game (in the next period after someone rejects a pro-
posal). It is the same to every one because of symmetry. Then
V should satisfy

V = 1
3
(9p + δV(1− p)+ 3p + δV(1− p)+ 0p + δV(1− p)),

which implies

V = 4p
1− δ(1− p).
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Also, the indifference condition implies

3 = δV.

We can then solve

p = 3(1− δ)
δ

,

which is a well defined probability when δ > 3/4. So given
such p, each player is indeed indifferent between accept and
reject. Since the proposal strategy is clearly optimal, the pro-
posed behavior strategy profile is indeed an MPE.

(c) Suppose 3/4 < δ <
√

3/4. There are two nonstationary pure
strategy Markov equilibria in which only the most valuable
partnerships form. What are they? [Hint: if δ <

√
3/4, then

δ2 < 3/4.]

Soln: The two non-stationary pure strategy MPEs again fea-
ture always proposing to the “right” person:

c1(s1) = 2, c2(s2) = 3, c3(s3) = 1.

One of them asks players to accept proposals in odd periods
and reject proposals in even period; the other asks players to
reject proposals in odd periods and accept proposals in even
period (Here the proposals refer to the “right” ones. Clearly
players will always accept to form a coalition that gives them
a payoff 9). They are equilibria because rejecting is optimal
when they expect proposals to be accepted in the next period
when δ > 3/4:

1
3
δ(9+ 3+ 0) > 3,

and accepting is optimal when they expect proposals to be
rejected in the next period when δ <

√
3/4:

3 >
1
3
δ2(9+ 3+ 0).

Also, the players do not want to deviate in proposing to get
only payoff 3, because they either can get 9 in this period, or
expect to get 4 in the next period.

(d) Suppose δ ≥ 3
7 . Construct a nonstationary Markov perfect

equilibrium in which in the first period, if 1 is selected, then
1 chooses 3 (who of course accepts).
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Soln: We describe an equilibrium in which every period one in-
dividual proposes to his least preferred partner and the iden-
tity of this individual depends on the date.

Specifically, in the first period player 1, if selected, proposes
to 3 and players 2 and 3, when selected, offer to 3 and 1,
respectively. Player 2 rejects a proposal from player 1, and
otherwise, all players accept any proposal. After any rejec-
tion in the first period (so in particular, if player 2 rejects an
offer from player 1), in the second period player 3, if selected,
proposes to 2 and players 1 and 2, when selected, propose to
2 and 3, respectively. Player 1 rejects a proposal from player
3, and otherwise, all players accept any proposal. We con-
tinue after rejections, rewarding the player who is supposed
to reject.

We will prove that this cycling in who has to avoid choosing
his preferred partner gives the right incentives to players and
constitutes an equilibrium of the game.

Consider the pure strategy represented by the automaton (W ,w0, f , τ)
with W = {wi}3

i=1, where the automaton state wi indicates
that individual i, if selected, is suppose to propose to the less
preferred partner. As the question requires us to find an equi-
librium in which if 1 is selected he chooses to offer to 3, the
automaton starts with w0 = w1.

Formally, the output function f in the automaton describes
the ex ante action profile f(w) in each automaton state w ∈
W . An ex ante action profile a is a mapping from the set
of game states S to possible behavior that period. That is,
a(si) = (ci, d−i) specifies for each si ∈ S to whom player i
proposes (ci ≠ i) and how each player j ≠ i responds to a
proposal.

Now we describe the ex ante action profile of the players in
each of the automaton states f(wi). We want that in automa-
ton state wi, when the game state is si player i proposes
to his less preferred partner. In the two other game states,
players make the "right" proposal. In terms of the accep-
tance/rejection decision, in game state si player i + 1 rejects
an offer from i and all other proposals are accepted.2

Formally, we have that in this automaton f(wi) = (ai(s1), ai(s2), ai(s3))
where ai(sj) is the profile of actions taken by each of the play-
ers under this action profile when the automaton state is wi
and the game state is sj . For the strategy proposed above,

2To simplify notation, by convention the index 3+1 refers to the index 1 and the index
1− 1 refers to index 3.
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wi si−1 si si+1

i− 1 9 9 3

i 3 3 0

i+ 1 0 0 9

Figure 8.4.2: Payoff’s in the automaton state wi.

ai(sj) can be written as

ai(sj) =



cj = j + 1 if j ≠ i

cj = j − 1 if j = i

dk(sj) = A if j = k+ 1 or j = k− 1 and j ≠ i

dk(sj) = R if j = i and j = k− 1

where cj denotes the person to which person j will propose
in the game state sj and dk(sj) denotes the acceptance when
individual k receives a proposal coming from individual j.
Finally, we know that if the proposal is accepted then the
game ends and whenever the proposal is rejected the automa-
ton transits to state τ(wi) = wi−1.
We now prove this is an equilibrium. The main difficulty that
arises is that in the automaton state wi, player i+ 1 has to be
willing to reject a proposal coming from person i whenever
the game state is si. To make this person willing to reject such
offer he needs to expect a high enough payoff next period.
(Of course, we also need to verify that each player is willing
to accept an inferior coalition when he is supposed to accept;
recall part 8.4.5(b).)
Suppose we are in state wi. Then if individuals follow the
strategy describe above, conditional on the game state, they
get the payoffs presented on Figure 8.4.2.
Notice that no player has an incentive to deviate whenever he
is making an offer that will be accepted and gives him 9 or
accepting an offer that gives 9 to him, since tomorrow he will
get at most a payoff of 9δ.
Player i − 1 has incentive to accept 3 in state si+1 because if
he reject the state tomorrow will be wi−1 and he expects to
get 1

3(3 + 3 + 0)δ = 2δ. Player i will prefer to get 3 today by
either accepting an offer in state si−1 or by offering to player
i− 1 in state si, that going to next period where he expects to
get 1

3(0 + 0 + 9)δ = 3δ. Player i + 1 will reject an offer from
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player i on state si since by accepting he gets 3 and by moving
to next period he expects to get 1

3(9 + 9 + 3)δ = 7δ. Then as

long as δ ≥ 3
7 we have proved that the described strategy is

an equilibrium.

8.4.6. Consider the model of Section 8.2, but assume the buyer’s valua-
tion v can only take on two values, 2 and 3. Moreover, the seller’s
beliefs assign probability α to the value 2. The seller’s cost (value)
is zero, and the buyer and seller have a common discount factor
δ ∈ (0,1].
(a) What are the unique perfect Bayesian equilibria (PBE) of the

one period model (in this model, the seller makes a take-it-or-
leave-it offer to the buyer)?
Soln: There is no equilibrium where a buyer rejects an offer
with positive probability when he is indifferent. In equilib-
rium, a buyer with v = 2 will accept all prices no larger than
2, including 2; a buyer with v = 3 will accept all prices no
larger than 3, including 3. As a result, any price other than 2
and 3 is suboptimal. If the seller charges 2, then his payoff
is 2 with both types of buyer buying; if the seller charges 3,
then his payoff is 3(1−α). So when α < 1/3, there is a unique
PBE where the seller charges a price of 3; when α > 1/3 in the
unique PBE the seller charges 2; when α = 1/3, the seller is
indifferent between charging 2 and 3, and therefore any mix-
ture is part of an equilibrium.

Consider now the two period model, that is, if the buyer rejects
the offer in the initial period, then the seller make a final offer
in period 1, after which the game ends. As in Section 8.2, deter-
mine the restrictions implied by perfect Bayesian equilibrium by
assuming the buyer type is determined by nature after the seller
has chosen the initial period price.

(b) What restrictions on period 1 pricing are implied by perfect
Bayesian equilibrium concept.
Soln: After any rejected p0, in the second period the seller
must choose either a price of 2 or 3.

(c) Prove that, in any PBE, both types of buyer must accept any
first period price strictly smaller than 2.
Soln: Note that both this question and the next do not say
that the price is an equilibrium price.
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In any pure strategy PBE, after any first period price, p1 ≥ 2.
Suppose p0 < 2. Then, δ(v−p1) ≤ δ(v−2) ≤ v−2 < v−p0,
and so both buyers must accept p0 < 2.

(d) Prove that, in any PBE, if a (possibly non-equilibrium) first pe-
riod price p0 > 2 is rejected, then the seller’s posterior in
the beginning of the second period must assign probability at
least α to the low value buyer.
Soln: The buyer with value v = 2 must reject any p0 > 2, since
accepting such a price gives negative payoff, and rejection of
all prices guarantees a zero payoff. Thus, σ̂ 0

2 (p0) = R for all
p0 > 2. Since nature’s move occurs after the seller chooses
p0, the seller must update the prior given that the buyer with
value v = 2 reject any p0 > 2, which implies the result.

(e) Suppose α = 1
2 . Describe the unique pure strategy PBE.

Soln: The second period behavior of the buyer was deter-
mined in part 8.4.6(a). Since α > 1

3 , the seller always charges
2 in the second period (from part 8.4.6(a)), and the low value
buyer has a zero payoff in the second period. Thus, the reser-
vation price for the low value buyer in the first period is also
2. Denoting the high value buyer’s first period reservation
price by p̂, the buyer’s strategy thus takes the form:

σ̂ 0
3 (p0) =

A if p0 ≤ p̂
R if p0 > p̂

, σ̂ 1
3 (p0, p1) =

A if p1 ≤ 3

R if p1 > 3
;

σ̂ 0
2 (p0) =

A if p0 ≤ 2

R if p0 > 2
, σ̂ 1

2 (p0, p1) =
A if p1 ≤ 2

R if p1 > 2
.

Moreover, the equilibrium price charged in the first period p̂0

is either 2 or p̂. Any other price is suboptimal. To determine
whether the seller should charge 2 or p̂, we first find p̂ such
that the buyer with v = 3 is indifferent between buying at p̂
and waiting for the price to drop to 2:

3− p̂ = δ(3− 2),

which implies p̂ = 3− δ.
If the seller charges 2 in the first period, both types will buy,
with a seller’s payoff of 2. If he charges p̂ in the first period,
only the high value buyer buys, and the payoff is

(1−α)(3− δ)+ δα2 = 3+ δ
2

< 2.
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Therefore, in equilibrium, p1 = 2, and our description of the
PBE is complete.

(f) Suppose α = 1
4 . Prove that there is no pure strategy PBE.

[Hint: Suppose p̂0 is the first period price in a candidate pure
strategy PBE. How should the seller respond to a rejection of
a deviation to a price p0 ≠ p̂0?]
Soln: Observe first that the high value buyer is indifferent
between accepting a price of 3 − δ in period 1 and a price
of 2 in period 2. Suppose the seller deviates to a price p0 ∈
(3−δ,3). In a pure strategy PBE, after a rejection of p0, either
the posterior on v = 2, α1(p0), equals α or 1. If α1(p0) =
1, then p1 = 2 and buyer v = 3 strictly prefers to reject,
contradicting α1(p0) = 1. On the other hand, if α1(p0) = α,
then p1 = 3 and buyer v = 3 strictly prefers to accept p0 < 3,
contradicting α1(p0) = α.

(g) Suppose α = 1
4 . Suppose δ ≠ 6/7. Describe the unique PBE

(from part 8.4.6(f), it is necessarily in mixed strategies).
Soln: As suggested by the analysis in part 8.4.6(f), randomiza-
tion is needed to deal with deviations to prices p0 ∈ (3−δ,3).
In order for the high value to be willing to randomize over ac-
ceptance at such p0, the seller must randomize in the second
period between a price of 2 and of 3. If β denotes the proba-
bility of p1 = 2, then we need

3− p0 = βδ(3− 2),

so that

β = 3− p0

δ
.

Note that the behavior of the seller cannot be independent of
the rejected price p0 (and hence the need of a weakening of
Markov perfection)!3

In order for the seller to be willing to randomizing after rejec-
tion, the seller must have beliefs

α1(p0) = 1
3
,

3A natural state variable in this game is the posterior probability assigned to the low
value buyer; but with this notion of state, this game does not have a Markov perfect equi-
librium. The notion of weak Markov equilibrium was introduced by Fudenberg, Levine,
and Tirole (1985) to accommodate problems like this. A similar issue arises in the chain
store paradox (see Kreps and Wilson, 1982, and Remark 17.3.1 in Mailath and Samuelson,
2006).
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which requires the high value buyer to reject p0 with proba-
bility 2/3.

