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Measurement of the photon dispersion relation in
two-dimensional ordered dielectric arrays
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We characterize the dispersion relation for electromagnetic-wave propagation in two-dimensional dielectric ar-
rays, using the coherent microwave transient spectroscopy technique. Results of measurements along various
symmetry directions of square and triangular lattices are presented. The experimental results are in excel-
lent agreement with theoretical calculations made by using the plane-wave expansion technique. The theoreti-
cal calculations predict that transmission via certain modes is forbidden by symmetry, and our experimental
results confirm this prediction.

The coherent scattering and interference of electromag-
netic radiation in ordered dielectric arrays leads to the
formation of frequency intervals in which no photon
modes are allowed. The effect is analogous to the exis-
tence of gaps in the electron density of states in crystal-
line solids. By extension of the analogy, the dispersion
relation for electromagnetic-wave propagation in an or-
dered dielectric structure can be described by band the-
ory.'2 The subjects of photonic band structure and
photonic band gaps have received much attention for both
fundamental and practical reasons. The absence of
allowed modes within the photonic gap leads to a suppres-
sion of spontaneous emission, a fact that could have im-
portant consequences for improving the behavior of
optical and electronic devices such as semiconductor
lasers, solar cells,-and bipolar transistors.' The suppres-
sion of transitions has been observed in Rydberg atoms
placed inside a cavity that does not support any modes at
the transition frequency.3 Kurizki and Genack4 pre-
dicted the modification of a number of radiative and dy-
namical processes in molecular systems owing to the
existence of photonic band gaps in periodic structures.
Finally, it has also been suggested that localization of elec-
tromagnetic radiation should be possible by weak disor-
dering of a periodic dielectric array.2' 5

The calculation of the photonic band structure by using
the plane-wave expansion technique is now well developed
and has been applied to a variety of two- and three-
dimensional dielectric systems.6 "11 Experimental investi-
gations of photonic band structures have been confined
primarily to microwave frequencies because of the ease of
fabricating suitable periodic dielectric structures with the
appropriate dimensions. Traditional microwave tech-

niques have been used to determine frequencies that de-
fine the photonic band gaps, including the demonstration
of a three-dimensional system that exhibits a band gap in
all propagation directions 2 and the exploration of defect
modes within the gaps.13-4 However, these techniques
have not been applied to the determination of the photon
dispersion relation. Previously we measured the disper-
sion relation for electromagnetic-wave propagation along
the (10) direction of a two-dimensional dielectric array. 5

The coherent microwave transient spectroscopy (COMITS)
technique was employed for these measurements.1 6 '19

COMITS is based on the radiation and detection of ultra-
short electromagnetic transients with optoelectronically
pulsed antennas and has been used to characterize the
complex dielectric properties of materials across a broad
frequency range (15-140 GHz), in a single experiment.

Here we present additional results from our studies of
photonic band structure materials, namely, the dispersion
relations for propagation along the (11) direction of a
square lattice and the (y) direction of a triangular lattice.
Our results span the fundamental and the higher band
gaps and thus provide a means of directly exploring the
validity of the theoretical formalisms. Furthermore, be-
cause of the broad frequency coverage, the measurements
also elucidate the transition from long wavelengths, where
the dielectric array behaves as a continuous medium, to
shorter wavelengths, where scattering leads to dispersion
and the opening of photonic band gaps.

We chose to explore the photonic band structure of two-
dimensional dielectric systems because of the ease of fab-
ricating these samples. However, the COMITS technique
is equally capable of measurements in three-dimensional
systems. The dielectric structures that we measured con-
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Fig. 1. Experimental setup for coherent microwave transient
spectroscopy experiments. The two-dimensional photonic crys-
tal is made of 0.74-mm-diameter, 100-mm-long alumina ceramic
rods. Both square and triangular lattices were characterized.

sisted of 100-mm-long alumina ceramic cylinders (diame-
ter of 0.74 ± 0.03 mm) held in a square or triangular array
by a machined holder. Alumina ceramic was chosen be-
cause of its high dielectric constant and because it ex-
hibits essentially no loss throughout the frequency range
of interest. We compare the measured results with the
predicted band structure calculated theoretically by using
the plane-wave expansion technique.

