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Diffuse photon density waves have lately been used both to characterize diffusive media and to locate and 
characterize hidden objects, such as tumors, in soft tissue. In practice, most biological media of medical in-
terest consist of various layers with different optical properties, such as the fat layer in the breast or the dif-
ferent layers present in the skin. Also, most experimental setups consist of a multilayered system, where the 
medium to be characterized (i.e., the patient’s organ) is usually bounded by optically diffusive plates. Incor-
rect modeling of interfaces may induce errors comparable to the weak signals obtained from tumors embedded 
deep in highly heterogeneous tissue and lead to signifcant reconstruction artifacts. To provide a means to 
analyze the data acquired in these confgurations, the basic expressions for the refection and transmission 
coeffcients for diffusive–diffusive and diffusive–nondiffusive interfaces are presented. A comparison is made 
between a diffusive slab and an ordinary dielectric slab, thus establishing the limiting distance between the 
two interfaces of the slab for multiple refections between them to be considered important. A rigorous for-
mulation for multiple-layered (M-layered) diffusive media is put forward, and a method for solving any 
M-layered medium is shown. The theory presented is used to characterize a two-layered medium from trans-
mission measurements, showing that the coeffcients of scattering, ms8 , and absorption, ma , are retrieved with 
great accuracy. Finally, we demonstrate the simultaneous retrieval of both m8 and ma . © 2001 Optical So-s 
ciety of America 

OCIS codes: 170.5270, 290.1990, 290.7050. 
1. INTRODUCTION 
Diffuse photon-density waves (DPDW’s) are scalar-
damped traveling disturbances of light energy propagat-
ing in turbid media from an oscillating source. The 
present interest on them stems from their potential to lo-
cate objects hidden within these highly scattering media. 
The diffusion approximation1 has been shown to be rea-
sonably good in many practical situations for describing 
light transport.2,3 Light propagating within the diffusion 
approximation has been investigated for determining the 
scattering and absorption coeffcients of biological media 
as well as for formulating medical diagnoses.3–9 So far, 
several experiments have been performed in this area, 
with encouraging results,10 and basic concepts of wave 
propagation such as Snell’s law or diffraction from an 
edge have been experimentally verifed.11,12 One impor-
tant area in this feld is the study of multiple-layered dif-
0740-3232/2001/040821-10$15.00 ©
fusive media,13–23 which has been focused mainly on re-
fection measurements from the skin. However, 
refection measurements are not sensitive to small objects 
embedded deep into tissue (;3 cm) in which case trans-
mission measurements must also be performed. Re-
cently, the expressions for the refection and transmission 
coeffcients have been presented in the case of diffusive– 
diffusive interfaces.24 However, other basic properties 
that govern these waves have not yet been established. 
These pertain to the refection and refraction coeffcients 
of their plane-wave components at the interface between 
a diffusive medium and an outer nondiffusive medium, 
where detection is performed, and to the use of these co-
effcients in solving multiple-layered media. This is of 
importance for straightforwardly determining the optical 
parameters. Also, these properties give us the exact 
value of the Green’s function in any of the layers, thus en-
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abling us to improve the accuracy of hidden-object recon-
struction within such systems. In many experimental 
confgurations, the medium to be characterized is usually 
bounded between two diffusive plates. Hence, it is quite 
common to have a diffusive–diffusive interface between 
the plate and the medium and a diffusive–nondiffusive 
interface at the output. In most cases, to detect and 
characterize a hidden object within such media, this sys-
tem is approximated as a one-layered medium or as a 
semi-infnite homogeneous medium. With the aid of the 
refection and transmission coeffcients for diffusive– 
diffusive interfaces, however, multiple-layered (M-
layered) confgurations in contact with nondiffusive me-
dia can be analytically solved in terms of these 
coeffcients, thus speeding up the computation time. 

In Section 2 we establish the expressions for the refec-
tion and transmission coeffcients of DPDW plane-wave 
components between a diffusive and a nondiffusive me-
dium, discussing in Section 3 how an M-layered medium 
can be exactly solved. We consider the case of a single 
slab and how it compares with a dielectric slab, a conse-
quence being that devising resonator interferometers25 is 
not possible for DPDW’s. In Section 4 we present the ex-
perimental setup used to verify our theory, and we 
present the procedure employed to ft the data in Section 
5. The experimental results and simulations obtained 
from two different expressions for the transmitted wave, 
namely, a two-layered and a one-layered medium, are 
shown in Section 6, where we demonstrate that the two-
layer expression yields accurate values of both ma and m , 

the Helmholtz equation with a wave number k0 
/D 1 iv/(vD)#1/25 @2ma , where v 5 c/n is the speed of 

light in the medium. Let a source or object be at a plane 
z 5 zs . At any plane z 5 constant of a homogeneous dif-
fusive half-space, we can express the average intensity 
U(r) by its angular-spectrum representation of plane 
waves, that is, by a superposition of waves of amplitude 
A(K) and wave vector k 5 (K, q), uku 5 k0 [Refs. 26–29]: 