The payoff to the seller of a deviation to p0 ∈ (3− δ,3) is

3
4

{
1
3
p0 + 2

3
δ3
}
= 3

4

{
1
3
p0 + 2

3
δ2
}
+ 1

4
δ2 = 1

4
p0 + 3

2
δ

where the first expression, from p1 = 3, of course equals the
second, from p1 = 2. These payoffs are strictly increasing in
p0 < 3, so we specify for p0 = 3, the same mixed continuation
play (which means β = 0).

The payoff from charging p0 = 3 in the first period, with the
mixed continuation play subsequently is

3
4
+ 3

2
δ.

The payoff from charging p0 = 3 − δ, having the high value
buyer accept this for sure, and charging p1 = 2 in the second
period (and the low value buyer accepts) is

3
4
(3− δ)+ 1

4
2δ = 1

4
(9− δ).

Note
1
4
(9− δ) > (<)3

4
+ 3

2
δ ⇐⇒ 6

7
> (<)δ.

Hence, if δ < 6
7 , in the unique PBE, the seller charges p0 =

3− δ, the high value buyer accepts this for sure, and charges
p1 = 2 in the second period after rejection (and the low value
buyer accepts). If δ > 6

7 , the seller charges p0 = 3, the high

value buyer accepts with probability 1
3 , rejects with probabil-

ity 2
3 , after rejection, the seller charges p1 = 3 for sure.4 In

both cases, any deviation by the seller to a price p0 ∈ (3−δ,3)
results in a continuation play where the high value buyer ac-
cepts with probability 1

3 , rejects with probability 2
3 , and after

rejection, the seller charges p1 = 2 with probability (3−p1)/δ
and p1 = 3 with complementary probability.

Note that for δ < 6/7, the mixing necessarily only occurs off
the equilibrium path!

4The seller cannot induce the randomizing buyer to buy for sure in the first period
through a marginal reduction in p1 because the buyer expects the continuation play of
the seller to change; see next sentence.
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(h) This game can be used to illustrate a shortcoming of almost
perfect Bayesian equilibrium.5 In the Bayesian game, nature
first determines the type of the buyer, and then the seller
chooses the initial price. The perfect Bayesian equilibrium
concept is (should be) unaffected by the timing of nature’s
move. But the almost perfect Bayesian equilibria are not un-
affected. In particular, the game with nature moving first has
multiple almost perfect Bayesian equilibria. Prove this by ver-
ifying that p0 = 3 − δ is part of an almost perfect Bayesian

equilibrium for δ ∈
(

6
7 ,

9
10

)
. (We already know from the above

that for δ > 6
7 , the game with nature moving second has a

unique almost perfect Bayesian equilibrium with p0 ≠ 3− δ.)

Soln: I claim the profile ((p̃0, σ̃ 1
s ), (σ̃ 0

v , σ̃ 1
v)v∈{2,3}) is an almost

perfect Bayesian equilibrium, where

p̃0 = 3− δ,
σ̃ 1
s (p0) = 2 ∀p0,

σ̃ 0
3 (p0) =

{
A, p0 ≤ 3− δ,
R, p0 > 3− δ, σ̃ 0

3 (p0, p1) =
{
A, p1 ≤ 3,
R, p1 > 3,

σ̃ 0
2 (p0) =

{
A, p0 ≤ 2,
R, p0 > 2,

σ̃ 0
2 (p0, p1) =

{
A, p1 ≤ 2,
R, p1 > 2.

This profile fails to be perfect Bayesian only because the seller
is not playing sequentially rationally after an initial deviation
to a price p0 = 3: We saw in the previous section that after
such a rejected price, the seller should randomize between 2
and 3. Nonetheless, this profile is almost perfect Bayesian,
because the system of beliefs in which the seller assigns very
high probability to v = 2 is not ruled out by Definition 5.2.4.

8.4.7. As in the model of Section 8.2, there is an uninformed seller with
cost zero facing a buyer with value uniformly distributed on [0,1].
Suppose the seller has a rate of continuous time discounting of rS
(so the seller’s discount factor is δS = e−rS∆, where ∆ > 0 is the
time between offers), while the buyer has a rate of continuous time
discounting of rB (so the buyer’s discount factor is δB = e−rB∆.
Solve for an equilibrium of the infinite horizon game in which the
uninformed sellers makes all the offers. What happens to the ini-
tial offer as ∆→ 0?

5Problem 5.4.9 is a stripped down version of this game.



206 CHAPTER 8. TOPICS IN DYNAMIC GAMES

8.4.8. Reconsider the two period reputation example (illustrated in Fig-
ure 8.3.2) with ρ > 1

2 . Describe all of the equilibria. Which equilib-
ria survive the intuitive criterion?

8.4.9. Describe the equilibria of the three period version of the reputa-
tion example.

8.4.10. Consider the following stage game where player 1 is the row player
and 2, the column player (as usual). Player 1 is one of two types
ωn and ω0. Payoffs are:

L R

T 2,3 0,2

B 3,0 1,1

ωn

L R

T 3,3 1,2

B 2,0 0,1

ω0

The stage game is played twice, and player 2 is short-lived: a dif-
ferent player 2 plays in different periods, with the second period
player 2 observing the action profile chosen in the first period. De-
scribe all the equilibria of the game. Does the intuitive criterion
eliminate any of them?

8.4.11. This is a continuation of Problem 7.6.13. Suppose now that the
game with the long-lived player 1 and short-lived player 2’s is a
game of incomplete information. With prior probability ρ ∈ (0,1),
player 1 is a behavioral type who chooses T in every period, and
with probability 1−ρ, he is a strategic or normal type as described
above. Suppose ρ > 1

2 . Describe an equilibrium in which the nor-
mal type of player 1 has a payoff strictly greater than 2 for large
δ.

8.4.12. (Based on Hu (2014).) Reconsider the infinite horizon reputation
game of Section 8.3.2. In addition to the endogenous signal of F
and A, there is an exogenous signal z ∈ {z0, z1}, with

1 > Pr{z = z0 |ω0) := α > β =: Pr{z = z0 | ¬ω0) > 0.

In period τ , entrant τ observes the history of entry decisions, the
behavior of the incumbent in any period in which there was entry,
and τ realizations of the exogenous signal.

Fix a Nash equilibrium.

(a) Prove that in any period in which there is entry, the proba-
bility of F , conditional on the incumbent not being ω0 is no
larger than 1

2 . Denote this probability by φτ .
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(b) Prove that if the incumbent is not ω0, and the entrants never
enter, than with probability one, the entrants’ posterior prob-
ability on ω0 converges to zero.

(c) Let ht be a positive probability period-t history in which every
entry results in F , and there is entry in the last period. Provide
an upper bound on the fraction of periods in ht in which an
entrant enters. [Hint: Express the odds ratio in period τ + 1
after entry results in F in terms of the odds ratio in period τ ,
and use part 8.4.12(a).]
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Chapter 9

Bargaining

9.5.1. A three person bargaining problem is a pair < S,d >, where S ⊂ R3

is compact and convex, d ∈ S, and ∃s ∈ S such that si > di for
i = 1,2,3. Let B denote the collection of bargaining problems,
and as for the two person case, a bargaining solution is a function
f : B → R3 such that f(S,d) ∈ S. The Nash axioms extend in the
obvious manner. Prove that if a bargaining solution satisfies INV,
SYM, IIA, and PAR, then

f(S,d) = arg max
(s1 ,s2 ,s3)∈S,
di≤si,i=1,2,3

(s1 − d1)(s2 − d2)(s3 − d3).

Soln: Let

fN(S, d) ≡ arg max
(s1 ,s2 ,s3)∈S,
di≤si,i=1,2,3

(s1 − d1)(s2 − d2)(s3 − d3).

It is easy to see that fN satisfies the four axioms. Suppose that f
satisfies the four axioms. Fix < S,d >.

Step 1 Let z = fN(S, d) . Then zi > di, i = 1,2,3. Apply the follow-
ing affine transformations to move d to the origin and z to
(1

3 ,
1
3 ,

1
3):

αi = 1
3(zi − di) , βi =

−di
3(zi − di) .

Denote the transformed problem < S′,0 >. INV implies

fi(S′,0) = αifi(S, d)+ βi.
It can be shown that the function fN also satisfies:

fN(S′,0) = αifNi (S, d)+ βi =
1
3
.

Therefore, fi(S, d) = fNi (S, d) if and only if f ′i (S′,0) = 1
3 .

209
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Step 2 Claim: there doesn’t exist (s′1, s
′
2, s

′
3) such that s′1+ s′2+ s′3 > 1.

Suppose not, then convexity of S′ implies t = (1−ε)(1
3 ,

1
3 ,

1
3)+

εs′ ∈ S′ for all ε ∈ (0,1). Moreover, for ε > 0 sufficiently
small, t1t2t3 > 1

27 , contradicting fN(S′,0) = (1
3 ,

1
3 ,

1
3).

Step 3 Let T = {(s1, s2, s3) ∈ R3 : s1+s2+s3 ≤ 1, |si| ≤max{|s′1|, |s′2|, |s′3| :
s′ ∈ S′}} . Then, SYM and PAR implies f(T ,0) = (1

3 ,
1
3 ,

1
3).

Step 4 Since S′ ⊂ T , IIA implies f(S′,0) = (1
3 ,

1
3 ,

1
3).

9.5.2. Suppose f is a bargaining solution satisfying PAR, IIA, INV, and the
following weakening of SYM to IR (individual rationality): f(< S,d >)
≥ di for i = 1,2. Using the following steps, prove there exists
α ∈ [0,1] such that

f(< S,d >) = arg max
s∈S,si≥di

(s1 − d1)α(s2 − d2)1−α. (9.5.1)

(This is the asymmetric Nash bargining solution).

(a) Let S∗ := {s : s1 + s2 ≤ 1, si ≥ 0}, and define

α = f1(< S∗,0 >).

Verify that PAR implies 1−α = f2(< S∗,0 >).

(b) Verify that
α = arg max

0≤s1≤1
sα1 (1− s1)1−α.

(c) Prove (9.5.1).

Soln: Define affine transformations that take x = f(< S,d >)
to (α,1−α) and d to 0. IR implies these transformations are
positive. Apply IIA and INV.

9.5.3. Two agents bargain over [0,1]. Time is indexed by t, t = 1,2, . . . , T ,
T finite. A proposal is a division of the pie (x,1 − x), x ≥ 0. The
agents take turns to make proposals. Player I makes proposals on
odd t and II on even t. If the proposal (x,1 − x) is agreed to at
time t, I’s payoff is δt−1

1 x and II’s payoff is δt−1
2 (1− x). Perpetual

disagreement yields a payoff of (0,0). Impatience implies δi < 1.

The game ends in period T if all previous proposals have been
rejected, with each receiving a payoff of zero.
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(a) Suppose T odd, so that I is the last player to make a proposal.
If T = 1, the player I makes a take-it-or-leave-it offer, and so in
equilibrium demands the entire pie and II accepts. Prove that
in the unique backward induction equilibrium, if there are k
periods remaining, where k is odd and k ≥ 3, I’s proposal is
given by

xk = (1− δ2)
τ−1∑
r=0

(δ1δ2)r + (δ1δ2)τ , τ = (k− 1)/2.

