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Modular Arithmetic

Surjective Map

Z→ Z/pn, z 7→ z mod pn.

Example

Z→ Z/5 156 7→ 1

Z→ Z/25 156 7→ 6

Z→ Z/125 156 7→ 31

Z→ Z/625 156 7→ 156

...
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p-adic Integers

Another Surjective Map

There is also a natural surjective map from any Z/pn to Z/pn−1.

Sequence of Projections

...→ Z/p4 → Z/p3 → Z/p2 → Z/p

Example

...→ Z/625→ Z/125→ Z/25→ Z/5

Definition

We define the p-adic integers to be the inverse limit of this system, and
write Zp = lim←−Z/pn = {(....b3, b2, b1) ∈

∏∞
n=1 Z/pn | bi+1 7→ bi∀i ∈ N}
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Integers → p-adic Integers

Surjective Map

We use the surjective maps Z→ Z/pn to write any integer as a p-adic
integer.

Example

156 7→ (...156, 156, 156, 31, 6, 1)

5 7→ (...5, 5, 5, 5, 5, 0)

−1 7→ (...3124, 624, 124, 24, 4)

Question

Are there elements of Zp that aren’t integers?

(...3906, 781, 156, 31, 6, 1)
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Solving Equations

Example

We consider the equation x2 + 1 = 0.

(x2 + 1 = 0) ∈ Z/5 =⇒ b1 = 2 =⇒ b2 = 2 + 5x

((2+5x)2+1 = 0) ∈ Z/25 =⇒ 4+20x+25x2+1 = 0 =⇒ 5+20x = 0

=⇒ 5(1 + 4x) = 0 =⇒ x = 1 =⇒ b2 = 7

(...7, 2) · (...7, 2) + 1 = (...., 0, 0)
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Solving More Equations

Question

Will this continuous computation process always give us a valid solution?

Hensel’s Lemma

Given f (x), if there exists r such that f (r) = 0 mod pk and f ′(r) ̸= 0
mod p, then for any m ≤ k , there exists s such that f (s) = 0 mod pk+m,
and s = r mod pk .
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Analytic Perspective on the p-adic Integers

Localization of Z at (p)

Z(p) =
{n

d
| n, d ∈ Z, d ∤ p

}
p-adic Norm

||x − y || =
(
1

p

)v(x−y)

We define v(x − y) by decomposing x − y = pa · md with m, d coprime to
p and setting v(x − y) = a.

Analytic Completion

We can equivalently define Zp as the completion of Z(p) with regards to
the p-adic norm.
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Applications of p-adic Integers

Hasse-Minkowski Theorem
1 Fundamental result in Number Theory.

2 States that a quadratic form has a solution over Q iff it has a solution
over Qp for all primes p and over R.

3 This is very helpful! Tools like Hensel’s lemma allow us to find
solutions more easily in these fields.
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