1` 

~UR, z ! 5 E A~K!exp@iK Ł R 1 iq~K!uz 2 zsu#dK, 
2` 

(1) 

where uKu2 1 q2 5 k0
2; i.e., K 5 (Kx , Ky) is a real vector 

2)1/2and q(K) 5 (k0
2 2 uKu . For DPDW’s, since k0 is al-

ways a complex number, q(K) 5 qRe 1 iqIm is always 

8s 
whereas the one-layer, or semi-infnite, expressions fail to 
do so. In this manner, we establish a straightforward, 
novel, and systematic procedure for characterizing diffu-
sive media by means of these refection and transmission 
coeffcients on measurements performed from a nondiffu-
sive exterior medium. Finally, in Section 7 we present 
the summary and conclusions. 

2. REFLECTION AND TRANSMISSION 
COEFFICIENTS 
An infnite homogeneous diffusive medium is character-
ized by its absorption coeffcient ma , the refractive index 

88n, and the diffusion coeffcient D 5 1/@3ms # , where ms 
the reduced scattering coeffcient. For an intensity-

is 

modulated source at a frequency v, the average intensity 
U(r, t) 5 U(r)exp(2ivt) represents the DPDW and obeys 
complex, namely, qIm Þ 0. In Eq. (1), we choose qRe 
. 0 and qIm . 0 so that the feld satisfes the radiation 
condition at infnity. From Eq. (1), we also obtain the re-
lationships 

U~K, z ! 5 A~K!exp@iq~K!uz 2 zsu#, (2) 

˜]U~K, z !
˜ ˜Jn ~K, z ! 5 2D 5 2iDq~K!U~K, z !, (3)

]z 

where Ũ (K, z) is the Fourier transform of U(R, z). In 
˜Eq. (3), J (K, z) is the Fourier transform of the total fux n 

density at plane z, Jn(R, z), and is Fick’s law in the 
angular-spectrum representation. 

A. Diffusive–Nondiffusive Interfaces 
We shall now derive the refection and transmission coef-
fcients between diffusive and nondiffusive media. The 
expressions for diffusive–diffusive interfaces can be found 
in Ref. 24. Let us consider an isotropic and homogeneous 
semi-infnite diffusive medium (z . 0), separated by a 
plane interface at z 5 0 from a nondiffusive semi-infnite 
half-space (z , 0). The upper diffusive medium is char-
acterized by D0 , ma0 , n0 , and k0 , and the lower medium 
is characterized by n1 . Let the light source be located at 
zs . 0, with the total wave represented by U0 5 U (i) 

1 U (r), and U1 5 U (t) in the upper and lower media, re-
spectively. The expression for U (t) is valid only at the in-
terface, since propagation into the nondiffusive medium 
cannot be described by the diffusion approximation (see 
Ref. 30 for a detailed description of this problem). To 
fnd the relationship between U (i), U (r), and U (t) across 
the interface, and hence the expressions for the refection 
and transmission coeffcients Rnd and Tnd , we must apply 
the saltus condition at z 5 0. In the diffusion approxi-
mation context, this condition is expressed by the zero 
fux requirement, which states that the total fux Jn tra-
versing the interface is an outward fux J1 , i.e., the in-
ward fux J2 is zero,31,32 and therefore J(r) Ł n̂ 5 Jn(r) 
5 J1(r). This is to be expected if there are no other 
light sources in the outer nondiffusive medium that could 
generate an inward fux. The zero-fux condition is ex-
pressed in terms of the average intensity U0 as

U0~R, z !uz50 5 aJn ~R, z !uz50 5 2D0a 
]U0~R, z ! 

]z 
U , 

z50 
(4) 

where a is a coeffcient that takes into account refractive-
index mismatch, with the quantity D0a 5 ltra/3 usually 
referred to as the extrapolated distance,1,31,32 where ltr is 
the transport mean free path. In Eq. (4) we have taken 
the surface unit normal n̂ 5 û z to be pointing outward, 
i.e., into the nondiffusive medium [when the surface nor-
mal is considered pointing inward, a in Eq. (4) must be 
replaced by 2a]. Substituting Eq. (3) into Eq. (4), we ob-
tain 

˜ ~i ! ˜ ~r ! ˜U ~K, z 5 0 ! 1 U ~K, z 5 0 ! 5 aJn ~K, z 5 0 !, 
(5) 

˜ ˜ ~i !Jn ~K, z 5 0 ! 5 2D0@iq~K!U ~K, z 5 0 ! 