[Hint: First calculate x1 (the offer in the last period), x2, and
x3. Then write out the recursion, and finally verify that the
provided expression satisfies the appropriate conditions.]
Soln: In the last period, I offers x1 = 1 and II accepts. In this
subgame I’s payoff is 1.
In the second last period, I will accept any x2 > δ11 and
rejects any x2 < δ11. In equilibrium, II must offer exactly
x2 = δ11 and I accepts it. If I does not accept x2 = δ11 with
probability one, then II does not have a best response here. In
this subgame II’s payoff is (1− δ1), and I’s payoff is δ1.
In the third last period, II will accept any 1− x3 > δ2(1− δ1)
and rejects any 1 − x3 < δ2(1 − δ1). In equilibrium, I must
offer exactly 1−x3 = δ2(1−δ1) and II accepts it. If II does not
accept 1 − x3 = δ2(1 − δ1) with probability one, then I does
not have a best response here.
In general, if in the period with k periods remaining, xk is
offered by I and accepted by II, then in this subgame I’s payoff
is xk and II’s is 1−xk. In the previous period, II is to offer. By
backward induction, I will accept having ≥ δ1xk of the pie and
reject otherwise (If I rejects exactly δ1xk of the pie, then II has
no best response). Thus II will offer xk+1 = δ1xk and I accepts.
In this subgame I’s payoff is δ1xk and II’s is 1 − δ1xk. In the
period with k+2 periods remaining, I is to offer. By backward
induction, II will accept having ≥ δ2(1− δ1xk) of the pie and
reject otherwise (If II rejects having exactly δ2(1−δ1xk) of the
pie, then I has no best response). Thus II will offer 1− xk+2 =
δ2(1− δ1xk).
So we have

x3 = 1− δ2 + δ1δ2

xk+2 = 1− δ2 + δ1δ2xk

The given formula for xk in the question satisfies these 2
equations.
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(b) What is the limit of xT as T →∞?

Soln: As T → +∞, xT → 1−δ2

1−δ1δ2
.

(c) Suppose now that T is even, so that II is the last player to
make a proposal. Prove that in the unique backward induction
equilibrium, if there are k periods remaining, where k is even
and k ≥ 2, I’s proposal is given by

yk = (1− δ2)
τ−1∑
r=0

(δ1δ2)r , τ = k/2.

Soln: In the last period, II offers y1 = 0 and I accepts. In this
subgame II’s payoff is 1.

In the second last period, II will accept any 1 − y2 > δ21 and
rejects any 1 − y2 < δ21. In equilibrium, I must offer exactly
1−y2 = δ21 and II accepts it. If II does not accept 1−y2 = δ21
with probability one, then I does not have a best response
here. In this subgame I’s payoff is (1 − δ2), and II’s payoff is
δ2.
In general, if yk is known, k being even, then 1−yk+2 = δ2(1−
δ1yk). The reason is the same as given in (a). So we have

y2 = 1− δ2

yk+2 = 1− δ2 + δ1δ2yk

The given formula for yk in the question satisfies these 2
equations.

(d) What is the limit of yT as T →∞?

Soln:

As T → +∞, yT → 1−δ2

1−δ1δ2
.

9.5.4. (a) Give the details of the proof of Claim 9.3.4. (A few sentences
explaining why it works is sufficient.)

(b) Give the details of the proof of Claim 9.3.6. (A few sentences
explaining why it works is sufficient.)

Soln: To prove these two claims, we first prove two other claims:

Claim 1: In a stationary equilibrium, II cannot choose outside
option.
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Proof. If in some period, the strategy profile includes II choos-
ing (0, b), I in the same period will deviate to (ε,1−ε), where
ε is positive, but very small. Obviously, 1 − ε > b (because
b < 1, we can always find such ε), II will take this offer, and
thus I is strictly better off. This is a profitable deviation. �

Claim 2:

(a) If b < δ2(1−δ1)
1−δ1δ2

, in stationary equilibrium, when I makes the of-

fer, I gets 1−δ2

1−δ1δ2
; while when II makes the offer, II gets 1−δ1

1−δ1δ2
.

(b) If 1 > b > δ2(1−δ1)
1−δ1δ2

, in stationary equilibrium, when I makes
the offer, I gets 1 − b; while when II makes the offer, II gets
1− δ1(1− b).

Proof. When II makes offer, she will let z∗ = δ1x∗, where
z∗ is II’s best choice when making offer, while x∗ is I’s best
choice when making offer

When I makes offer, he will let 1− x∗ =max{b,δ2(1− z∗)}.
If b > δ2(1−z∗), x∗ = 1−b implies z∗ = δ1(1−b). This holds
if and only if 1 > b > δ2(1−δ1)

1−δ1δ2
. So, in this case, in stationary

equilibrium, when I makes the offer, I gets 1− b; while when
II makes the offer, II gets 1− δ1(1− b).
If b < δ2(1−z∗), x∗ = 1−δ2(1−z∗) implies x∗ = 1−δ2

1−δ1δ2
and

z∗ = δ1(1−δ2)
1−δ1δ2

. This holds if and only if b < δ2(1−δ1)
1−δ1δ2

. So, in this
case, in stationary equilibrium, when I makes the offer, I gets

1−δ2

1−δ1δ2
; while when II makes the offer, II gets 1−δ1

1−δ1δ2
. �

Then, from the second claim and definitions of infimum and supre-
mum of subgame perfect equilibrium payoffs, Claim 9.3.4 and
Claim 9.3.6 trivially follow.

9.5.5. We will use the finite horizon bargaining result from question 9.5.3
to give an alternative proof of uniqueness in the Rubinstein model.

(a) Prove that in any subgame perfect equilibrium of the game in
which I offers first, I’s payoff is no more than xk, for all k
odd. [Hint: Prove by induction (the result is clearly true for
k = 1).]

Soln: Clearly true for k = 1. Suppose true for k (i.e., I’s payoff
in any subgame perfect eq is no more than xk) and consider
k+ 2. Suppose there is an eq yielding I a payoff of u1 > xk+2.
Two possibilities:
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i. In the eq, II is supposed to accept I’s claim of u1. But
then II will reject, because rejection and offering I a share
δ1xk + ε (which I must accept for sure) is a profitable
deviation for ε small:

u1 > xk+2 + δ2ε
⇒ u1 > 1− δ2(1− δ1xk)+ δ2ε
⇒ 1−u1 < δ2(1− (δ1xk + ε)).

ii. In the eq, II is supposed to reject I’s claim with positive
probability. Since I accepts δ1xk + ε, II’s payoff in the eq
satisfies

u2 ≥ δ2(1− δ1xk).

Then as u1+u2 ≤ 1, u1 ≤ 1−u2 ≤ 1−δ2(1−δ1xk) = xk+2,
a contradiction.

(b) Prove that in any subgame perfect equilibrium of the game in
which I offers first, I’s payoff is no less than yk, for all k even.
Soln: Clearly true for k = 1. Suppose true for k (i.e., I’s payoff
in any subgame perfect eq is no more than yk). Consider
subgames in which II makes the offer to I. In any equilibrium
in which I accepts the offer, I receives at least δ1yk (since I
would reject otherwise), and so II’s payoff is no more than
1 − δ1yk. In any equilibrium in which I rejects, II’s payoff
is no more than δ2(1 − yk) (since in subgames in which I
makes a claim, II’s payoff is no more than 1 − yk). Since
1 − δ1yk > δ2(1 − yk) (this follows from yk ≤ 1), II’s payoff
in any eq of the game in which II makes the first offer is no
more than 1 − δ1yk, and so II must accept any claim from I
that gives II strictly more than δ2(1− δ1yk).
Suppose that there is an equilibrium of the game in which I
makes a claim with payoff u1 < yk+2. But if I deviates and
offers II a share δ2(1 − δ1yk) + ε (which II must accept for
sure), then I’s payoff is strictly larger than u1:

u1 < yk+2 − ε
⇒ u1 < 1− δ2(1− δ1yk)− ε,

a contradiction.

(c) Complete the argument.
Soln: From the finite T -period model, as T increases, we get
a sequence of I’s equilibrium payoff {uT}. From part (a) and
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part (b), we have

lim sup
T→∞

uT ≤ lim sup
T→∞

xT

and
lim inf
T→∞

uT ≥ lim inf
T→∞

yT .

Therefore,

lim inf
T→∞

yT ≤ lim inf
T→∞

uT

≤ lim sup
T→∞

uT

≤ lim sup
T→∞

xT .

From part (b) and part (d) in question 9.5.3,

lim inf
T→∞

xT = 1− δ2

1− δ1δ2
= lim sup

T→∞
yT ,

and so

lim inf
T→∞

uT = lim sup
T→∞

uT = lim
T→∞

uT = 1− δ2

1− δ1δ2
.

Hence, as T goes to infinity, the subgame perfect equilibrium
payoff is unique, which in turn implies that the subgame per-
fect equilibrium in the infinite horizon bargaining game is
unique.

9.5.6. Let G(n) denote Rubinstein’s alternating offer bargaining game
with discounting with the following change: the share going to
player 1 must be an element of the finite setA(n) = {0, 1

n , . . . ,
(n−1)
n ,1},

where n ∈ {1,2,3, . . .}. Suppose the two players have identical dis-
count factors δ.

(a) Show that for any n, there exists δ′ ∈ (0,1) such that for any
δ ∈ (δ′,1), the continuum case proof that there is a unique
partition of the pie achievable in a subgame perfect equilib-
rium fails for G(n). Show that any share to player 1 in A(n)
can be achieved in a subgame perfect equilibrium of G(n).
Soln: Set ∆ := 1/n. Claim 9.2.1 does not holds as stated, since
i must only accept any offer at least as generous as δiMi +∆.
This implies only that mj ≥ 1 − δiMi − ∆. Claim 9.2.2 holds
as stated.
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Manipulating the inequalities

mj ≥ 1− δiMi −∆
and

Mj ≤ 1− δimi,

gives (setting δ1 = δ2 = δ)

1− δ−∆
1− δ2

≤mi ≤ Mi ≤ 1− δ+ δ∆
1− δ2

, (9.5.2)

and so there is the possibility of a gap betweenmi and Mi (of
course, if ∆ = 0 there is no gap, and we have uniqueness).
Note in particular that if ∆ ≥ 1−δ (i.e., δ ≥ 1−1/n), the above
bounds are not binding, since all we get is 0 ≤mi ≤ Mi ≤ 1.

For δ ∈
[
n−1
n ,1

)
, the following stationary strategy is a sub-

game perfect equilibrium for any k = 0,1, . . . , n,

Player 1

 claims k
n ∈ [0,1] ,

accepts any offer Û k
n ,

Player 2

 offers k
n , and

accepts any claim Ú k
n .

In order to verify that this profile is an equilibrium, it is enough
to notice player 1 must accept any offer strictly larger than
δk/n, and in order for 1 to reject (k− 1) /n we need

k− 1
n

≤ δk
n
⇐⇒ k− 1

k
≤ δ

and since δ ≥ (n− 1) /n, δ ≥ (k− 1) /k for all k.

(b) Prove or provide a counterexample to the following claim: For
any δ ∈ (0,1) and any ε > 0, there exists n′ such that for any
n > n′ the share going to player 1 in any subgame perfect
equilibrium is within ε of the Rubinstein solution.
Soln: This is immediate from (9.5.2).

(c) Suppose
1

1+ δ ≠
k
n

∀k.
Describe a symmetric stationary equilibrium that, for large n,
approximates the Rubinstein solution.
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Soln: Let k∗ satisfy

k∗

n
<

1
1+ δ <

k∗ + 1
n

.

Then claiming k∗/n and rejecting any claim of more than
k∗/n is a symmetric stationary equilibrium. It suffices to
show that

1− k
∗

n
≥ δk

∗

n
and

1− k
∗ + 1
n

≤ δk
∗

n
.

We first verify the first inequality:

1− k
∗

n
≥ δk

∗

n
⇐⇒ 1 ≥ (1+ δ)k

∗

n
1

1+ δ ≥
k∗

n
,

which holds.
Turning to the second inequality,

1− k
∗ + 1
n

≤ δk
∗

n
⇐⇒ 1 ≤ k

∗ + 1
n

+ δk
∗

n

= (1+ δ)
[
k∗ + 1
n

− 1
1+ δ

]
− δ
n
+ 1

≤ 1+ δ
n

−−δ
n
+ 1

= 1+ 1
n
.

9.5.7. There is a single seller who has a single object to sell (the seller’s
reservation utility is zero). There are two potential buyers, and
they each value the object at 1. If the seller and buyer i agree to
a trade at price p in period t, then the seller receives a payoff of
δt−1p, buyer i a payoff of δt−1

(
1− p), and buyer j ≠ i a payoff of

zero. Consider alternating offer bargaining, with the seller choos-
ing a buyer to make an offer to (name a price to). If the buyer
accepts, the game is over. If the buyer rejects, then play proceeds
to the next period, when the buyer who received the offer in the
preceding period makes a counter-offer. If the offer is accepted,
it is implemented. If the offer is rejected, then the seller makes
a new proposal to either the same buyer or to the other buyer.
Thus, the seller is free to switch the identity of the buyer he is
negotiating with after every rejected offer from the buyer.



