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ABSTRACT

Using density functional theory, we have performed structural relaxations of Rh (111) and Cu (100). To obtain ac-
curate results, these calculations must be converged with respect to all computational approximations. In particular,
it is vital to treat Brillouin zone integration with care, taking into account the effect of finite k-point sampling on
surface and bulk structural properties. A new method is described and demonstrated for minimizing the error of
finite k-point sampling in predicting surface relaxations accurately.
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1. INTRODUCTION

The study of single crystal metal surfaces is an essential first step to understanding more complex surface phenomena.
Interactions of molecules with these surfaces, for example, play a crucial role in many scientific and industrial
applications, such as heterogeneous catalysis and epitaxial growth.1 Theoretical investigations can provide key
information about these processes. For example, ab initio calculations involving metal surfaces can predict likely
diffusion paths or overlayer geometries of adsorbates encountering the surface.

Ab initio studies of metal surfaces are very demanding computationally. Calculations of any type of surface require
modeling the substrate as a slab that is thick enough to obtain bulk-like behavior at the center. This inevitably
leads to unit cells containing many atoms. For metals, however, there is the added complication that a dense set of
k-points is needed to represent the Fermi surface accurately. The focus of this study will be to address the issues of
Brillouin zone sampling and substrate thickness for computations involving metal surfaces.

In this paper we present a method for performing surface relaxations of metals that substantially reduces the
errors due to discrete k-point sampling, thus permitting high-precision studies using significantly fewer k-points.
Our approach involves performing the bulk and slab calculations on as equal a footing as possible. This internal
consistency of the calculations leads to a significant cancellation of systematic errors and rapid convergence of surface
properties with respect to Brillouin zone sampling density. Furthermore, this approach removes the need to artificially
freeze interior layers of the slab at their bulk positions during structural relaxations, as has often been done in surface
calculations. Results using this approach are presented for two metal surfaces: copper (100) and rhodium (111).

2. METHOD

This study uses density functional theory (DFT) within the local density approximation (LDA) to describe the
surfaces of Cu (100) and Rh (111). Core-valence interactions are treated using optimized pseudopotentials.2 Single-
particle wavefunctions are expanded in plane waves. This basis set lends itself naturally to periodic systems and
allows use of fast Fourier transforms and a well established reciprocal space description.

We model the semi-infinite substrate as a slab of finite thickness, periodically reproduced perpendicular to the
surface with a layer of vacuum separating adjacent slabs. This model restores three-dimensional periodicity to the
system, thereby establishing computationally convenient boundary conditions. Two new convergence parameters
are introduced: slab thickness and vacuum layer separation. Surface properties converge rapidly with respect to
vacuum separation. Our tests show that a vacuum spacing equal to six atomic layers is sufficient for both systems,
corresponding to about 10 Å for Cu (100) and 13 Å for Rh (111).

In this study we adopt two different schemes for generating discrete k-point meshes, depending on the lattice
symmetry. For unit cells with cubic or tetragonal symmetry, k-point meshes used for Brillouin zone integration are
generated using the scheme of Monkhorst and Pack.3 We find, however, that an alternative scheme, by Ramı́rez and



Böhm,4 gives superior energy convergence for hexagonal Brillouin zones. This result is discussed further in Section
3 below.

Structural relaxations are performed by computing Hellmann-Feynman5,6 forces and moving the atoms according
to a conjugate gradient minimization scheme until all forces are below a 0.01 eV/Å tolerance. No atoms were held
fixed during these relaxations.

3. RESULTS AND DISCUSSION

3.1. k-point Testing

We began our analysis of k-point convergence by examining bulk copper and rhodium. Table 1 presents the equi-
librium lattice constants and bulk moduli for various Monkhorst-Pack k-point sets using the primitive fcc unit cell.
Both quantities in both materials are well converged for the calculation containing 28 irreducible k-points. The
results are compared to experiment, and for both copper and rhodium the equilibrium lattice constants and bulk
moduli are within the acceptable limits of LDA accuracy.