˜ ~r !2 iq~K!U ~K, z 5 0 !], (6) 
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where Eq. (6) represents Fick’s law and takes into ac-
count the opposite-propagation directions of U (i) and U (r). 
After some simple algebra, by means of Eq. (2), Eqs. (5) 
and (6) reduce to 

A~r ! ˜ ~i ! ~K! 5 Rnd~K!U ~K, z 5 0 !, (7) 

Jn ~K, z 5 0 ! 5 
1 

˜ ~i !Tnd~K!U ~K, z 5 0 !, (8) 
a 

where 

iaD0q~K! 1 1 
Rnd~K! 5 , (9)

iaD0q~K! 2 1 

2iaD0q~K! 
Tnd~K! 5 , (10)

iaD0q~K! 2 1 

Rnd and Tnd being the frequency-dependent refection and 
transmission coeffcients, respectively, for diffusive– 
nondiffusive interfaces. Both Rnd and Tnd are complex, 
and the sum of their moduli is not unity, but they hold the 
relationship Tnd(K) 5 Rnd(K) 1 1. As can be seen in Eq. 
(8), we have expressed the transmission coeffcient in 
terms of the total density fux that traverses the interface. 
The reason for this is that when measurements are per-
formed from an outer nondiffusive medium, usually the 
measured quantity is Jn , through Lambert’s cosine 
law25,30 and not U (t). In any case, the value of U (t) can 
be directly obtained from Eq. (4), and therefore 

˜ ~t ! ˜ ~i !U ~K, z 5 0 ! 5 Tnd~K!U ~K, z 5 0 !. (11) 

Black Interface. With a particular case of diffusive– 
nondiffusive interface, we consider that in which the 
lower medium is perfectly absorbing, i.e., a black slab. 
The boundary condition at such an interface is 

~i ! ~r !U0~R, z !uz50 5 U ~R, z !uz50 1 U ~R, z !uz50 5 0, 
(12) 

which results in the following refection and transmission 
coeffcients for diffusive–black interfaces: 

Rblack~K! 5 21, (13) 

Tblack~K! 5 0. (14) 

This relationship is what is expected from Eq. (12), since 
absorption is simply scattering with a p dephase, i.e., 
U (r)(R, z 5 0) 5 U (i)(R, z 5 0)exp@ip#, and in the case of 
a perfect absorber, with the property uU (r)u 5 uU (i)u. Eqs. 
(13) and (14) are equivalent to introducing a 5 0 into Tnd 
and Rnd [see Eq. (4)]. 

B. Incident Field 
To solve any multiple-layered confguration, we need an 
expression for the incident feld, i.e., for its angular-
spectrum representation. This can be obtained for a 
source located at zs by means of Eq. (1), namely, 

1 1` 
i ! ~i !A~ ~K! 5 U R, z 5 zs!exp@2iK Ł R#dR.E ~ 

4p2 
2` 

(15) 
In the case of a point source U (i)(R, z 5 zs) 
5 S0 exp@ik0R#/(4pD0R), Eq. (15) reduces to (see Refs. 27, 
33 for a detailed derivation) 

i 
i ! 

S0 A~ ~K! 5 , (16)
4pD0 2pq~K! 

where S0 is the source strength. Substituting Eq. (16) 
into Eq. (1) yields the Weyl representation of a diverging 
spherical wave,27,28 which is a very useful tool for localiz-
ing and characterizing hidden objects in diffusive 
media.34,35 By means of Eq. (2), the expression for a 
point source at any plane z is 

S0 i
˜ ~i !U ~K, z ! 5 exp@iqi~K!uz 2 zsu#. (17)

4pD0 2pqi~K! 

The incident feld measured at a plane z < 0, due to a 
point source located at distance zs from a black boundary, 
is [see Eqs. (13) and (17)] 

S0 i
˜ ~ i !U ~K, z ! 5 $exp@iqi~K!uz 2 zsu# 4pD0 2pqi~K! 

2 exp@iqi~K!uz 1 zsu#%. (18) 

For z . zs , Eq. (18) can be rewritten as 

S0 exp@iqi~K!z#
˜ ~ i !U ~K, z ! 5 sinh@iqi~K!zs#. 4p2D0 qi~K! 

(19) 

We should state that the correct way to represent the 
source is to include an angular-dependent, or dipolar, 
term as in Ref. 36. Nevertheless, since this effect decays 
at long distances from the source, we will from now on use 
Eqs. (17) and (18) to model the incident feld. 

3. MULTIPLE-LAYERED MEDIA 
We next solve any multiple-layered (M-layered) system 
without any approximation. For the sake of clarity, we 
shall frst address the simple system consisting of a slab 
that is equivalent to a three-layered medium. This is 
done for two reasons: First, the expression for a slab will 
be very useful, since in many cases, a system of multiple 
layers can be approximated by a system of slabs with no 
multiple refections between them; second, a great deal of 
information, such as the limiting depth at which informa-
tion from an object can be recovered or the multiple-
refection contribution, can be extracted. 