218 CHAPTER 9. BARGAINING

(a) Suppose that the seller can only make proposals in odd-numbered
periods. Prove that the seller’s subgame perfect equilibrium
payoff is unique, and describe it. Describe the subgame per-
fect equilibria. The payoffs to the buyers are not uniquely
determined. Why not?
Soln: First, there is a set of Markov equilibria: in any subgame
starting from an odd period t, the seller chooses buyer 1 with
probability qt , and offers x∗ = 1/(1 + δ) to buyer i; buyer i
accepts any offer ≥ x∗ and rejects otherwise; in any subgame
starting from an even period in which buyer i receives an offer
in the preceding period, buyer i offers z∗i = δ/(1+δ); and the
seller accepts any offer ≥ z∗i and rejects otherwise.
Let

• Ms = sup{seller’s discounted expected payoff in any sub-
game perfect equilibrium in any subgame starting from
an odd period},

• ms = inf{seller’s discounted expected payoff in any sub-
game perfect equilibrium in any subgame starting from
an odd period },

• Mi = sup{buyer i’s discounted expected payoff in any
subgame perfect equilibrium in any subgame in which
buyer i received an offer in the preceding period}, and

• mi = inf{buyer i’s discounted expected payoff in any sub-
game perfect equilibrium in any subgame in which buyer
i received an offer in the preceding period}.

Claim 9.0.1. mi ≥ 1− δMs and ms ≥ 1− δMi.
Note first that buyer imust, in equilibrium, accept any offer >
δMi. Supposems < 1−δMi. Then there exists an equilibrium
yielding a payoff us < 1− δMi to s. But then it is a profitable
deviation for the seller to choose buyer i and offer δMi + ε,
where ε = (1− δMi −us)/2 > 0.
Buyer i must accept, giving the seller a payoff us + ε > us .
By the same token, we can show that mi ≥ 1− δMs .
Claim 9.0.2. Mi ≤ 1− δms and Ms ≤ 1− δmi.

Buyer i only accepts an offer if it is at least δmi. If i does
reject, then i offers no more than δMs in the next period. So,

Ms ≤max{1− δmi, δ2Ms}.
HenceMs ≤ 1−δmi. Similarly, the seller only accepts an offer
if it is at least δms . If the seller does reject, then in the next
period the seller chooses buyer i with probability at most 1
and in which case offers no more than δMi. Again we get the
same upper bound for Mi: Mi ≤ 1− δms .
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It then follows from the two claims that:

Ms ≤ 1− δmi ≤ 1− δ(1− δMs), =⇒ Ms ≤ 1
1+ δ,

and

ms ≥ 1− δMi ≥ 1− δ(1− δms), =⇒ ms ≥ 1
1+ δ.

Hence

Ms =ms = 1
1+ δ.

That is, the seller’s subgame perfect equilibrium payoff is
unique. Similarly, we have

Mi =mi = 1
1+ δ.

This proves that the set of Markov equilibria described above
is the set of all subgame perfect equilibria.
However, buyer i’s subgame perfect equilibrium payoff is not
unique. Note that at the beginning of an odd period, the seller
is indifferent between choosing 1 and 2, and any mixture is
optimal. Hence for all q ∈ (0,1) there exist subgame perfect
equilibria in which buyer 1 gets qδ/(1 + δ) and buyer 2 gets
(1− q)δ/(1+ δ)

(b) Now consider the following alternative. Suppose that if the
seller rejects an offer from the buyer, he can either wait one
period to make a counteroffer to this buyer, or he can immedi-
ately make an offer to the other buyer. Prove that the seller’s
subgame perfect equilibrium payoff is unique, and describe
it. Describe the subgame perfect equilibria. [Cf. Shaked and
Sutton (1984).]
Soln: First, there are two Markov equilibria. The seller initially
makes an offer p = 1 to buyer i. In any odd period, the seller
switches to i and offers p = 1 upon rejecting j’s offer; and
in any even period, the seller switches to j and offers p = 1
upon rejecting i’s offer. The seller accepts any offer ≥ 1 and
rejects otherwise. Buyer i offers p = 1 in any odd period,
and accepts any offer ≤ 1 and rejects otherwise. Buyer j of-
fers p = 1 in any even period, and accepts any offer ≤ 1 and
rejects otherwise.
Let s/i denote any subgame in which the seller moves first
to make an offer to buyer i, and i/s denote any subgame in
which buyer i moves first to make an offer to the seller. Let

Ms = sup{seller’s discounted expected payoff in s/i},
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ms = inf{ seller’s discounted expected payoff in s/i},
R = sup{seller’s discounted expected payoff in i/s},
r = inf{ seller’s discounted expected payoff in i/s}.

Here, R and r indicate the seller is a responder to buyer i’s
offer in a subgame i/s.
Claim 9.0.3. R =max{δ(1− δ+ δR),Ms}.
In a subgame i/s, the seller can choose to accept, reject and
switch to buyer j ≠ i, or reject and stay with buyer i. Note
that a subgame immediately following a switch by the seller
is the same as s/i. Hence by switching to buyer j the seller
receives at most Ms . Suppose the seller rejects and remains
with buyer i. Let t0 denote the current period. Then in period
t0 + 2 (a subgame i/s), the seller can get no more than R and
buyer i receives at least 1 − R. Then in period t0 + 1, the
seller gets no more than 1− δ(1−R). Hence by rejecting and
remaining with buyer i, the seller gets no more than δ(1−δ+
δR). Clearly buyer i won’t make an offer such that the seller
strictly prefers accepting to rejecting. Hence R ≤ max{δ(1 −
δ+ δR),Ms}.
Suppose the suprema Ms and R are achieved by some sub-
game perfect equilibria, denoted by σ s and σ r respectively.
(Note that we can deal with the suprema using the standard
ε argument.) Suppose Ms ≥ δ(1− δ+ δR). Then we can con-
struct a subgame perfect equilibrium in a subgame j/s which
gives the seller payoffMs : buyer j proposesMs , and the seller
accepts any offer with ≥ Ms and rejects and switch to i oth-
erwise; if the seller rejects and switches to i, all players fol-
low σ s which gives the seller a payoff Ms ; if the seller rejects
and remains with buyer j, all players follow some equilibrium
strategy profile in j/s. Clearly, this is a subgame perfect equi-
librium in j/s, in which the seller gets Ms . Similarly, suppose
Ms ≤ δ(1−δ+δR), we can construct a subgame perfect equi-
librium in j/s, in which the seller gets δ(1− δ+ δR).
Hence R ≥max{δ(1− δ+ δR),Ms}.
Claim 9.0.4. Ms = 1− δ(1− R).
The seller can get no more than R in the next period, and
therefore buyer i can get at least 1 − R in the next period.
Hence Ms ≤ 1− δ(1− R). We can then construct an subgame
perfect equilibrium of s/i in which the seller gets 1−δ(1−R):
the seller propose 1−δ(1−R), and buyer i accepts any offer ≤
1−δ(1−R) and rejects otherwise; after a rejection all players
follow the strategy profile σ . It is easy to verify that this is
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a subgame perfect equilibrium in s/i, in which the seller gets
1− δ(1− R). Hence Ms ≥ 1− δ(1− R).
Claim 9.0.5. Ms = R = 1.

Suppose that δ(1− δ+ δR) ≥ Ms , then

δ(1− δ+ δR) = R =⇒ R = δ
1+ δ.

Then

Ms = 1− δ+ δR = 1
1+ δ.

However, this implies that

δ(1− δ+ δR) < Ms ,

a contradiction. Hence R = Ms = 1.
It follows from the same argument that r = ms = 1. Hence
the seller’s subgame perfect equilibrium payoff is unique. This
also proves that the set of Markov equilibria described above
is the set of all subgame perfect equilibria.

9.5.8. Extend alternating offer bargaining to three players as follows.
Three players are bargaining over a pie of size 1. The game has
perfect information and players take turns (in the order of their in-
dex). A proposed division (or offer) is a triple (x1, x2, x3), with xi
being player i’s share. All players must agree on the division. Play
begins in period 1 with player 1 making a proposal, which player
2 either accepts or rejects. If 2 accepts, then 3 either accepts or
rejects. If both accept, the offer is implemented. If either reject,
the game proceeds to period 2, where player 2 makes a proposal,
which player 3 either accepts or rejects. If 3 accepts, then 1 ei-
ther accepts or rejects. If both accept, the offer is implemented in
period 2. If either reject, then play proceeds to period 3, where 3
makes a proposal and 1 and 2 in turn accept or reject. Players ro-
tate proposals and responses like this until agreement is reached.
Player i has discount factor δi ∈ (0,1).
(a) What is the stationary Markov equilibrium? Is it unique?

Soln: Consider a stationary Markov equilibrium in which player
1 proposes (x1, x2, x3) in any subgame player 1 moves first,
player 2 proposes (y1, y2, y3) in any subgame player 2 moves
first, and player 3 proposes (z1, z2, z3) in any subgame player
3 moves first. I claim that in any stationary Markov equilib-
rium the above three equilibrium proposals will be accepted.
First it is not an equilibrium if all three equilibrium proposals
are rejected. To see this suppose player 1 deviates to propose
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(1− 2ε, ε, ε) for some 0 < ε < 1
2 when she moves first. In the

subgame where player 2 accepts this proposal, it is optimal
for player 3 to accept the proposal since ε > 0. Then it is
optimal for player 2 to accept this proposal since ε > 0. Then
(1−2ε, ε, ε) is a profitable deviation for player 1 since 1−2ε >
0.
Second it is not an equilibrium if two equilibrium proposals
are rejected. Suppose not, and w.l.o.g. there is an equilib-
rium in which (x1, x2, x3) is accepted, and both (y1, y2, y3)
and (z1, z2, z3) are rejected by some player. For this to be
an equilibrium it must be the case that both player 2 and 3
are indifferent between accepting and rejecting: x2 = δ3

2x2

and x3 = δ3
3x3. Solving yields x1 = 1 and x2 = x3 = 0.

Consider the subgame in which player 3 moves first and sup-
pose that player 3 deviates to propose (δ1 + ε, ε, ε), where
ε = (1 − δ1)/3 > 0. In the subgame where player 1 accepts
this proposal, it is optimal for player 2 to accept this proposal
since ε > 0. Then it is optimal for player 1 to accept this pro-
posal since δ1 + ε > δ1. Then (δ1 + ε, ε, ε) is a profitable
deviation for player 3 since ε > 0.
Finally, it is not an equilibrium if one equilibrium proposal is
rejected. Suppose not, and w.l.o.g there is an equilibrium in
which (x1, x2, x3) and (z1, z2, z3) are accepted, and (y1, y2, y3)
is rejected by some player. For this to be an equilibrium, it
must be the case that player 2 is indifferent between accept-
ing and rejecting (x1, x2, x3) and (z1, z2, z3): x2 = δ2

2z2 and
z2 = δ2x2. Hence x2 = z2 = 0. Consider the subgame in which
player 2 moves first and suppose that player 2 deviates to pro-
pose (δ1z1+ε, ε, δ3z3+ε), where ε = (1−δ1z1−δ3z3)/3 > 0. In
the subgame in which player 3 accepts this proposal, it is opti-
mal for player 1 to accept since δ1z1+ε > δ1z1. Then it is opti-
mal for player 3 to accept this proposal since δ3z3+ε > δ3z3.
Then (δ1z1+ ε, ε, δ3z3+ ε) is a profitable deviation for player
2 since ε > 0.
Hence in any stationary Markov equilibrium the above three
equilibrium proposals will be accepted. In order for this to be
an equilibrium, player 1’s proposal should make both 2 and 3
are indifferent between accepting and rejecting:

x2 = δ2y2, x3 = δ3y3.