In order to calculate the electromagnetic frequency
spectrum of these dielectric lattices, we have employed
the computational techniques described in Refs. 6-11.
Briefly, the macroscopic Maxwell's equations can be rear-
ranged to yield the eigenvalue equation

V ( VxH -- H=0. (1)

The magnetic field H(r) can be expressed as a sum of
plane waves:

H(r) = > hGe exp[i(k + G) r], (2)
G A=1,2

where k is in the Brillouin zone, G is summed over the
reciprocal lattice, and eA are polarizations orthogonal to
(k + G). This equation could be decoupled as described
in Ref. 10. By limiting the size of wave vectors included
in this plane-wave expansion, one achieves a finite sum.
This eigenvalue equation can now be solved by standard
numerical techniques, yielding the normal mode coeffi-
cients and frequencies of the electromagnetic modes. Be-
cause of the two-dimensional nature of the problems
considered, convergence was achieved with a relatively
small number of plane waves. We estimate that with
1600 plane waves per polarization the electromagnetic
mode frequencies were calculated to better than 1%,
although convergence to 2% could be achieved with
400 plane waves. This technique provides a simple and
powerful method for solving problems in electrodynamics,
which takes full account of the vector nature of the elec-
tromagnetic radiation.

The experimental setup for COMITS experiments is
shown in Fig. 1. The transmitting and the receiving ele-
ments consist of identical coplanar striplines terminated
at the radiating end by exponentially tapered flares. The
antennas are photolithographically fabricated on silicon
on sapphire, and the silicon is subsequently ion implanted
to reduce the carrier lifetime to less than 1 ps. Optical
pulses (A = 527 nm, 1.5-ps duration) from a mode-locked

pulse compressed and frequency-doubled neodymium-
doped yttrium lithium fluoride (Nd:YLF) laser are ar-
ranged in a conventional pump-probe configuration. The
pump beam, which is focused to a small spot on the silicon
between the coplanar striplines, generates a short current
transient on the dc-biased transmitter. This pulse propa-
gates down the stripline, spreading in time to -7 ps be-
cause of dispersion and is radiated into free space by the
exponentially tapered flare. As is shown in Fig. 1, hemi-
spherical fused silica lenses are used to collimate the tran-
sient radiation from the transmitter and to focus the
signal, after it passes through the sample, onto the re-
ceiver.'8 The time-dependent voltage induced on the
receiver is measured, by photoconductive sampling with
the probe beam, as a function of the delay between the
pump and probe pulses. The induced photocurrent is am-
plified and detected by a PC-based data-acquisition sys-
tem. Averaging is performed by adding -1000 scans with
a rapid-scan delay line. The time-domain waveforms are
numerically Fourier transformed with a computer. In
our experiments the Fourier spectra contain components
from 15-140 GHz at intervals of 5 GHz. The 5-GHz fre-
quency resolution is determined by the 200-ps span of the
temporal waveforms. Because time-dependent voltage
waveforms are measured, phase information is preserved.
In addition to its broad frequency spectrum, the radiation
is also well polarized (60:1) with the E field lying in the
plane of the antenna.' 8 A more extensive description of
the COMITS technique is given in Refs. 17 and 18.

Measurements on a dielectric array are made by placing
the sample in the beam path such that the transient radia-
tion propagates in a plane perpendicular to the axis of the
cylinders. The sample is also aligned so that the polariza-
tion of the transient radiation is either parallel or perpen-
dicular to the axis of the cylinders. These two polarization
orientations permit the characterization of TE and TM
modes, respectively, within the photonic crystal. As we
demonstrate below, the photon dispersion relation is quite
different for the two polarization directions. Further-
more, by symmetry, radiation polarized either parallel or
perpendicular to the rod axes preserves this polarization
in passing through the array.

The transverse dimensions of the array were always ar-
ranged to be larger than the beam size (-3 cm) so that
there were no end effects and no interference from the
machined holder. The holder consisted of two parallel
plates, separated by -8 cm, each of which is drilled with
an identical aligned array of holes. The diameter of each
hole was barely larger than that of the alumina cylinders
so that the rods could be removed and replaced easily to
create arrays with different numbers of rows or to make
an array with parallel entrance and exit faces in other
symmetry directions. Two holders were made for the ex-
perimental results presented here, one for a square array
and the other for a triangular array. An overhead view of
the triangular and square lattice configurations marked
with the measured symmetry directions, lattice con-
stants, and cylinder dimensions is presented in Fig. 2.
The lattice constants for the square and triangular arrays
were 1.87 and 2.13 mm, respectively, and were designed,
based on the results of Refs. 10 and 11, to have a large
band gap in the 15-140-GHz frequency range.