A. Expression for a Slab 
Let us address the confguration depicted in Fig. 1, 
namely, a slab of width L, located at 0 , z , L. At  z 
. L there is a semi-infnite homogeneous medium of pa-
rameters D0 , ma0 , n0 , and k0 , with a source located at 
zs . At  z , 0 we have a semi-infnite homogeneous me-
dium of parameters D2 , ma2 , n2 , and k2 . The slab has 
D1 , ma1 , n1 , and k1 as parameters. We shall consider 
the normal n̂ at the interfaces to be pointing in the 2z di-
rection, i.e., n̂ 5 (0,0,21). There are two ways of solving 
this confguration. The frst method consists of introduc-
ing the boundary conditions at each of the interfaces and 
solving the linear system of equations by following a 
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Fig. 1. Confguration for a slab where three different zones are 
distinguished, with different diffusive parameters: z > L, 0  
< z < L, and z < 0. 

scheme similar to that presented in Refs. 15, 17, 19, and 
23 for a two-layered medium. This is the method that 
will be employed for solving M-layered systems. The sec-
ond method consists of successively adding multiple re-
fections and transmissions at the interfaces, and since it 
is physically illustrative we shall use it to derive the ex-
pressions for a slab. 

˜ (i)The total wave in the three regions of Fig. 1 is U 
1A exp@iq0(z 2 L)#, z . L;B exp@iq1(L 2 z)# 1 C exp@iq1z#, 
L . z . 0; and D exp@2iq2z#, z , 0. Considering all 
multiple refections from the interfaces, the total refec-

25,37tion and transmission coeffcients for the slab are 

Rslab 5 R01 1 T01R12 exp@2iq1L#T10 1 T01R12 

3 exp@2iq1L#R10R12 

3 exp@2iq1L#T10 1 ..., (20) 

T slab 5 T01 exp@iq1L#T10 1 T01R12 exp@2iq1L#R10 

3 exp@iq1l#T10 1 ..., (21) 

where Rij and Tij are the refection and transmission co-
effcients going from medium i to medium j (Ref. 24). 
Equations (20) and (21) contain a geometric progression, 
and therefore A, B, C, and D are extracted as 

T01 exp@2iq1L#R12T10 ˜ ~i !A 5 R01 1 U ,H J1 2 R10R12 exp@2iq1L# 

T01 ˜ ~i !B 5 U ,
1 2 R10R12 exp@2iq1L# 

T01 exp@iq1L#R12 ˜C 5 U ~i ! ,
1 2 R10R12 exp@2iq1L# 

T01 exp@iq1L#T12 ˜ ~i !D 5 U . (22)
1 2 R10R12 exp@2iq1L# 

From Eqs. (22) the refection and transmission coeff-
cients for a slab are defned as 

R slab ~K! 5 R01 1 
T01 exp@2iq1L#R12T10 

,
1 2 R10R12 exp@2iq1L# 

(23) 

T slab ~K! 5 
T01 exp@iq1L#T12 

. 
1 2 R10R12 exp@2iq1L# 

(24) 

Zs 
Do 

• µaO (:::~ 
no 

,.. 
n 

Di µal nl 
L 

" D2 n µa2 n2 
Equations (23) and (24) correspond to a dielectric slab.25 

For a gain medium, they represent the equations for a 
Fabry–Perot laser cavity,37 and R10R12 exp@2iq1L# 5 1 
represents the oscillation condition. In Eqs. (23) and 
(24), the denominator 1 2 R10R12 exp@2iq1L# takes into 
account the multiple refections between the interfaces of 
the slab. Since in general for DPDW’s 
R10R12 exp@2iq1L# ! 1, the geometric progression can be 
truncated to frst order, i.e., 

Rslab . R01 1 T01 exp@2iq1L#R12T10 , 

T slab . T01 exp@iq1L#T12 . 

These approximations are very accurate, even for low val-
ues of L, as shown in Fig. 2. In this fgure one sees that 
for values of L greater than 3 cm the refection from the 
slab is simply R01 . Therefore R10R12 exp@2iq1L# repre-
sents a way of determining the distance at which multiple 
refections between the walls are important. As a rule of 
thumb, we can use the following criterion: Assuming 
0.1% noise in the measurements, the limiting value of 
exp@2iq1L# for absence of multiple refection is 0.1% at 
best. This means L 5 2log@1023#/2k0 for the case v 
5 0, K 5 0. Therefore the limiting value of L is approxi-
mately 

D1 /ma1!1/2L limit ; 3~ . (25) 
1For example, in Fig. 2, for ms81 5 10 cm2 we show that 

1L limit ; 3 cm, and for ms81 5 20 cm2 , we obtain L limit 
; 2.5 cm. 

For a dielectric slab, the condition R10R12 exp@2iq1L# 
; 1 conveys the existence of transmission and refection 

Fig. 2. Amplitude of Rslab and T slab at K 5 0 for different val-
1ues of the slab width L for the cases ms81 5 10 cm2 , v 5 0 (solid 

1 1curves); ms81 5 20 cm2 , v 5 0 (solid circles); ms81 5 20 cm2 , v 
15 200 MHz (open circles). In all cases ms80 5 ms82 5 5 cm2 , 

1ma0 5 ma1 5 ma2 5 0.025 cm2 , n0 5 n1 5 n2 5 1.333. 