Similarly, player 2’s proposal should make both 3 and 1 in-
different between accepting and rejecting, and player 3’s pro-
posal should make both 1 and 2 indifferent between accepting
and rejecting:

y3 = δ3z3, y1 = δ1z1,
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z1 = δ1x1, z2 = δ2x2.

Solving yields:

x1 = 1− δ2 + δ2δ3 − δ2
3 − δ2

2δ3

1+ δ1δ2δ3 − δ2
2δ3 − δ2

1δ2 − δ1δ2
3 + δ2

1δ
2
2δ

2
3

,

x2 = δ2 − δ2δ3 + δ1δ2(δ3 − δ1)x1

1− δ2
2δ3

,

x3 = δ2
3 +

δ2
2δ3(δ2 − δ2δ3)

1− δ2
2δ3

+
[
− δ1δ3 + δ1δ3

2δ3(δ3 − δ1)
1− δ2

2δ3

]
x1,

y1 = δ2
1x1,

y2 = 1− δ3 − (δ2
1 − δ1δ3)x1 + δ2δ3x2,

y3 = δ3 − δ1δ3x1 − δ2δ3x2,
z1 = δ1x1,
z2 = δ2x2,
z3 = 1− δ1x1 − δ2x2.

When δ1 = δ2 = δ3, the solutions are simplified to

x1 = y2 = z3 = 1
1+ δ+ δ2

,

x2 = y3 = z1 = δ
1+ δ+ δ2

,

x3 = y1 = z2 = δ2

1+ δ+ δ2
.

Hence the stationary Markov equilibrium is player 1 proposes
(x1, x2, x3) in any subgame player 1 moves first, player 2 ac-
cepts any proposal offered by 1 with x′2 ≥ x2 and rejects oth-
erwise, and player 3 accepts any proposal offered by 1 with
x′3 ≥ x3 and rejects otherwise; player 2 proposes (y1, y2, y3)
in any subgame player 2 moves first, player 3 accepts any
proposal offered by 2 with y ′3 ≥ y3 and rejects otherwise, and
player 1 accepts any proposal offered by 2 with y ′1 ≥ y1 and
rejects otherwise; and player 3 proposes (z1, z2, z3) in any
subgame player 3 moves first, player 1 accepts any proposal
offered by player 3 with z′1 ≥ z1 and rejects otherwise, and
player 2 accepts any proposal offered by 3 with z′2 ≥ z2 and
rejects otherwise. It follows the arguments above that this is
the unique stationary Markov equilibrium.

(b) [Hard] This game has many non-Markovian equilibria. De-
scribe one.
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Soln: Let δ1 = δ2 = δ3 = δ > 1
2 . There is a subgame perfect

equilibrium in which a division (0,1,0) is proposed by player
1 in the first period, and is accepted immediately by players
2 and 3. In the equilibrium, player 2 rejects any division such
that x2 < δ and accepts otherwise. Player 3 rejects any divi-
sion with δ ≤ x2 < 1 and accepts everything else.

If x2 < δ and player 2 rejects, the split (0,1,0) is implemented
in that history. If player 3 rejects δ ≤ x2 < 1, in the subgames
following such history, (0,0,1) is implemented. It is clear
that players 2 and 3 follows the acceptance/rejection rule.
Given these rules, player 1 offers (0,1,0), which is accepted
immediately.

First of all, (0,1,0) and (0,0,1) equilibrium payoffs for pe-
riod 2 are built up upon the same principle. For the (0,0,1)
equilibrium, only the roles of the players in the subgame are
switched, 2 replaces 1, 3 replaces 2, and 1 replaces 3. The
construction is slightly different for (0,1,0) equilibrium in pe-
riod 2: player 2 offers (0,1,0), and if player 3 rejects, (1,0,0)
is implemented. If player 1 rejects, (0,0,1) is implemented.
Still, the existence of two kinds of equilibria, (0,0,1) equi-
librium and (1,0,0) equilibrium, suffices to support the con-
struction.

Secondly, there is no profitable deviation in any of these equi-
libria of the game. Let us check for the case where (0,1,0)
is the split while I is proposing. In order to induce player 2
to deviate, player 1 has to offer more than δ to him. How-
ever, this means that player 3, after rejection, would receive
1, which means player 3 also has to be offered more than δ.
Player 1 cannot make a profitable deviation that is accepted
immediately because it requires δ+ δ > 1 share of the pie.

9.5.9. (Based on Fernandez and Glazer (1991).1) A firm and its employee
union are negotiating a new wage contract. For simplicity assume
the new contract will never be renegotiated. Normalize the value
of output produced in each period to 1. The current wage is
w ∈ [0,1]. The union and the firm alternate in making wage of-
fers over discrete time: t = 1,2, . . . . In each odd period t, the
union proposes a wage offer x. The firm then responds by either
accepting (A) or rejecting (R). If the firm accepts the offer, negoti-
ations are over and the newly agreed upon wage is implemented:
wτ = x and πτ = 1 − x for all τ ≥ t (where wτ is the wage and
πτ is the profit in period τ). If the firm rejects the wage offer,
the union decides whether to strike (s) or not to strike (n). If the

1See Busch and Wen (1995) for a more general treatment.
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union decides not to strike, workers work and receive the old wage
wt = w, and the firm receives πt = 1 −w. If the union decides
to strike, workers get wt = 0 and the firm gets πt = 0. After the
union’s strike decision, negotiations continue in the next period.
In every even period, the firm offers the union a wage offer z. The
union then responds by either accepting (A) or rejecting (R). Once
again acceptance implies the newly agreed upon wage holds there-
after. If the union rejects, the union again must decide whether to
strike (s) or not (n). After the union strike decision, negotiations
continue in the next period.

Both the firm and workers discount future flow payoffs with the
same discount factor δ ∈ (0,1). The union’s objective is to maxi-
mize workers’ utility:

(1− δ)
∞∑
t=1

δt−1wt.

The firm’s objective is to maximize its discounted sum of profits:

(1− δ)
∞∑
t=1

δt−1πt.

(a) If the union is precommitted to striking in every period in
which there is a disagreement (i.e., the union does not have
the option of not striking), then there is a unique subgame
perfect equilibrium of the game. Describe it (you are not
asked to prove uniqueness).
Soln: Note first that while the union and firm are bargain-
ing over the wage, since payoffs are expressed as average dis-
counted values, a constant flow ofw in every period has value
w. Nonetheless, when considering possible deviations (which
may yield nonconstant sequences of flow payoffs), it is impor-
tant to remember the distinction.
If the union must strike in every period while there is dis-
agreement, then rejection always results in a flow payoff of
0 for both players in the period. Acceptance results in a di-
vision of the output 1 between the players. This is exactly
the standard Rubinstein bargaining game. The union always
claims a wage x∗ and the firm always offers a wage z∗; the
union accepts any wage ≥ z∗ and the firm accepts any wage
≤ x∗; where

x∗ = 1
1+ δ and z∗ = δ

1+ δ.



226 CHAPTER 9. BARGAINING

(b) Explain why the option of not striking is not an outside option
(in the sense of Section 9.3).

Soln: The outside option studied in class, once taken, ends
the game. The option of not striking provides a predeter-
mined non zero payoffs within the period, but does not stop
the bargaining. The issue is not that the firm receives some
value from the union not striking.

(c) Describe a stationary Markov equilibrium.

Soln: In this equilibrium, an agreement of w is reached in the
first period.

The critical observation is that any history that ends in dis-
agreement with the union making an offer ends in the same
state, irrespective of whether the union had struck in earlier
periods. Thus, the offer the union makes is independent of
whether there had been a strike. Similarly, any history that
ends in disagreement with the firm making an offer ends in
the same state, irrespective of whether the union had struck
in earlier periods. Thus, the offer the firm makes is also inde-
pendent of whether there had been a strike.

Since the union is better off not striking, in any stationary
Markov equilibrium, the union will not strike (unless w = 0,
in which case the union is indifferent – we proceed assuming
w > 0).

Thus, the profile is: The union’s strategy is never to strike,
offer wage w in every odd period, and accept any wage ≥ w
and reject otherwise in every even period. The firm’s strategy
is to offer wage w in every even period, and accept any wage
≤ w and reject otherwise in every odd period.

By the principle of one-shot optimality, it is enough to verify
that no one shot deviations are profitable. Consider first the
union’s incentives: If it were to offerw > w, it will be rejected
and get a payoff of (1−δ)w +δw (note that while w appears
twice, it is there for two different reasons: the first reflects the
flow payoff from not striking, while the second is the average
discounted value of disagreement implied by the following the
profile). The union gets the same when it offers w. Rejecting
an offer ≥ w results in a payoff of (1−δ)w+δw, while accept-
ing gives payoff ≥ w. Striking gives payoff of 0 + δw while
not striking gives w.

One can also check the incentives of the firm in a similar way.
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(d) Suppose 0 < w ≤ δ2

1+δ . There is a subgame perfect equilib-
rium which gives the same equilibrium outcome as that in
part 9.5.9(a). Describe it and verify it is an equilibrium. (Hint:
Use the equilibrium you found in part 9.5.9(c).)
Soln: The critical issue in this part is providing incentives
to the union so that the union will strike after any rejection,
since striking is costly. It is immediate from part (a) that if
the union does strike after all rejections, then the Rubinstein
division from part (a) is consistent with the other incentives.
The key idea is that the equilibrium from (c) can be used to
provide the necessary incentives as follows: The union offers
wage x∗ in each odd period, accepts any wage ≥ z∗ and re-
jects otherwise in every even period. The union strikes in ev-
ery period whenever there is a disagreement. The firm offers
z∗ in each even period, and accepts any wages ≤ x∗ and re-
jects otherwise in every even period. Follow the above unless
the union deviates by not striking, after a rejection, in which
case follow the strategy profile described in part (c).
By the principle of one shot optimality again, it is enough to
verify that no one-shot deviations are profitable. Because of
parts (a) and (c), one only needs to check the union’s incen-
tive to strike. If the union strikes in an even period, the union
expects to receive δx∗, while a strike in an odd period is ex-
pected to result in a payoff of δz∗. If the union does not
strike, the union expects to receive (1− δ)w + δw. Because

δmin{x∗, z∗} = δ2

1+ δ ≥ w,

the threat of switching to the equilibrium of never a strike is
sufficient to ensure that the union has no incentive to deviate.

(e) Describe an equilibrium with inefficient delay.
Soln: Given the multiplicity of equilibria as given in part (c)
and (d), I show that there is an equilibrium with inefficient
delay. The players play the no-strike, current-wage w equilib-
rium in case the union offers anything less than 1 at t = 0, or
if the union fails to strike after offering 1 at t = 0, while they
play the strike and z∗-offered equilibrium in case the union
offers 1 and strikes after.
On the equilibrium path, the union will offer 1 at t = 0, and
the firm will reject it. The union will choose strike, and at
t = 1, the firm offers z∗, which is accepted by the union. The
equilibrium involves one period delay in agreement.
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To show that there is no deviation incentive, first consider the
union’s offer at t = 0. If the union offers wage ≤ w, it will be
accepted immediately by the firm. If the union offers values in
(w,1), it is rejected by the firm, and the union chooses status
quo, which yields w. If the union offers 1, it is rejected by the
firm, and the union chooses strike, which leads to agreement

at t = 1 with payoff δz∗. Since δz∗ = δ2

1+δ ≥ w, the union
offers 1, which will be rejected.
The firm accepts offers w ≤ w and rejects w > w at t = 0.
If the initial offer by the union is w < 1, then at t = 1, the
firm offers w regardless of whether there was a strike, which
is accepted by the union. If the initial offer was w = 1, and
if the union did not strike, the firm offers w at t = 1. If the
union did strike, the firm offers z∗ at t = 1.
After the firm’s rejection, if the initial offer at t = 0 was
w < 1, the union chooses not to strike, given that the strike
yields δw while no strike leads to immediate agreement with
payoff (1−δ)w+δw. If the initial offer was w = 1, the union

chooses to strike, given that the strike yields δz∗ = δ2

1+δ , while
no strike yields status quo payoff (1− δ)w + δw.