Table 1. Equilibrium lattice constants for fcc copper and rhodium bulk crystals as a function of k-point sets. NIBZ

is the number of k-points in the irreducible part of the Brillouin zone. The calculations were performed on (a) the
primitive fcc cell and (b) the non-primitive cell possessing the symmetry of the corresponding slab cell. For the
non-primitive cells, the first entry is the number of irreducible k-points in the plane. The value in parentheses is the
number of such sheets of k-points included. The primitive copper and rhodium and the non-primitive copper k-point
sets are Monkhorst-Pack sets. The non-primitive rhodium sets are given by Ramı́rez and Böhm. See text for details.

Copper Rhodium

NIBZ a (Å) B (GPa) NIBZ a (Å) B (GPa)

(a) Primitive unit cell
6 3.604 145 2 3.724 351
10 3.616 170 10 3.764 319
28 3.607 161 28 3.762 322
60 3.606 163 60 3.764 319

(b) Non-primitive unit cell
3(4) 3.594 181 3(4) 3.765 316
10(6) 3.600 164 6(4) 3.762 315
21(8) 3.602 171 10(4) 3.764 319

(c) Experiment
3.617 1428 3.7969 2699

For the surface calculations, the slab unit cells possess different symmetry than the bulk fcc primitive cell. For the
(100) and (111) surfaces, the unit cells have tetragonal and hexagonal symmetry, respectively. As a result, discrete
k-point sets for the slabs and the fcc bulk cannot be readily compared. To address this issue, we have re-analyzed the
bulk k-point convergence for the case of non-primitive unit cells possessing the same symmetry as the slabs. For Cu
(100), the appropriate non-primitive bulk cell is the familiar two-atom Bain cell. The analogous non-primitive bulk
cell corresponding to Rh (111) is a hexagonal cell containing three atoms arranged uniformly along the body diagonal.
In both cases the symmetry axis of the cell coincides with the normal to the corresponding surface. The k-space
mesh in these cells consists of sheets of identical in-plane k-point grids stacked uniformly along the symmetry axis.
We use enough sheets (between four and eight) to converge the calculations completely for fixed in-plane sampling,
and then study the convergence with respect to in-plane k-points. The conclusions can be directly applied to the
slab calculations, since the Brillouin zones for both slab and non-primitive bulk cells have the same symmetry. For



Table 2. Total energy convergence for Monkhorst-Pack and Ramı́rez-Böhm k-points. Here, ∆E is the difference
between the total energy computed for the specified k-point set and the converged energy value. NIBZ is the number
of irreducible k-points in the plane, and Ntot is the total number of in-plane k-points. All calculations used four
sheets of k-points.

RB MP
NIBZ Ntot ∆E (meV) NIBZ Ntot ∆E (meV)

3 24 32 4 16 −536
6 54 −17 7 36 −110
10 96 13 10 64 9

the slab calculations, dispersion perpendicular to the surface is negligible, and thus only a single sheet of k-points is
required.

Table 1(b) shows the equilibrium lattice constant and bulk modulus of bulk copper and rhodium as a function of
in-plane k-point set for the non-primitive cells. In both cases, these quantities are well converged at three irreducible
in-plane k-points. For the case of the rhodium cell, the k-points were generated according to the scheme of Ramı́rez
and Böhm (RB), because this approach takes better advantage of the hexagonal symmetry of the Brillouin zone
than the Monkhorst-Pack (MP) scheme and results in a more efficient folding of the mesh into the irreducible wedge.
Accordingly these k-points have been used throughout the present study for all hexagonal unit cells. The MP and RB
schemes are compared in Table 2, which shows the total-energy convergence error as a function of k-point sampling
for bulk rhodium in the hexagonal cell.