J:l., .;._ 

0.8 
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J:l....:;. 0.4 
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'"a: 

0.2 
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•·· ...... .. ... µ."=20cm-1, w=O 
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0

2E

2D2

b23

q2D

0 

]

0

Fig. 3. Amplitude and phase of Rslab and T slab at K 5 0 for dif-
ferent values of the modulation frequency v for the cases ms81 

[Rslab5 10 cm21 (solid curves) and T slab (dotted curves)], ms81 
5 20 cm21 [Rslab (solid circles) and T slab (open circles)]. In all 
cases ms80 5 ms82 5 5 cm21, ma0 5 ma1 5 ma2 5 0.025 cm21, n0 
5 n1 5 n2 5 1.333. 

resonant peaks. However, this requires values of R10 
and R12 close to unity. This is not the case for a diffusive 

f in 2g inE1 0 

a12E1 b12 21 

q1D1E1 2q1D1 2q2D2 q

0 0 a23E2 
@M̂ # [ 

0 0 q2D2E2 2

0 0 0 3
] ] ] 

0 0 0 

slab. Also, we must take into consideration that q1 is al-
ways complex, and therefore exp@iq1L# represents a lossy 
medium as it decays with L. The behavior of Rslab and 
T slab versus the modulation frequency f 5 v/2p is shown 
in Fig. 3, where we see that for f , 1 MHz very little dif-
ference is observed in the dc (v 5 0) case. For high val-
ues of v, we must recall that the imaginary part of q1 , 

1/2and therefore the decay of exp@2iq1L#, grows as v . 
Nevertheless, in Fig. 3 we distinguish maxima near f 
5 200 MHz. These maxima correspond to maximum 
values of exp@2iq1L# and therefore cannot be considered as 
resonant peaks as for the dielectric slab. We therefore 
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Frequency (Hz) 
conclude that Fabry–Perot resonators are not possible for 
DPDW’s. Additional useful information contained in Eq. 
(23) pertains to the maximum distance between the slab 
walls from which parameters from medium 2 can be ex-
tracted when refection measurements from medium 0 are 
performed, since all the information from medium 2 is 
contained in R12 exp@2iq1L#. In this case we can also use 
Eq. (25), thus concluding that in refection measurements, 
it is not possible to characterize an object buried at a dis-
tance larger than L limit from the frst interface. By con-
trast, as seen from Eq. (24), this does not occur in trans-
mission measurements, since information of all the media 
is present in the wave feld. 

B. Solving Multiple-Layered Media 
Let us address an M-layered system, as depicted in Fig. 4, 
where n in corresponds to the refractive index of the non-
scattering medium that bounds the medium containing 
the source and nout stands for the refractive index of the 
nonscattering medium where detection is performed. An 
equivalent solution for multiple-layered dielectric media 
can be found in Ref. 25. In any of the jth inner media, 
the total feld for each frequency component is 

Uj 5 Aj exp@iqj~zj 2 z !# 1 Bj exp@iqj~z 2 zj11!#, 

zj < z < zj11 , (26) 

where zj is the position of jth interface, i.e., zj 
5 (k

k 
5
5 

j 
1Lk, Lk being the width of medium k. On intro-

ducing the saltus conditions for each of the interfaces, 
taking into consideration that the frst and last interfaces 
are diffusive–nondiffusive, we get to the following set of 
equations: 

@M̂ #M 3 M Ł @X̂ #M 3 1 5 @Ŷ #M 3 1 , (27) 

where 

0 0 ¯ 0 0 

2 0 0 ¯ 0 0 

E2 0 0 ¯ 0 0 

 21 2E3 ¯ 0 0 
, (28)

2 2q3D3 q3D3E3 ¯ 0 0 

] ] ˛ ] ] 4
] ] ¯ 2qMDM qMDMEM 

0 0 ¯ 2goutEM fout 

Fig. 4. Multiple-layered confguration of M slabs, where n in and 
nout are the refractive indices of the input and output media, re-
spectively, with both being nondiffusive. In all cases, the nor-
mal to each interface is considered to point from n in into nout , 
i.e., along the propagation direction of the incident wave. 

- Lo 1M 
Zs ~ D, DI 
_.. ) µao µal 

no nI 
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@X̂ # [ S A1 

B1 

] 

AM
D ; @Ŷ # [ S D , 

˜ ~i !g inU ~K, z 5 0 ! 
˜ ~i !a12U ~K, z 5 0 !2 

0 
] 

BM 0 
(29) 

and 

Ej 5 exp@iqjLj#, (30) 

ajk 5 ~nk /nj!
2 1 iCjkDjqj , 

bjk 5 ~nk /nj!
2 2 iCjkDjqj . (31) 

Equations (31) are the coeffcients for the boundary con-
ditions between the jth and k 5 j 1 1 diffusive media, 
which in the case nj 5 nk have the values ajk 5 bjk 5 1 
(see Refs. 24, 38). For the input and output interfaces we 
have defned 

f in 5 ia inq1D1 2 1; g in 5 ia inq1D1 1 1, (32) 

fout 5 iaoutqMDM 2 1; gout 5 iaoutqMDM 1 1, (33) 

which when the input interface is black (a in 5 0), yield 
f in 5 21, g in 5 1. Notice that gx /fx 5 Rnd [see Eq. (9)]. 
As seen from Eq. (27), after solving the linear system of 
equations we are left with an M 3 1 matrix that repre-
sents the values of Aj , Bj for each frequency component. 
That is, Eq. (27) must be solved for each frequency com-
ponent. Once these Aj , Bj coeffcients are found, the to-
tal feld can be built inside any of the slabs by Eq. (26). 