Examples of time-domain data are shown in Fig. 3 for
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tonic crystal by measuring time-domain waveforms with
and without the sample in the beam path. The time-
domain data are Fourier transformed and the transforms
divided to produce the complex transmission function of
the sample (i.e., transmitted amplitude and phase as a
function of frequency). Using the experimentally deter-
mined net phase difference, 4(f), and the thickness of the
dielectric array, L, the effective refractive index n(f ) of
the array can be calculated from

n(f 2=co
2irfL+1
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Fig. 2. Schematic diagram of the (a) square and (b) triangular
lattice configurations, showing the lattice constants, cylinder di-
ameters, and principal symmetry directions. d = 0.74 mm,
a = 1.87 mm, b = 2.13 mm.

propagation along the (11) direction of the square lattice.
In Fig. 3(a) we present the measured waveform without
any sample, while Figs. 3(b) and 3(c) depict the waveforms
recorded with the E field aligned parallel and perpendicu-
lar to the rod axes, respectively. In Fig. 4 we present the
corresponding amplitude spectra obtained with a numeri-
cal Fourier transform. The dashed curves are reference
spectra derived from Fig. 3(a), while the filled circles in
Figs. 4(a) and 4(b) are calculated from the data in Figs. 3(b)
and 3(c), respectively. Although the time-domain data
are difficult to interpret, the amplitude spectrum for the
E-parallel case [Fig. 4(a)] shows a band gap between 50
and 80 GHz. In the E-perpendicular case [Fig. 4(b)] there
is a gap between 85 and 105 GHz. Because of the 200-ps
window used for time-domain measurements, the resolu-
tion in frequency is 5 GHz, and hence narrow gaps are not
necessarily resolved.

Although the amplitude spectra of Fig. 4 give indica-
tions of the fundamental and higher photonic band gaps,
the dispersion relation can be determined by making use
of the phase sensitivity of the COMITS technique. Phase
information is preserved in COMITS experiments because
the measured signal in the time domain is proportional to
the received voltage. The phase data are obtained by de-
termining the complex transmission function of the pho-
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Fig. 3. Time-domain data for propagation through six rows of
rods in the (11) direction of the square lattice [Fig. 2(a)]:
(a) pulse with no sample; (b) electric field polarized parallel to the
rods; (c) electric field polarized perpendicular to the rods.
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plitude spectrum at 75 GHz, while there is a more pro-
nounced minimum at -100 GHz. Again the features in
the amplitude spectrum are more clearly understandable
when the associated phase data are used to obtain the dis-
persion relation. Comparison of the measured and the
predicted dispersion relations for propagation along the
(y) direction of the triangular lattice are shown in Fig. 7
for the two orthogonal polarization directions. Again the
agreement between theory and experiment is generally

140

Fig. 4. Amplitude spectra obtained by Fourier transforming the
time-domain data shown in Fig. 3. The dashed curves are the
amplitude spectrum obtained with no sample in the beam path.
The filled circles joined by the solid curves correspond to the
cases of (a) the electric field parallel to the rod axes and (b) the
electric field perpendicular to the rod axes.

where c is the velocity of light. With the effective index
values, the dispersion relation is obtained from

k(f) = [2rfn(f)]/c. (4)

Making use of the phase data to calculate the effective
index is a straightforward procedure for the lower modes
because there is no phase ambiguity. However, for the
higher modes the phase is often too low by factors of n7r
because of the multivalued nature of the arctangent func-
tion used in the numerical Fourier transform. The cor-
rect phase can be determined by various techniques. A
phase jump that occurs in the midst of a monotonically
increasing sequence can be found and corrected by inspec-
tion. However, if the phase jump occurs across a photonic
band gap, i.e., at the zone edge, then such a simple repair
is not possible. The true phase in such a case can be
found by measuring the phase change resulting from a
single row of rods, which is accomplished by determining
the transmission function for two photonic crystals whose
thicknesses differ by one row. The same information can
also be obtained by comparing two or more data sets with
different thicknesses and finding the mutually consistent
effective index values between them.

Using the phase information associated with the ampli-
tude data shown in Fig. 4, we plot the measured band
structure for propagation along the (11) direction of the
square lattice as the points in Fig. 5. The curves in the
figure are the theoretical band structure for this configu-
ration calculated by the plane-wave expansion technique.
The agreement between theory and experiment is excel-
lent for both polarizations. One interesting feature of
this study is that our theoretical calculations predict the
presence of band 3 in the parallel case (TE mode) and
bands 2 and 3 in the perpendicular case (TM modes); how-
ever, these bands are not observed experimentally. This
result can be understood in terms of simple symmetry ar-
guments, which are discussed below.

