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Decisions in Game Theory are based directly on utilities. When considering
the payo¤s of a game we will measure them in terms of utils rather than in terms
of monetary rewards. In general players make decisions based on expected
utility, hence the importance of understanding the axioms and assumptions
behind what we call "Expected Utility Theory"

1 Lotteries

De�nition 1 Consider there are K prizes {A1; A2; :::; AK}, a lottery L con-
sists of a �nite vector (p1; p2; :::; pK) where pi is the probability of wining prize
i, such that pi � 0 and

PK
i=1 pi = 1

De�ne for the moment Li as the lottery where pi = 1 (this is a special lottery
where the prize i is won for sure). We can order lotteries (as a convention) such
that Li � Li+1 where higher numbered prizes are worse o¤. More generally
de�ne Li as a lottery where no prize is won for sure.

Now we de�ned lotteries (even those with a prize for sure), let�s consider
preferences � de�ned over the set of those lotteries with the following assumed
characteristics.

1) Transitivity: If Lj � Li and Li � Lk, then Lj � Lk

2) Completeness: Individuals are able to rank preferences.

3) Continuity: For each Li there exists a lottery L0i such that pi = 0 for
all j = f2; :::;K � 1g and Li~L0i. This means that we can �nd probabilities of
the best 1 and the worst prize K that are indi¤erent to any lottery.

De�ne also ui such that L0i = (ui; 0; :::; 0; (1� ui))
0 y These notes were prepared as a back up material for TA session. Parts of these notes

are based on Bill Zame�s slides, David K. Levine�s slides and Luce and Rai¤a (1957). If
you have any questions or comments, or notice any errors or typos, please drop me a line at
guilord@ucla.edu

1



De�nition 2 A compound lottery R = (q1; L1; q2; L2; :::; qS ; LS) is a lottery in
which the prizes are lotteries Li, which happen with a probability qi

Now we can describe the axioms over which the expected utility theory is
based on.

Axiom 1: Reduction of compound lotteries
This axiom basically establish that preferences can be extended from simple

lotteries (over prizes) to compound lotteries (lotteries over lotteries) just using
the usual laws of probability.
For example, consider a compound lottery based only on two lotteries L1 =

(p11; p
1
2; :::; p

1
R) and L

2 = (p21; p
2
2; :::; p

2
R) such that R = (q

1; L1; q2; L2), then

R � (q1p11 + q2p21; q1p12 + q2p22; :::; q1p1R + q2p2R)

Axiom 2: Sure thing principle (....or substitutability...or indepen-
dence)
This axiom basically establish that for any lottery L, the compound lottery

that replaces Li with L0i is indi¤erent to L: Hence

(p1; p2;:::; pR) � (p1; L1; p2;L2; :::; pi; L0i; ::::; pR; LR)

.Recall that lotteries with subscripts are basically prizes for sure. Hence we
are talking about a simple lottery that can be transformed into an indi¤erent
lottery if we replace the prize Ai for sure from Li by an indi¤erent lottery L0i
between the prizes A1 and AR

Axiom 3: Monotonicity
This is the typical property of monotonic preferences

(p; 0; :::; 0; (1� p)) � (p0; 0; :::; 0; (1� p0)) if and only if p � p0

2 Expected Utility Theory

Consider a lottery L = (p1; p2;:::; pR). Using the de�nitions of transitivity
and continuity we know that L is indi¤erent to the compound lottery L �
(p1L

0
1; p2L

0
2; :::; pRL

0
R). Recall that L

0
i are lotteries based only on the best and

the worst prizes and indi¤erent to the lotteries corresponding with the prize i
for sure.(pi = 1).
Applying the axiom of reduction of compound lotteris, it�s clear that this is

equivalent to a lottery involving only the best and worst prize such that

L � (u; 0; :::; 0; (1� u)) where u =
RX
i=1

piui
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(Recall ui is de�ned such that L0i = (ui; 0; :::; 0; (1� ui)))

The importance of the expected utility theory is that it says we can compare
lotteries by comparing their "expected utility" and, by monotonicity, higher
utility is always better.
Hence in game theory players always compare utilities such that whenever

the utility is higher they are better o¤. In other words, once we translate
monetary payo¤s into utilities we can just solve games by assuming players are
always looking for maximizing their expected utility.