4. EXPERIMENTAL SETUP 
To test the theory, we measured a two-layer system com-
posed of an intralipid layer and a resin layer, as depicted 
in Fig. 5. This setup is one that can be used to perform 
breast measurements in the cw regime, i.e., no modula-
tion frequency, in which case the breast is introduced in 
intralipid. The resin was a polyester resin with a TiO2 
suspension39 of length L1 5 2.17 cm with optical param-

1 1eters ms81 5 10 cm2 , ma1 5 0.017 cm2 , and n1 5 1.5. 
The intralipid used was an Intralipid (Kabi Pharmacia, 
Clayton, North Carolina) emulsion, which is a polydis-
perse suspension of fat particles ranging in diameter from 
0.1 to 1.1 mm that served as the scattering background 
medium. This intralipid layer had a length L0 
5 4 cm and parameters ms80 , ma0 , and n0 , for which 
three different values of ms80 , were used, namely, 

(i51, 2, 3) 5 5 cm2 21 21ms0 
1, 10  cm  , and 20 cm . For each of 

(i)these sets m , fve values of where introduced,s0 ma0 
( j5 1 21 21namely, m 1,...,5) 5 0.025 cm2 , 0.050 cm , 0.075 cm ,a0 

21 210.1 cm , and 0.125 cm , constituting a total of 15 differ-
ent ms 

(i 
0
) , m ( 

a
j 
0
) pairs. In all cases the refractive index of 

the intralipid was n0 5 1.333. To carry out the experi-
ment, the necessary amount of intralipid was mixed with 
water to obtain the value of ms80 desired. Then the value 
of ma0 was changed by introducing black India ink 
(3080-4 KOH-I-NOOR Inc., Bloomsbury, New York) into 

(i)the mixture, performing a measurement for each m ,s0 
m ( j) pair.a0 

As shown in Fig. 5, the system had side walls of black 
PVC. Measurements were performed at the exit of the 
Fig. 5. Experimental setup. 

resin layer. This means that the confguration had three 
interfaces, namely, black–intralipid, intralipid–resin, 
and resin–air interfaces. The basin had a height h 
5 15 cm, width w 5 25 cm, and total length L 5 7 cm  
(including the black PVC walls). In spite of the fnite size 
of the basin, we consider the system to be infnite in the 
XY plane, and thus the expressions put forward in Section 
2 will be employed. Illumination was accomplished by 
using an optical fber of NA 5 0.36, which emitted light of 
constant intensity at l 5 786 nm with a laser diode 
power ;3 mW, located at the rear of the basin at (xs 
5 8.6 cm, ys 5 8.2 cm, zs 5 0). We shall model this 
source by a point source located at rs 5 (xs , ys , zs 
5 ltr), in the cw regime, i.e., v 5 0 (constant illumina-
tion). 

Measurements were taken with a liquid-nitrogen-
cooled, 16-bit CCD array (Princeton Instruments), which 
had a resolution of 330 3 1100 pixels that were 24 mm in  
linear dimension, each pixel representing an area dx 
3 dy 5 0.0287 cm 3 0.0287 cm. The CCD was focused 
by means of lenses on the exit surface of the resin, i.e., at 
z 5 L0 1 L1 5 6.17 cm. 

5. DATA ANALYSIS 
The two-layered system shown in Fig. 5 is numerically 
solved by using Eqs. (27)–(29), with a in 5 0, and aout 
. 7.25, corresponding to nout 5 1, n1 5 1.5. The three 
interfaces of the experimental setup (see Fig. 5), two of 
which are diffusive–nondiffusive, yield a linear system of 
four equations and four unknowns. An approximation to 
the system of Eqs. (27)–(29) can be introduced by using 
Eq. (25), since we expect no contribution from multiple re-
fections between the walls of the intralipid, where L0 
5 4 cm. Also, the highest value of L limit is L limit 

1; 5 cm, for the (ms0 5 5 cm2 , ma0 5 0.025 cm21) case, 
taking into consideration that one of the interfaces is 
black. Hence we simply assume an incident wave com-
ing from the intralipid whose wave function is repre-
sented by Eq. (19), which interacts with a slab (i.e., the 
resin block), as described by Eq. (24). Therefore, with 
Eq. (11), the expected average intensity at the exit of the 
resin, zd 5 L0 1 L1 5 6.17 cm, is 

S0 exp@iq0~K!L0#
Ũ2layer~K, zd! 5 

4p2D0 q0~K! 

slab3 sinh@iq0~K!zs#T resin~K!, (34) 
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slabwhere T resin is given by Eq. (24) if medium 2 is replaced 
by a nonscattering medium, i.e., by replacing R12 with 
Rnd , and T12 with Tnd [see Eqs. (9) and (10)]. We remark 
that Eq. (34) has been contrasted with the exact solution 
for Eq. (27), and no noticeable differences were found. 