Figure 6 shows the amplitude spectra for propagation
along the (y) direction of the triangular lattice. For the
E-parallel case [Fig. 6(a)] there is a clear band gap be-
tween 50 and 65 GHz and the hint of a smaller gap at
-92 GHz. In the E-perpendicular case [Fig. 6(b)] the
fundamental gap is suggested by the weak dip in the am-
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Fig. 5. Band structure for propagation along the (11) direction of
the square lattice. The filled circles are the measured values,
and the curves are the values calculated theoretically by using
the plane wave expansion technique: (a) electric field parallel
to rods, TE modes; (b) electric field perpendicular to rods,
TM modes.
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Fig. 6. Amplitude spectra obtained by a numerical Fourier
transform of the measured time-domain data for propagation
through five rows of rods along the (y) direction of the triangular
lattice [Fig. 2(b)]. The dashed curves represent the reference
amplitude spectra obtained with no sample in the beam. The
filled circles represent the amplitude spectra for (a) the electric
field parallel to rods and (b) the electric field perpendicular
to rods.
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Fig. 7. Band structure for propagation along the (y) direction of
the triangular lattice. The solid points are the measured values,
the lines are the values calculated theoretically by using the
plane-wave expansion technique: (a) electric field parallel
to rods, TE modes; (b) electric field perpendicular to rods,
TM modes.

excellent. In the E-parallel case band 3 is not observed,
and band 4 is missing in the E-perpendicular case.

We now explain the absence of transmission by certain
bands that were determined by our theoretical calcula-
tions to exist. In essence, excitation of these bands by an
incoming plane wave is forbidden by symmetry. In the
experiments presented here the dispersion was measured
along the symmetry directions of the square and the tri-
angular lattices. These are special directions of the Bril-
louin zone, which means that the fields associated with
the various modes must be either even or odd on reflec-
tion through the mirror planes. The mirror planes for
propagation along the (11) direction of the square lattice
are indicated in Fig. 8. This figure also shows a plot of
the calculated field patterns for the first four bands of this
situation. All the modes are even under reflection except
for band 3, which is odd. This mode is the one that is not
observed. In the experiment the incoming plane wave
with the E field parallel to the rods is even under ref lec-
tion and thus cannot excite band 3.

In the six cases that we have studied experimentally we
have never observed transmission by a band that is of a
symmetry opposite to the incident radiation. In only one
instance, band 2 in Fig. 5(b), is a mode of the same sym-
metry as the incident wave not found to transmit radia-
tion. In this case there is some evidence in the amplitude
spectrum of transmission at the mode frequency. How-
ever, the phase data did not give a reliable value, and
hence the point does not appear on the dispersion curve.

For wavelengths much larger than the lattice spacing,

i.e., for frequencies well below the fundamental gap, scat-
tering is less important and the dielectric arrays behave
as effective media. Because of the ordered nature of the
arrays the long-wavelength dielectric constants for the
two orthogonal polarizations are given by the absolute
Weiner bounds20 :

e= f1e1 + f 2 e2 , (5)

1 + f (6)
e e1 e2

where fA and f2 are the volume-filling fractions of the two
media with dielectric constants el and E2 , respectively.
These bounds correspond to the cases of no screening (all
dielectric boundaries parallel to the field) and maximum
screening (all dielectric boundaries perpendicular to the
field) for the E-parallel and E-perpendicular cases, respec-
tively. Using the dielectric constant of alumina ceramic
(e = 8.9) and the cylinder diameters and lattice spacing to
calculate the filling fraction, Eqs. (5) and (6) predict
microwave refractive indices of 1.41 and 1.06 for the
square lattice and 1.37 and 1.05 for the triangular lattice.
The lowest-frequency values from the experimental data
are 1.47 and 1.11 for the square lattice and 1.38 and 1.09
for the triangular lattice. The dispersion relation for the
TM mode should be given exactly by Eq. (5), since the
fields are all parallel to the interfaces. The dispersion
relation for the TE mode should be given approximately
by Eq. (6), since the fields are primarily, although not
completely, perpendicular to the interfaces in this case.
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the (11) direction rods. The shaded circles (not to scale) repre-
sent the lattice of rods. The states depicted lie at the k = (1/2,
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In summary, we have measured the dispersion relation
for electromagnetic-wave propagation in two-dimensional
dielectric arrays by using the coherent microwave tran-
sient spectroscopy technique. The measured values are
in excellent quantitative agreement with theoretical cal-
culations made using the plane-wave expansion technique.
However, certain modes that are predicted theoretically
are not observed experimentally. We attribute this obser-
vation to the fact that our experiments with plane-wave
radiation were unable efficiently to excite modes with the
opposite symmetry. Thus, although these unobserved
modes exist within the crystal, they could not be coupled
to in our experimental arrangement. COMITS provides a
large frequency bandwidth, which permits measurements
on a single system that spans the long-wavelength region,
for which the photonic crystal behaves as an effective me-
dium, across the fundamental and higher gaps to short
wavelengths, at which there is attenuation caused by mul-
tiple scattering.

*Address any correspondence to G. Arjavalingham.
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