3.2. Slab Thickness

Our criterion for assessing convergence with respect to slab thickness is that surface relaxations and energies be
insensitive to further additions of atomic layers. Table 3 exhibits the relaxations away from the bulk interlayer
separation and the surface energy of copper (100) and rhodium (111) for increasing slab thickness. The calculations
for copper are well converged for a seven-layer slab. The rhodium calculations are somewhat less converged at this
slab thickness, but the changes are still quite small. The most puzzling feature of the data in Table 3 is that the
relaxed interlayer spacing of the innermost layers does not approach the bulk value as slab thickness increases. Indeed
this relaxation has converged to a value of about −1% for both systems, whereas a physically correct slab model
would have the innermost layers maintain the bulk separation.

Since Table 3 clearly shows convergence with respect to slab thickness, one might assume that the anomalous
inner relaxations are caused by insufficient k-point sampling. Indeed test calculations indicate that the inner slab
relaxations do vanish with increasing in-plane k-point sampling. However, we have determined that the majority of
this effect is caused by an unfair comparison of the slab relaxations to the bulk structural calculations.

In the k-point convergence calculations of the bulk fcc materials in their non-primitive unit cells, it was tacitly
assumed that the c/a ratio of the cell maintains its ideal value (

√
2 for the copper tetragonal cell and

√
6 for

the rhodium hexagonal cell). This assumption seemed natural, since any relaxation of c/a would destroy the fcc
symmetry of the crystal. However, computationally there is no symmetry restriction in the non-primitive cell to
prevent c/a relaxation, and for coarse Brillouin zone sampling, significant relaxations will occur. On releasing the
fixed c/a constraint, we find that the equilibrium value of c/a obtained with the same in-plane k-point sets as used
in the slab calculations is about 1% smaller than the ideal value for both materials. This result fully accounts for
the non-vanishing relaxations in the slab interiors.

This analysis suggests that the appropriate approach for performing surface calculations is to treat all aspects of
the problem in a manner that is consistent with the computational approximations. Since quantitative results are
based on comparisons between the slab and bulk calculations, one may suppose that systematic errors introduced by
the approximations will mostly cancel, leading to better convergence properties. In the present context, this internal



Table 3. Relaxed interlayer spacings and surface energies for Cu (100) and Rh (111) slabs of different thickness. The
in-plane lattice constant was set to the experimental value for the Cu (100) relaxations and to the fully converged
LDA value for the Rh (111) calculations. The percent relaxation was computed using the ideal c/a ratio to determine
the bulk interlayer spacing.

Copper (100) Rhodium (111)
5 7 9 7 9

d12 (%) −3.60 −3.89 −3.82 −0.68 −0.87
d23 (%) −0.88 −0.39 −0.43 +0.49 +0.09
d34 (%) — −0.99 −0.39 −0.86 −0.76
d45 (%) — — −0.99 — −0.71
Esurf (eV) 0.78 0.80 0.81 1.05 1.08

consistency means computing relaxed values of both a and c for the non-primitive bulk cells, and then using this value
of a to set the in-plane lattice constant of the corresponding slab. Values of surface relaxations and energies should
be obtained by comparing to the bulk calculation in the computed equilibrium structure, not the ideal structure.

We have applied this approach to analyze the structure and energetics of the copper (100) and rhodium (111)
surfaces. The results are summarized in Table 4. For a seven-layer copper (100) slab using three irreducible in-plane
k points, we find well converged relaxations and surface energy that are in excellent agreement with experiment.
Furthermore, the deviation from the bulk interlayer spacing has vanished at the innermost layer pair, indicating
that seven layers are sufficient to correctly model the copper (100) surface. For the rhodium (111) slab we used
six irreducible in-plane k-points instead of three because surface relaxations are more sensitive to this difference
than are the bulk lattice constants (see below). The seven-layer slab results for rhodium (111) show the same level
of convergence and agreement with experiment as for copper (100). However, the nine-layer slab exhibits better
bulk-like behavior at the center. This might indicate weaker screening by the valence electrons in rhodium than in
copper.