To simulate the case in which we use the setup of Fig. 5 
for breast characterization, we assume that the param-
eters of one of the media—namely, the resin layer—are 
known, and we must therefore ft the values of the in-
tralipid. For the ftting functions, we shall use two cases, 
namely, a two-layered medium [Eq. (34)] and a one-
layered medium. The expression for the one-layered me-
dium is obtained by considering that parameters of the 
resin (see Fig. 5) are the same as the intralipid, and 
therefore 

S0 exp@iq0~K!~L0 1 L1!# 
Ũ 

1layer~K, zd! 5 
4p2D0 q0~K! 

3 sinh@iq0~K!zs#Tnd~K!, (35) 

where Tnd is the transmission coeffcient for the 
intralipid–air interface. For both the two-layer and one-

(i)layer expressions we shall use zs 5 ltr 5 3D0 5 1/m .s0 
( j51,...,5) and m (i51, 2, 3)To ft for m , we frst perform the a0 s0 

two-dimensional Fourier transform Ũ (i, j)(K) of the CCD data 
(i) ( j))measurements Udata , m(i, j)(R) corresponding to the (ms0 a0 

pair. We shall use a cutoff frequency Kcut 5 1.2 cm21 to 
separate noise from the data. Then we normalize all 

(i51, 2, 3) ( j51,...,5)@m , m # sets to the value corresponding tos0 a0 
[m (i51) 5 5 cm21, m ( j51) 5 0.025 cm21] at  K 5 0, fnallys0 a0 

(i51, 2, 3) and m ( j51,...,5)ftting for both m . In this way, wes0 a0 
make the assumption that we only have one reference 
measurement for which the values ms0 and ma0 are 
known. In all cases, the only restriction that we impose 

( j51,...,5)is that each set m is associated with the samea0 
(i)value of m . The ftting procedure employed is thes0 
steepest-descent method, in which we shall always use 
ma0 5 0.1 cm21, ms0 5 3.33 cm21 as initial values (see 
Ref. 17 for comparison between different ftting proce-
dures). The function to minimize is 

~i ! ~ j51,...,5 ! ¯ ~i, j51,...,5 !f@m , m # 5 ( iU ~K!s0 a0 theory
K 

¯ ~i, j51,...,5 !2 U ~K!i2, (36)data 

where the subindex theory stands for either 2 layer or 1 
layer [see Eqs. (34) and (35)], depending on the expression 

¯used to ft, and U (i, j51,...,5) represent the expressions for(...)
(i) ( j51,...,5)the set @m ,m # normalized to the K 5 0 values0 a0 

corresponding to (ms0 5 5 cm21, ma0 5 0.025 cm21). To 

¯ ¯Fig. 6. Fitted values of U2slab(K) (solid circles) and U1slab(K) 
¯(open triangles), compared with the data values Udata(K) (solid 

curve) versus the frequency K, for the case ms80 5 10 cm21, ma0 
5 0.075 cm21. See Eqs. (34) and (35). 
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defne the accuracy of each expression of retrieving the 
parameters, we defne the average error for the retrieval 
of ma0 in units of cm21 as 

51 
found expected 2Dma0 5 ( uma0 ~ j ! 2 ma0 ~ j !u @cm 1#, (37)

5 j51 

where mexpected( j 5 1...5) 5 (0.025 cm21,...,0.125 cm21)a0 
are the expected values of ma0 , and m found( j 5 1...5) area0 
those ftted from Eqs. (34) and (35). 

6. RESULTS AND DISCUSSION 
¯ ¯Figure 6 shows the ftted curves of U2layer and U1layer ver-

¯sus the frequency K, contrasted with the data set Udata for 
1the case (ms80 5 10 cm2 , ma0 5 0.075 cm21). As shown, 

¯ ¯both expressions U2layer and U1layer yield close fts to the 
¯experimental data Udata , even at high values of the fre-
1quency K . 1.2 cm2 . However, as will be seen in the re-

foundconstructions, the values of (m , m found), which yields0 a0 
the curves in Fig. 6 with use of the one-layer expression, 
Eq. (35), are far from the expected values but are very 
near the expected values when using the two-layer ex-
pression, Eq. (34). The results obtained from the ftting 
procedure are presented in Fig. 7 and Table 1, which 