Chapter 10

Introduction to Mechanism
Design

10.5.1. In this problem, we explicitly take into account the nonnegativ-
ity constraints in the simple screening example. The Langrangean
becomes (since the nonnegativity of prices is implied by the non-
negativity of quantities and IR, those constraints can be ignored)

L = αL(pL − c(qL))+αH(pH − c(qH))
+ λL[θLqL − pL − (θLqH − pH)]+ λH[θHqH − pH − (θHqL − pL)]

+ µL(θLqL − pL)+ µH(θHqH − pH)+ ξLqL + ξHqH .
(a) Describe the first order conditions and the complementary

slackness conditions.

(b) Suppose θL < αHθH . Solve for the optimal solution (including
the values of the multipliers.

10.5.2. Suppose (p, q) is an optimal direct mechanism for the less simple
screening example of Section 10.2 and we are in the regular case.

(a) Prove that p is strictly increasing whenever q is (i.e., θ1 < θ2

and q(θ1) < q(θ2) implies p(θ1) < p(θ2).
Soln: From Lemma 10.2.1,

p(θ) = θq(θ)−U(θ)−
∫ θ
θ
q(θ̃) dθ̃

and so

p(θ2)− p(θ1) = θ2q(θ2)− θ1q(θ1)−
∫ θ2

θ1

q(θ̃) dθ̃

=
∫ θ2

θ1

q(θ2)− q(θ̃) dθ̃ + θ1(q(θ2)− q(θ1)).
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Since q is nondecreasing, the integrand is nonnegative, and
the last term is strictly positive by hypothesis.

(b) Prove that p is constant whenever q is (i.e., θ1 < θ2 and
q(θ1) = q(θ2) implies p(θ1) = p(θ2).
Soln: Since q is nondecreasing, for all θ ∈ [θ1, θ2], q(θ) =
q(θ1). Then,

p(θ2) = θ2q(θ1)−U(θ)−
∫ θ1

θ
q(θ̃) dθ̃ + (θ2 − θ1)q(θ1)

= θ1q(θ1)−U(θ)−
∫ θ1

θ
q(θ̃) dθ̃

= p(θ1).

(c) (The taxation principle.) Let Q := q([θ, θ]). Prove there exists
a nonlinear pricing function P : Q → R+ such that buyer θ
optimally chooses q = q(θ) from Q.
Soln: For all q′ ∈ Q, let θ(q′) be some θ solving

q(θ(q′)) = q′,
and set

P(q′) := p(θ(q′)).
The nonlinear price is well-defined by part 10.5.2(b).
It remains to prove that

q(θ) ∈ arg max
q′∈Q

θq′ − P(q′).

But this is (almost) immediate.

10.5.3. Prove that the take-it-or-leave-it mechanism is optimal for the sale
of a single item when the seller’s beliefs are as described in Section
10.1.

10.5.4. Give the (few) details of the argument that U ′(θ) = q(θ) in the
proof of Lemma 10.2.1.



Chapter 11

Dominant Strategy
Mechanism Design

11.4.1. Describe a social choice rule that is unanimous, nondictatorial,
and strategy proof when there are two alternatives.

Soln: Let the set of alternatives be {x,y}. Strict preference order-
ings (types) are given by either 1, which ranks x over y (in other
words, t(1) = x), and 2, which ranks y over x (t(2) = y). Assume
that there are N ≥ 3 odd number of agents in the society. Let the
social choice rule be a plurality voting rule:

f(θ1, θ2, . . . , θN) =
{
x if #{i : θi = 1} > #{i : θi = 2}
y if #{i : θi = 2} > #{i : θi = 1}

This rule is unanimous. If x = t(θj) for all j, then #{i : θi =
1} = N , and x is chosen. Similarly, if y = t(θj) for all j, then
#{i : θ2 = 1} = N , and y is chosen.

The rule is nondictatorial. For any single individual with θi = 1,
can find profile such that for all j ≠ i, θj = 2, which results in y
being chosen. Hence, does not exist i such that for any θ, f(θ) =
t(θi).
The rule is strategy-proof. Note that a type report changes the out-
come of the voting if and only if (N − 1)/2 members report 1 and
all the other (N − 1)/2 members report 2. In this case, if an agent
misreports his/her type, the outcome will be the other alternative
which is less preferred. For other cases, the vote does not affect
the outcome, and the agent might as well report truthfully.

11.4.2. Consider the following social choice rule over the set X = {x,y, z}.
There is an exogenously specified order x � y � z, and define
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S(X′) ≡ {a ∈ X′ : a � a′ ∀a′ ∈ X′ \ {a}}. Then,

f(θ) = S({a ∈ X : a = t(θi) for some i}).
Prove that f is unanimous and nondictatorial, but not strategy
proof.

Soln: In words, this social choice rule chooses from the set of
agents’ all top ranked alternatives, according to the exogenous
preference order x � y � z.

The rule is unanimous: if x = t(θj) for all j, then f(θ) = S({x}) =
x.

The rule is nondictatorial: for any i such that t(θi) = z, can find
type profile such that t(θj) = y for some j. Then y,z ∈ X′, and
S(X′) ≠ z.

The rule is not strategy-proof: suppose i has preference z �i x �i
y . Suppose that t(θj) = y for all j ≠ i. If i reports his true
preference, f(θ) = S({z,y}) = y . If he instead reports θ′i such
that t(θ′i) = x, then f(θ′i, θ−i) = S({x,y}) = x. Since f(θ′i, θ−i) �i
f(θ), i gains by misreporting.

11.4.3. (a) Give an example of a scf ξ for which the direct mechanism
with outcome function ξ has a dominant strategy equilibrium
that does not implement ξ.

(b) Give an example of a nonconstant scf ξ for which the direct
mechanism with outcome function ξ has both truthtelling as
dominant strategy equilibrium implementing ξ and another
dominant strategy equilibrium that does not implement ξ.
[Hint: Suppose n = 2 and Z = Z1 × Z2, with E being the
collection of preferences for agents 1 and 2, where agent i’s
preferences over Z are determined by Zi.]

11.4.4. The second price sealed bid auction is a pivot mechanism satisfy-
ing ex post budget balance. Reconcile this with Theorem 11.3.2.

11.4.5. There are n ≥ 3 agents amongst whom two identical goods must
be allocated. Agent i gets utility vi from one unit of the good and
is indifferent between the two goods; each agent is either allocated
zero or one unit. Describe the Groves mechanism.



Chapter 12

Bayesian Mechanism
Design

12.5.1. Suppose Z = {a,b}, n = 3, and Θi = {θai , θbi }. Player i’s utility is

ui(z, θ) =
{

1, θ = θzi ,
0, θ ≠ θzi .

Describe all the pure strategy Nash equilibrium outcomes of the
revelation game ξ, where the outcome is determined by the ma-
jority, i.e., ξ(θ1, θ2, θ3) = z where |{i : θi = θzi }| ≥ 2.

12.5.2. What is the direct mechanism corresponding to the symmetric
equilibrium derived in Example 3.3.1 for the sealed bid first price
auction? Verify that truthtelling is a Nash equilibrium of the direct
mechanism. Compare the direct mechanism with the VCG mech-
anism (i.e., the second price auction) and relate this to Theorem
12.2.1.

12.5.3. (Based on Jehle and Reny (2011, Problem 9.4)) There are N buyers
participating in an auction. Each buyer’s value is an i.i.d. draw
from an interval according to the distribution F , with a density.
Buyers are risk-averse: if a buyer with value v wins the object at
a price of of b < v , then her utility is (v − b) 1

α where α > 1 is
fixed and common to all bidders. In this problem, we will use
mechanism design tools to solve for the symmetric Bayes-Nash
equilibrium of the first price auction. Denote the equilibrium bid
of a buyer of value v by bα(v). Assume that bα(v) is strictly
increasing in v .

(a) Argue that a first price auction with risk-averse bidders whose
values are independently distributed according to F is equiv-
alent to a first-price auction with risk-neutral bidders whose

233
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values are independently distributed according to the distri-
bution Fα.
Soln: Let U(v̂, v) denote a bidder’s expected utility from bid-
ding bα(v̂) when her value is v, given that all other bidders
employ bα. Then

U(v̂, v) = FN−1(v̂)(v − bα(v̂))
1
α .

If bα is a symmetric equilibrium strategy, then for each v ,
U(v̂, v) is maximized when v̂ = v . Then,

(U(v̂, v))α = F (N−1)α(v̂)(v − bα(v̂)),
and maximizing U(v̂, v) is the same as maximizing (U(v̂, v))α.
The right hand side is the same as the payoff of a buyer in
a risk-neutral first price auction when buyers’ types are dis-
tributed according to Fα (note that Fα is a proper distribution
function, with the same support as F ).

(b) Use (12.4.2) and the appropriate second-price auction to pro-
vide a formula for bα(v).
Soln: Consider a second price auction in which buyers are
distributed according to Fα. The interim utility of a buyer of
value v in the second price auction is

F (N−1)α(v)v −
∫ v

0
x(N − 1)αF (N−1)α−1(x)f(x) dx.

From (12.4.2), since the allocation rule is the same in the first
price and in the second price auction, the interim utilities of
any buyer of the same valuation has to agree up to a constant.
But since the lowest buyer valuation has zero interim utility
in both auctions, this constant is equal to zero. That is,

F (N−1)α(v)(v − bα(v))

= F (N−1)α(v)v −
∫ v

0
x(N − 1)αF (N−1)α−1(x)f(x) dx.

Rearranging, we have

bα(v) =
∫ v

0
x(N − 1)

f (x)αFα−1(x)
Fα(v)

(
F(x)
F(v)

)(N−2)α

dx

=
∫ v

0
x(N − 1)

f (x)αFα−1(x)
Fα(v)

(
F(x)
F(v)

)(N−2)α

dx

=
∫ v

0
x(N − 1)

αf(x)
F(x)

(
F(x)
F(v)

)(N−1)α

dx

= v −
∫ v

0

(
F(x)
F(v)

)(N−1)α

dx,
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where the last step is by integration by parts.

(c) It remains to verify that the formula just obtained is indeed
an equilibrium of first price auction with risk averse buyers
(which follows from part 12.5.3(a)).

12.5.4. (Dissolving a partnership, Cramton, Gibbons, and Klemperer, 1987)
A symmetric version of bargaining: Two players equally own an as-
set and are bargaining to dissolve the joint ownership. Suppose vi
is the private value that player i assigns to the good, and suppose
v1 and v2 are independently and uniformly drawn from a common
interval [

¯
v, v̄]. Efficiency requires that player i receive the asset

if vi > vj . The opportunity cost to player j if player i is assigned
the asset is 1

2vj .

(a) Prove that efficient dissolution is possible by a mechanism
that satisfies ex ante budget balance and individual rational-
ity, and describe the Groves mechanism that achieves it. Prove
that the Groves mechanism cannot satisfy ex post budget bal-
ance.
Soln: Given reports of valuations (v1, v2), a direct mechanism
specifies ownership shares, with xi denoting i’s share, and
transfers ti to i. A mechanism (x, t) is efficient if

xi(vi, vj) =
{

1, vi > vj ,
0, vj > vi.

The mechanism satisfies ex ante budget balance if

E
{
t1(v1, v2)+ t2(v1, v2)

}
= 0.

The payoff to player i under the mechanism (x, t) from the
report (v̂1, v̂2) is

xi(v̂i, v̂j)vi + ti(v̂i, v̂j).
The mechanism satisfies individual rationality if, for all vi ∈
[
¯
v, v̄],

Evj
{
xi(vi, vj)vi + ti(vi, vj)

}
≥ 1

2vi.

The Groves mechanism has efficient dissolution x with trans-
fers

ti(vi, vj) = xj(vi, vj)vj + ki(vj).
A Groves mechanism satisfies individual rationality if

Evj
{
xi(vi, vj)vi + xj(vi, vj)vj + ki(vj)

}
≥ 1

2vi,

i.e., Evj
{(
xi(vi, vj)− 1

2

)
vi + xj(vi, vj)vj + ki(vj)

}
≥ 0,
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so individual rationality is satisified if

min
vi
Evj

{(
xi(vi, vj)− 1

2

)
vi + xj(vi, vj)vj

}
≥ −Evjki(vj).