We now quantify the enhanced convergence properties provided by this internally consistent approach by applying
it to the rhodium system with larger k-point sets. To verify that the ideal c/a ratio is obtained in the limit of dense k-
point sampling, we have computed relaxed c and a values for three different in-plane k-point sets for the non-primitive

Table 4. Relaxed interlayer spacings and surface energies for Cu (100) and Rh (111) slabs of different thickness.
Here, the surface in-plane lattice constants were determined by bulk calculations possessing the same symmetry and
in-plane k-point sampling as the slab unit cells. The percent relaxation is computed with respect to the equilibrium
interlayer separation of the same non-primitive bulk unit cells.

Copper (100) Rhodium (111)
5 7 Expt.10 7 9 Expt.9

d12 (%) −2.48 −1.38 −(1.2-2.4) −1.39 −1.38 −(0.7-1.6)
d23 (%) +0.33 +0.60 +0.0-1.0 −0.18 −0.15 —
d34 (%) — −0.02 — +0.23 +0.31 —
d45 (%) — — — — +0.08 —

Esurf (eV) 0.80 0.82 0.82 1.06 1.08 —



Table 5. Relaxed c/a ratios, deviation from the ideal value (
√
6), and relaxations of seven layer rhodium slabs for

various k-point sets.

3 6 10

Bulk c/a 2.411 2.458 2.448
% Error −1.57 +0.35 −0.08
d12 (%) −2.04 −1.39 −1.55
d23 (%) −0.19 −0.18 −0.15
d34 (%) +0.15 +0.23 +0.16
Esurf (eV) 1.10 1.06 1.08

bulk cell. Table 5 shows these results. The ten k-point value of c/a deviates from the ideal value by less than 0.1%.
To examine how the surface relaxation changes as a function of k-point density, we have repeated the seven-layer
calculation, and the results are shown displayed in Table 5. With three in-plane k-points, the outermost relaxation
is not well converged. However, the six and ten k-point calculations are in close agreement across the board. These
results clearly illustrate the importance of internal consistency in surface calculations. First, internal consistency
provides sufficient precision to draw a sharp distinction in convergence between three and six irreducible k-points in
the rhodium surface relaxations, even though this distinction is essentially absent in the bulk structural calculations.
Furthermore, by performing internally consistent surface calculations, significantly fewer k-points are required to
obtain a realistic slab model, in which the interior of the slab behaves like the bulk material. This enhanced precision
and improved k-point convergence can be easily achieved simply by basing bulk-derived structural features of the
slab (e.g., in-plane lattice constant and bulk interlayer spacing) on bulk values obtained in calculations containing
the same symmetry and in-plane k-point sampling as the slab.
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4. R. Ramírez and M. C. Böhm, “Simple geometric generation of special points in Brillioun zone integrations.

two-dimensional Bravais lattices,” Int. J. of Quant. Chem. 30, pp. 391–411, 1986.
5. H. Hellmann, Einfuhrung in die Quantumchemie, Deuticke, Leipzig, 1937.
6. R. P. Feynman Phys. Rev. 56, p. 340, 1939.
7. C. Kittel, Introduction to Solid State Physics, Wiley, New York, 1996.
8. P. van ’t Klooster, N. J. Trappeniers, and S. N. Biswas, “Effect of pressure on the elastic constants of noble

metals from -196 to +25 degrees c and up to 2500 bar. I. copper,” Physica B 97, pp. 65–75, 1979.
9. A. Eichler, J. Hafner, J. Furthmuller, and G. Kresse, “Structural and electronic properties of rhodium surfaces:

an ab initio approach,” Surf. Sci. 346, pp. 300–321, 1996.
10. T. Rodach, K.-P. Bohnen, and K. M. Ho, “First principles calculations of lattice relaxation at low index surfaces

of cu,” Surf. Sci. 286, pp. 66–72, 1993.