3 Geometry of Expected Utility

An interesting way to show the properties of expected utility is by the use of
graphical tools.
In this section we will asuume there are 3 prizes A1; A2; A3. Identify the

simple lottery p1A1+p2A2+p3A3 with the point (p1; p2; p3) in the unit simplex
� � R3. Let � be a complete, transitive, continuous preference relation over
these lotteries.
We will proceed to show the following proposition:

Proposition 3 Preferences � can be represented by an utility function u that
is a¢ ne in probabilities if and only if the indi¤erence curves for � are parallel
straight lines.

Why is this proposition important? First because a utility function is a¢ ne
(or linear) in probabilities when u(p1A1+ p2A2+ p3A3) = p1u(A1)+ p2u(A2)+
p3u(A3), a property that may be useful in interpreting utilities from monetary
payo¤s. Second because indi¤erence curves for � that are parallel straight lines
satisfy the substituibility or independence axiom.

Proof (=)
First we will show that if indi¤erence curves for � are parallel straight lines,

then � can be represented by a utility function U that is a¢ ne in probabilities
(linear in probabilities).

Lemma 4 Consider the following choices p � r � q, then there is a unique
� 2 [0; 1] such that �p+ (1� �)q s r

1) De�ne L as the set of simple lotteries satisfying substitutability axioms
and continuity properties and let pL and pH be the worst and best element in
L, respectively, namely, pL � p � pH for all p 2 L.
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2) De�ne U : L! [0; 1] by U(pL) = 0 and U(pH) = 1. Then

p s [1� U(p)] pL + U(p)pH ; 8p 2 L (1)

q s [1� U(q)] pL + U(q)pH ; 8q 2 L (2)

where U(p) and U(q) exist and are unique by Lemma 4. If p � q then, by
monotonicity, U(p) < U(q). Conversely, if U(p) < U(q) then, by the construc-
tion of U , p � q. Therefore, U represents preferences.

3) By construction of U , for p; q 2 L and � 2 [0; 1], similarly as (1) and (2)
we have

�p+ (1� �)q s [1� U(�p+ (1� �)q)] pL + U(�p+ (1� �)q)pH (3)

4) Using the substitutability axiom on equation (3), we have:

�p+(1��)q s �[(1�U(p))pL+U(p)pH ]+(1��)[(1�U(q))pL+U(q)pH ] (4)
which implies

�p+ (1� �)q s [1� �U(p)� (1� �)U(q)]pL + [�U(p) + (1� �)U(q)]pH (5)

5) Comparing 5 with 3 and using Lemma 1, we have:

U(�p+ (1� �)q) = �U(p) + (1� �)U(q)
8� 2 [0; 1] and all p; q 2 L. Hence, if indi¤erence curves for � are parallel

(satisfy the independence axiom), then U is linear or a¢ ne in probabilities.

Geometrically, the unit simplex can be represented in two dimensions as

Figure 1

L

L’

qL+(1-q)L’

1 2

3
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In Figure 1 we assume the utility function is not linear. As can be seen this
is inconsistent with the axioms of expected utility theory.
Speci�cally, suppose that L � L0, so, both lotteries are located over the

same indi¤erence curve. We also assume that any linear combination between
the lotteries L and L0 is preferred to either of these lotteries, so qL+(1�q)L0 � L
Then, it should be true that qL+ (1� q)L0 � qL+ (1� q)L
By substitution (1 � q)L0 � (1 � q)L =) L0 � L, which contradicts our

�rst assumption of indi¤erence between L and L0.
As can be seen the use of linear utility functions is the only way to ful�ll the

axioms underlying the expected utility theory.

Proof =))
Here we will argue that if U is a¢ ne in probabilities, then indi¤erence curves

for � are parallel straight lines.

If p � q, then by monotonicity U(p) < U(q) implies �U(p) + (1� �)U(r) <
�U(q) + (1� �)U(r) for all � 2 [0; 1] and all r 2 L, which implies the indepen-
dence axiom and therefore that indi¤erence curves for � are parallel.

We can clarify this sketch of the proof with a geometric analysis

Figure 2

L L’
1 2

3

L’’2/3*L+1/3*L’’ 2/3*L’+1/3*L’’

As can be seen in Figure 2 the linear utility functions should be parallels in
order to ful�ll the axioms of expected utility theory.

Assume L � L0, so, both lotteries are located over the same indi¤erence
curve. This is the same as 2

3L �
2
3L

0:

By sustitution, 2
3L +

1
3L

00 � 2
3L

0 + 1
3L

00, but as shown in Figure 2 as an
example, 23L+

1
3L

00 � 2
3L

0 + 1
3L

00.

Thus, indi¤erence "lines" must be parallel in order preferences to satisfy the
substitution axiom.
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