We now evaluate the left side (and for general distributions,
to facilitate the solution to part 12.5.4(c)): ignoring ties (since
these have zero probability)

Evj
{(
xi(vi, vj)− 1

2

)
vi + xj(vi, vj)vj

}
= vi

2
Pr(vi > vj)+ Evj

{
vj − vi

2

∣∣∣∣vj > vi}Pr(vj > vi)

= vi
2
Fj(vi)− vi

2
(1− Fj(vi))+ Evj

{
vj
∣∣vj > vi}Pr(vj > vi)

= vi(Fj(vi)− 1
2)+

∫ 1

vi
vjfj(vj) dvj . (12.5.1)

Differentiating with respect to vi gives

Fj(vi)− 1
2 + vifj(vi)− vifj(vi) = Fj(vi)− 1

2 ,

and the function is minimized at v∗i solving

Fj(v∗i ) = 1
2

(we know the first order condition is sufficient for minimiza-
tion because the second derivative is nonengative).
Moreover, the value of (12.5.1) at v∗i is∫ 1

v∗i
vjfj(vj) dvj =: κ∗i > 0,

so individual rationality is satisfied by any Evjki(vj) ≥ −κ∗i .
We can choose ki and kj to satisfy individual rationality and
ex ante budget balance if

E
{
x1(v1, v2)v1 + x2(v1, v2)v2 − κ∗1 − κ∗2

}
≤ 0.

This inequality is equivalent to

E
{
x1(v1, v2)v1 + x2(v1, v2)v2

}
≤ κ∗1 + κ∗2 . (12.5.2)

Since values are identically distributed, v∗1 = v∗2 = v∗. See
Figure 12.5.2.
First note that the left side of (12.5.2) is simply Emax{v1, v2},
and is the expectation is the integral over the square in Figure
12.5.2.
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v1

v2

1

1

v∗

v∗

A

B
C

D

E

Figure 12.5.1: Figure for the symmetric case in Question 12.5.4(a). The verti-
cally shaded region (B∪C∪D) is the region of integration for κ∗1 ,
while the horizontally shaded region (C ∪D ∪ E) is the region of
integration for κ∗2 .

The right side of (12.5.2) is

κ∗1 + κ∗2 =
∫ 1

v∗2
v1 dF1(v1)+

∫ 1

v∗1
v2 dF2(v2)

=
∫∫
C∪D∪E

v1 dF2(v2)dF1(v1)+
∫∫
B∪C∪D

v2 dF1(v1)dF2(v2)

=
∫∫
B∪C∪D∪E

max{v1, v2} dF2(v2)dF1(v1)

+
∫∫
C∪D

min{v1, v2} dF1(v1)dF2(v2)

≥
∫∫
B∪C∪D∪E

max{v1, v2} dF2(v2)dF1(v1)+
∫∫
C∪D

v∗ dF1(v1)dF2(v2).

But since Pr(A) = Pr(C ∪D), we have∫∫
C∪D

v∗ dF1(v1)dF2(v2) ≥
∫∫
A

max{v1, v2} dF1(v1)dF2(v2),

verifying (12.5.2).
There is no Groves mechanism satisfying individual rational-
ity and ex post budget balance: Ex post budget balance re-
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quires for all v1 and v2,

x1(v1, v2)v1 + x2(v1, v2)v2 + k1(v2)+ k2(v1) = 0.

(Note there is no seller to “break the budget.”) Choose any
v1 < v2 < v′1. Then ex post budget balance implies

v′1 + k1(v2)+ k2(v′1) = 0

and

v2 + k1(v2)+ k2(v1) = 0,

so that

v2 = v′1 + k2(v′1)− k2(v1),

a contradiction (simply choose v2 ≠ v′1 + k2(v′1)− k2(v1)).

(b) It is possible to efficiently dissolve the partnership while still
satisfying ex post budget balance. We consider two different
games in which the two players simultaneously submit bids,
with the higher bidder winning the object (a tie is resolved by
a coin flip). The games differ in the payment rules:

i. The winner pays the loser the winning bid.

ii. Each player (winning or loosing) pays the other player
their bid.

Both games clearly satisfy ex post budget balance. Suppose
the values are uniformly drawn from the interval [

¯
v,

¯
v + 1].

For each game: solve for the symmetric equilibrium in in-
creasing differentiable strategies in both games and prove it
satisfies voluntary participation (note that a bid of bi = 0 in
the second game will typically violate individual rationality).
[Efficiency is obvious, since the equilibria are in symmetric in-
creasing strategies. The second payment rule can be extended
to partnerships with more than 2 members, see Cramton, Gib-
bons, and Klemperer (1987).]

(c) Provide a sufficient condition for part 12.5.4(a) to extend to
asymmetric general distributions.

Soln: Suppose v∗2 > v
∗
1 . Then,
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v1

v2

1

1

v∗2

v∗1

A′
A′′

B′

C
D′

D′′

E
B′′

Figure 12.5.2: Figure for the asymmetric case of Question 12.5.4(c).

κ∗1 + κ∗2 =
∫ 1

v∗2
v1 dF1(v1)+

∫ 1

v∗1
v2 dF2(v2)

=
∫∫
C∪D′∪D′′∪E

v1 dF2(v2)dF1(v1)

+
∫∫
B′∪B′′∪C∪D′∪D′′

v2 dF1(v1)dF2(v2)

=
∫∫
B′∪B′′∪C∪D′∪D′′∪E

max{v1, v2} dF2(v2)dF1(v1)

+
∫∫
B′′
v2 − v1 dF1(v1)dF2(v2)

+
∫∫
C∪D′∪D′′

min{v1, v2} dF1(v1)dF2(v2)

= Emax{v1, v2} +
∫∫
B′′
v2 − v1 dF1(v1)dF2(v2)

+
∫∫
C∪D′∪D′′

min{v1, v2} dF1(v1)dF2(v2)

−
∫∫
A′∪A′′

max{v1, v2} dF2(v2)dF1(v1),
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so we need

0 ≤
∫∫
B′′
v2 − v1 dF1(v1)dF2(v2)

+
∫∫
C∪D′∪D′′

min{v1, v2} dF1(v1)dF2(v2)

−
∫∫
A′∪A′′

max{v1, v2} dF2(v2)dF1(v1).

The right side is bounded below by (where we separate the
regions of integration to obtain the bounds, and substitute
Fi(v∗j ) = 1

2 )

(v∗1 − v∗2 )(F1(v∗2 )− F1(v∗1 ))(F2(v∗2 )− F2(v∗1 ))
+ v∗2 (1− F1(v∗2 ))(1− F2(v∗2 ))+ v∗1 (1− F1(v∗2 ))(F2(v∗2 )− F2(v∗1 ))

− v∗1 F1(v∗1 )F2(v∗1 )− v∗2 (F1(v∗2 )− F1(v∗1 ))F2(v∗1 )

=(v∗1 − v∗2 )(1
2 − F1(v∗1 ))(F2(v∗2 )− 1

2)

+ v∗2 1
2(1− F2(v∗2 ))+ v∗1 1

2(F2(v∗2 )− 1
2)

− v∗1 F1(v∗1 )
1
2 − v∗2 (1

2 − F1(v∗1 ))
1
2 .

Multiply by 4 to eliminate fractions and simplifying,

(v∗1 − v∗2 )(1− 2F1(v∗1 ))(2F2(v∗2 )− 1)
+ 2v∗2 (1− F2(v∗2 ))+ v∗1 (2F2(v∗2 )− 1)
− 2v∗1 F1(v∗1 )− v∗2 (1− 2F1(v∗1 ))

=v∗2 {2− 2F2(v∗2 )− (1− 2F1(v∗1 ))2F2(v∗2 )}
+ v∗1 {2F2(v∗2 )− 1+ (1− 2F1(v∗1 ))(2F2(v∗2 )− 1)− 2F1(v∗1 )}

=2(v∗2 − v∗1 )(1− 2F2(v∗2 )(1− F1(v∗1 )).

This is clearly positive for F1(v∗1 ) = F2(v∗2 ) = 1
2 , but since

F1(v∗1 ) <
1
2 < F2(v∗2 ), in very asymmetric situations, this ex-

pression may be negative. The desired sufficient condition is

1 ≥ 2F2(v∗2 )(1− F1(v∗1 ).

12.5.5. (Public good provision, Mailath and Postlewaite, 1990) A commu-
nity of n must decide on whether to provide a public good. The
per capita cost of the public good is c > 0. Every agent’s valua-
tion for the good is independently and uniformly drawn from the
interval [

¯
v, v̄], where 0 ≤

¯
v < c < v̄ .
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(a) Prove that there is ex post provision is impossible if ex ante
budget balance and voluntary participation is required.

(b) Solve for the mechanism which maximizes the probability of
public provision while respecting ex ante budget balance and
voluntary participation.

(c) (Hard) Prove that the probability of provision goes to zero as
the community becomes arbitrarily large.

12.5.6. Consider again the alternating offer bargaining model of Section
9.2, with the interpretation that player 1 is a seller with valuation
vs and player 2 is a buyer with valuation vb. If the valuations
are common knowledge, and vs > vb, then no trade is possible,
while if vs < vb, we get the Rubinstein (1982) split of the surplus
vb − vs . Suppose now there is two-sided incomplete information
as described in Section 12.3.

(a) Prove that in every Nash equilibrium, there is delay to agree-
ment, and that the ex ante expected cost of delay is bounded
away from zero as δ → 1. [Hint: this is an implication of
Theorem 12.3.1.]

(b) Does your answer to Problem 12.5.6(a) change if the game is
altered so that only the seller can make an offer to the buyer?

(c) Suppose now it is commonly known that the seller’s valuation
is 0, and the buyer’s valuation is uniformly drawn from the
interval [0,1]. Does your answer to Problem 12.5.6(b) change?

12.5.7. (Regulating a monopolist, Baron and Myerson, 1982) A public util-
ity commission (the regulator) is charged with regulating a natural
monopoly. The cost function of the natural monopoly is given by

C(q, θ) =
{

0, if q = 0,

K + θq, if q > 0,

where q is the quantity produced, K > 0 is the publicly known
fixed cost, and θ ∈ (0,1) is marginal cost. The inverse demand
curve for the good is

p(q) ≡max{1− 2q, 0}.
Suppose there are no income effects for this good, so that con-
sumer surplus is given by

V(q) =
∫ q

0
p(q̃) dq̃ − p(q)q.

The regulator determines the firm’s regulated price and subsidy,
as well as whether the firm is allowed to operate at all. The firm
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cannot be forced to operate. As in the standard monopoly prob-
lem, without loss of generality, the regulator chooses q (with the
regulated price given by p(q)).
The firm wishes to maximize expected profits,

Π(q) = p(q)q − C(q, θ)+ s,
where s is the subsidy. The regulator maximizes the weighted sum
of consumer surplus and firm profits net of the subsidy,

V(q)+αΠ(q)− s, α ∈ [0,1].
(a) Suppose the marginal cost θ > 0 is publicly known. Solve the

regulator’s problem. Interpret the resulting q, p and s.
Soln: When θ is public, the regulator chooses q and s to max-
imize

V(q)+αΠ(q)− s
subject to firm individual rationality (since the firm cannot be
forced to operate),

Π(q) ≥ 0.

The Lagrangian is

L(q, s, λ) = V(q)+ (α+ λ)Π(q)− s,
with first order conditions

2q + (α+ λ)(1− 4q − θ) = 0,
α+ λ− 1 = 0,

with complementary slackness condition

λΠ(q) = 0.

Thus, α+ λ = 1 and so

q = 1
2(1− θ).

Since θ ∈ (0,1), we have q ∈ (0,1/2), and 1 − 2q > 0. The
price equals p(q) = 1−2q = θ. That is, the regulator imposes
marginal cost pricing.
Since price is at marginal cost, the subsidy must cover the
fixed cost K,

s = K.
An interior solution requires that the fixed cost not exceed
consumer surplus:

K ≤ (1− θ)
2

4
.
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If K is too large, the regulator does not allow the firm to op-
erate (or equivalently, does not cover its fixed costs).
Note that it α = 1, then the subsidy cancels and the regula-
tor’s objective function can be rewritten as∫ q

0
p(q̃) dq̃ − C(q, θ),

the social surplus from operation of the firm. The precise
value of s is indeterminate (as IR is satisfied), since it is a
transfer between equally weighted parties.
If α < 1, then λ = 1 − α > 0 and complementary slackness
implies Π(q) = 0 (as one would expect–why?), so that

s = C(q, θ)− p(q)q,
and the regulator’s objective function is again social surplus.