( j)show that the values of both m (i) and m are retrieveds0 a0 
with remarkable accuracy with the two-layer expression. 
On the other hand, the one-layer expression yields accept-
able reconstruction values for m ( j) [see Figs. 7(d)–7( f )]  a0 
but fails to reconstruct m (i) (see Table 1). We would like s0 

to draw attention to the values of Dma0 shown in Table 1. 
In this table, we show that the error of retrieval of ma0 

2can amount to as high as 60.025 cm 1 for the two-layer 
expression. If we look at Fig. 7(b), which shows the re-

foundtrieved values of m versus the expected values ofa0 
expectedm , we see that even in the case in which Dma0a0 

15 60.025 cm2 (which corresponds to ms0 5 10 cm21), 
( j)the relative values of ma0 are correct. That is, if the ex-

act value of one of them is known, then all the others lie 
correctly in place, yielding a very small value of Dma0. 
Also, as shown in Table 1, the retrieved values of ms0 are 
all within a 30% error for the two-layer expression, 
whereas for the one-layer expression they can be as high 
as 70%. The same calculations were performed with the 
expression for the semi-infnite confguration, Eq. (19), 
and in all cases the values of Dma0 were of the order of 
60.04 cm21, and the errors of retrieval for ms80 were 
;70%. We emphasize that when performing transmis-
sion measurements in the cw regime, in most cases the 
values of ms80 and ma0 cannot be retrieved simultaneously 
from independent measurements unless we choose initial 
ftting values very close to the real ones. This is due to 
uncertainties in the measurements and in the optical 
properties, resulting in a large number of local minima 
that occur whenever the coeffcients D0 and ma0 have the 

found/m foundsame relative values, i.e., D0 a0 
expected/mexpected5 D0 . Even so, we have been able to re-a0 

trieve both values from independent measurements for 
the case with ms80 5 5 cm21 with errors lower than 15%, 
but we have found deviations in the order of 100% for the 

21ms80 5 10 cm21, 20  cm  cases. Since results were not 
Table 1. Comparison of the Fitted Values 
Obtained with Eqs. (34) and (35), Two-Layered 

Medium and One-Layered Medium, Respectivelya 

expected 2layer 2layer 1layer 1layer m m Dm m Dms0 s0 a0 s0 a0 
(cm21) (cm21) (cm21) (cm21) (cm21) 

5.0 4.1 60.022 9.9 60.059 
10.0 7.0 60.025 4.7 60.032 
20.0 16.8 60.004 7.3 60.035 

a 2,1layerms0 are the ftted values for ms0 using the two-layer and one-layer 

expressions, respectively, and Dm2,1layer is the average error of retrieval of a0 
ma0 , Eq. (37). 

general, independent fts are not presented. As shown in 
Refs. 17 and 18 this does not occur when measuring spa-
tially resolved refection in the cw regime. Also, when 
performing refection measurements in the frequency or 
time domains, it has been shown experimentally that one 
can also ft for the slab width L0 with great accuracy, but 
that ftting for all the optical parameters of both resin and 
intralipid yields errors higher than 200% (Ref. 23). 

7. CONCLUSIONS 
We have put forward the expressions for the refection 
and transmission coeffcients at diffusive–nondiffusive in-
terfaces. These coeffcients, together with those already 
established for diffusive–diffusive interfaces,24 can be 
used to fnd the exact solution for any multiple-layered 
confguration, in either the time domain or the frequency 
domain, and hence to retrieve the optical parameters. In 
addition to being useful in characterizing multiple-
layered media or in fnding the exact solution of complex 
forward problems, these coeffcients also constitute a pow-
erful tool to generate more-accurate Green’s functions 
that can be used to detect and characterize hidden objects 
within such media.8,40,41 With these expressions we have 
shown that any multiple-layered system can be rigorously 
solved at a very low computational cost. We have put 
forward the simple example of a slab for which the refec-
tion and transmission coeffcients have been derived. 
The expressions for a slab can be used to obtain the lim-
iting distance at which multiple refections between two 
interfaces exist and also to give information about using 
refection measurements to characterize objects buried at 
a certain distance under an interface. A comparison with 
a dielectric slab has been presented, demonstrating that 
in the case of diffusive waves no interference resonant 
peaks can be observed and therefore that interferometers 
based on plane parallel plates, such as the Fabry–Perot, 
cannot be operated for diffusive waves. The expression 
for a slab is also useful, since in most cases multiple-
layered media can be approximated to a series of slabs 
with no multiple refections between them. 

Once we have established the method for solving 
multiple-layered media, we have characterized a two-
layered system from experimental data for 15 different 
(m8 , ma) pairs. In this characterization procedure wes 
have demonstrated that using the expression for a two-
layered system yields better reconstructed values for both 
m8 and ma than the one-layer, or semi-infnite expression. s 
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We have shown that by means of the two-layer expression 
obtained from the refection and transmission coeffcients, 
we can reconstruct both the values of m8 and ma froms 
transmission measurements without any a priori infor-
mation on their values by using one reference measure-
ment. In all cases the values of m8 and ma were retrieveds 
within a ;30% error. 
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