(b) Suppose now the marginal cost θ is known only to the monopoly,
with the regulator’s beliefs over θ being described by the dis-
tribution function F , with support [

¯
θ, θ̄] and density f . Sup-

pose F satisfies:

θ + F(θ)
f(θ)

is increasing in θ

and that

K ≤ (1− θ̄)
2

4
.

What is the regulator’s optimal regulated price and subsidy
(which includes the decision on whether to let the firm oper-
ate). Interpret the resulting mechanism.

12.5.8. Verify that the strategy given in (12.4.3) is a symmetric equilib-
rium strategy of the symmetric first price sealed bid auction with
reserve price r∗ (recall the hint from Problem 3.6.3).
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Chapter 13

Principal-Agency

13.6.1. Define û(π) := u(ŵ(π)), û is the promised agent utility from the
wage function ŵ. Rewrite the problem of choosing ŵ to minimize
(13.3.1) subject to (13.3.2) and (13.3.3) to one of choosing û to
minimize the expected cost of providing utility û subject to the
appropriate modifications of (13.3.2) and (13.3.3). Verify that the
result is a convex minimization problem and so the approach in
the text is valid.

13.6.2. Prove Lemma 13.4.1.

13.6.3. Consider the model of Section 13.4.

(a) Prove that V(e) := ∫ π̄
¯
π πf(π | e)dπ is strictly increasing in e.

Soln: Let e′′ > e′. By definition of FOSD we have that ∀π ,
F(π | e′) ≥ F(π | e′′). Using integration by parts we obtain,∫ π̄ ′′

¯
π ′′
πf(π | e′′)dπ = π̄ ′′F(π̄ ′′ | e′′)−

¯
π ′′F(

¯
π ′′ | e′′)−

∫ π̄ ′′
¯
π ′′
F(π | e′′)dπ

= π̄ ′′ −
∫ π̄ ′′

¯
π ′′
F(π | e′′)dπ

≥ π̄ ′ −
∫ π̄ ′

¯
π ′
F(π | e′)dπ

=
∫ π̄ ′

¯
π ′
πf(π | e′)dπ

where the inequality follows from the definition of FOSD.

(b) Suppose E = R+ and V is convex and continuously differen-
tiable, and c(·, θ) is strictly increasing, concave, and continu-

245
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ously differentiable, and satisfies the single-crossing condition:

∂2c
∂e∂θ

> 0.

Suppose the principal assigns probability αH ∈ (0,1) to θ =
θH and complementary probability αL := 1 − αH to θL < θH .
Characterize the principal’s optimal mechanism.

Soln: By using Lemma 13.4.1, we can rewrite the problem as

maxαH(V(e(θH))−w∗(θH))+αL(V(e(θL))−w∗(θL))

such that

u(w∗(θH))− c(e(θH), θH) ≥ u(w∗(θL))− c(e(θL), θH)
(ICH )

u(w∗(θL))− c(e(θL), θL) ≥ u(w∗(θH))− c(e(θH), θL)
(ICL)

u(w∗(θH))− c(e(θH), θH) ≥ ū (IRH )

u(w∗(θL))− c(e(θL), θL) ≥ ū (IRL)

We will prove that we can reduce the set of constraints, so we
can simplify the Lagrangian.

First, we have that when ICL and IRH are satisfied, IRL is au-
tomatically satisfied, since,

u(w∗(θL))− c(e(θL), θL) ≥ u(w∗(θH))− c(e(θH), θL)
≥ u(w∗(θH))− c(e(θH), θH)
≥ ū

where the inequality follows from the cost function being in-
creasing on the agent’s type.

Second, that the cost function in the selected effort levels
satisfies submodularity, that is, c(e(θL), θH)+ c(e(θH), θL) ≥
c(e(θH), θH)+ c(e(θL), θL). Subtracting the ICL LHS from the
ICH RHS and subtracting the ICH LHS from the ICL RHS we
obtain,

c(e(θH), θL)− c(e(θH), θH) ≥ c(e(θL), θL)− c(e(θL), θH)

Last, IRH has to bind; if not we can reducew∗(θH) andw∗(θL)
in a way we do not affect the IC constraints. At the same
time, ICL has to bind; if not increase e(θL) what increases
revenue and makes the ICH constraint more slack. Given that
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ICL binds, ICH is always satisfied:

u(w∗(θL))−c(e(θL), θH)
= u(w∗(θL))− c(e(θL), θL)− (c(e(θL), θH)− c(e(θL), θL))
= u(w∗(θH))− c(e(θH), θL)− (c(e(θL), θH)− c(e(θL), θL)
= u(w∗(θH))− c(e(θH), θH)

− (c(e(θL), θH)− c(e(θL), θL)+ c(e(θH), θL)− c(e(θH), θH))
≥ u(w∗(θH))− c(e(θH), θH)

where the last inequality follows form the submodularity of
the cost function.
Then the problem can be written as

maxαH(V(e(θH))−w∗(θH))+αL(V(e(θL))−w∗(θL))
such that

u(w∗(θL))− c(e(θL), θL) ≥ u(w∗(θH))− c(e(θH), θL)
(ICL)

u(w∗(θH))− c(e(θH), θH) ≥ ū (IRH )

Now, we can write the Lagrangian as,

L = αH(V(e(θH))−w∗(θH))+αL(V(e(θL))−w∗(θL))+
λ [u(w∗(θL))− c(e(θL), θL)−u(w∗(θH))− c(e(θH), θL)]

+ µ [u(w∗(θH))− c(e(θH), θH)− ū]
The FOC are,

e(θH) : αHV ′(e(θH))+ λce(e(θH), θL)− µce(e(θH), θH) = 0

e(θL) : αLV ′(e(θL))− λce(e(θL), θL) = 0

w∗(θH) : −αH + (µ − λ)u′(w∗(θH)) = 0

w∗(θL) : −αL + λu′(w∗(θL)) = 0

Rearranging we obtain the conditions

u′(w∗(θH)) = ce((e(θH),θH)−ce((e(θH),θL)
V ′(eH)

u′(w∗(θL)) = ce((e(θL),θL)
V ′(eL)

Since c satisfies the single cross condition ceθ > 0, these two
equations and the two constraints holding with equality de-
fine a system of four equations and four unknowns. Any so-
lution to his system is a solution to the problem.
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(c) Suppose E = {eL, eH}, with eL < eH . Suppose Θ = [
¯
θ, θ̄] ⊂ R+,

and the principal’s beliefs are described by the probability
distribution F with density f and F/f increasing in θ. Sup-
pose c(eL, θ) = 0 for all θ and c(eH , θ) = θ. Characterize the
principal’s optimal mechanism.

Soln: The problem we want to solve is

max
e(θ)∈{eH ,eL}

∫ θ̄
¯
θ
(V(e(θ))−w∗(θ))f (θ)dθ

subject to

u(w∗(θ))− c(e(θ), θ) ≥ u(w∗(θ′))− c(e(θ′), θ) ∀θ′ ≠ θ
u(w∗(θ))− c(e(θ), θ) ≥ ū ∀θ

We will prove first that any solution that is IC satisfies mono-
tonicity. Let θ′ ≥ θ′′. The IC constraints between these two
individuals are

u(w∗(θ′))− c(e(θ′), θ′) ≥ u(w∗(θ′′))− c(e(θ′′), θ′)
u(w∗(θ′′))− c(e(θ′′), θ′′) ≥ u(w∗(θ′))− c(e(θ′), θ′′)

Summing the two constraints and rearranging we get, c(e(θ′), θ′′)−
c(e(θ′), θ′) ≥ c(e(θ′′), θ′′)−c(e(θ′′), θ′). Suppose e(θ′) = eH .
Then the LHS is equal to θ′′ − θ′ < 0. If e(θ′′) = eL the
RHS equals 0, a contradiction. Therefore, if e(θ′) = eH then
e(θ′′) = eH . This implies there is a threshold θ̃, such that ev-
ery type above it exerts low effort, eL, and every type below it
exerts high effort, eH .

Besides, we have that when the IC constraint for type θ imi-
tating type θ̄ and the IR constraint for θ̄ are satisfied, the IR
constraint for θ is automatically satisfied, since,

u(w∗(θ))− c(e(θ), θ) ≥ u(w∗(θ̄))− c(e(θ̄), θ)
≥ u(w∗(θ̄))− c(e(θ̄), θ̄)
≥ ū,

where the inequality follows from the cost function being in-
creasing on the agent’s type.

By an argument analogous to the one in Lemma 12.2.1, we get
that the utility an individual is going to obtain can be written
as

U(θ) = U(θ̄)+
∫ θ̄
θ
cθ(e(θ̃), θ̃)dθ̃
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where U(θ) = w∗(θ)− c(e(θ), θ). Then we can find the wage
for any type as

w∗(θ) = u−1

(
c(e(θ), θ)+ ū+

∫ θ̄
θ
cθ(e(θ̃), θ̃)dθ̃

)
.

Given θ̃, the optimal wage schedule has to satisfy

w∗(θ) =
 u−1(ū) if θ > θ̄

u−1(ū+ θ̃) if θ ≤ θ̄

It is clear that under this wage schedule no agent wants to
misreport his type. What remains to show is that the prin-
cipal is not able to decrease wages for any player. For any
type above θ̃ the principal is offering the minimum wage that
satisfies IR. Notice that θ̃ receives the minimum wage that
makes him to exert high effort. Then we can not reduce
w∗(θ̃). Now suppose that for θ > θ̃ the principal offers
w∗(θ) < u−1(ū + θ̃). Now the agent has the incentive to
misreport as type θ̃ since he has to exert the same effort, but
gets a higher wage.
Therefore, the only problem that we have not solve is to find
the value of θ̃ that solves

max
∫ θ̃

¯
θ
(V(eH)−u−1(ū+θ̃))f (θ)dθ+

∫ θ̄
θ̃
(V(eL)−u−1(ū))f (θ)dθ

The problem can be further rewritten as

max (V(eH)−u−1(ū+ θ̃))F(θ̃)+ (V(eL)−u−1(ū))(1− F(θ̃))
The FOC gives

V(eH)−V(eL)−u−1(ū+ θ̃)+u−1(ū) = 1

u′(u−1(ū+ θ̃))
F(θ̃)
f (θ̃)

If F is regular, that is F(θ)
f(θ) increases on θ, and u is concave

there is a unique solution to the FOC. This is guaranteed in
this case because the RHS is strictly increasing and the LHS is
strictly decreasing.
Besides the derivative evaluated at 0 is V(eH) − V(eL) > 0.
This implies that the solution found by the FOC is actually a
maximum.
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Chapter 14

Appendices

14.4.1. By explicitly presenting the completely mixed trembles, show that
the profile L` is normal form trembling hand perfect in the follow-
ing game (this is the normal form from Example 2.3.4):

` r

L 2,0 2,0

T −1,1 4,0

B 0,0 5,1

Show that there is no extensive form trembling hand perfect equi-
librium with that outcome in the first extensive form presented in
Example 2.3.4.

Soln: Consider the tremble (1 − δ − ε, δ, ε) over the player I (row
player)’s actions L, T and B. As long as δ > ε, player II (the column
player) has the unique best response, `, for the tremble. For player
II’s tremble, player I has the unique limit best response L to the
tremble which converges to `.

Now, consider the first extensive form of this game as in Example
2.3.4. In the proper subgame following player I’s R, player I has B
as his dominant strategy. Hence, player I’s unique optimal action
to his own tremble in the initial node will only be B, which means
that any sequence of extensive form trembles has to converge to
it. For such trembles and Bayesian update, player II cannot be-
lieve that B is more likely than T , as required in the normal form
tremble discussed above. Therefore, player II chooses r in the
equilibrium.
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