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ABSTRACT 

We consider- the transport of the electric field temporal autocorrelation in heterogeneous, fluctuating turbid 
media. Experiments are performed in strongly scattering media with spatially separated static and dynamic com
ponents, and low resolution "dynamical" images of such media are obtained using autocorrelation measurements 
of the emerging speckle fields taken along the sample surface. Our analysis, based on a diffusion approximation to 
the field correlation transport equation, reveals that the field correlation scatters from macroscopic dynamical het
erogeneities within turbid media. Demonstrations using heterogeneous samples containing particles undergoing 
Brownian motion and shear flow are described. 

Keywords: Photon Diffusion, Diffusing-V-lave Spectroscopy, Optical Imaging, Correlations, Brownian Motion, 
Flow 

1 Introduction 

For many years the temporal fluctuations of light fields have been used to extract dynamical information 
about material motions. Most experiments of this nature1- 3 are carried out in optically thin materials which 
scatter incident photons no more than once. More recently however, there has been a growing interest in the 
properties of light fields emerging from turbid media.4- 6 The most robust of these phenomena are associated 
with light fields that diffuse through turbid media in a manner similar to heat flow. A beautiful example of 
these developments is the technique of diffusing-wave spectroscopy,5,6 where the temporal correlation functions 
of the emerging diffuse speckle fields have provided fundamental new information about motions in homogeneous 
turbid colloids,7 foams,8 and emulsions.9 Parallel developments have occurred in the biophysics community where 
simpler properties of diffusing photons, such as the scattering of diffuse photon density waves, are presently used 
to generate low resolution images of stationary absorption and scattering variations within heterogeneous tissues. 4 

In this paper we consider the diffusion of temporal field correlation through heterogeneous turbid med1a. The 
work presented here constitutes a modest extension of some of our early work that has already appeared in the 
literature.10 We show that the transport of diffusive temporal field correlation through a medium consisting 
of spatially distinct static and dynamic parts, can be viewed as a scattering process, and we experimentally 
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demonstrate that position-dependent measurements of the diffusing light field temporal autocorrelation function 
can be used to reconstruct images of the spatial variation of dynamical properties within the medium. Besides its 
intrinsic interest as a new phenomenon, the scattering of diffusive temporal field correlation offers an unexplored 
contrast mechanism for imaging within heterogeneous turbid media such as tissue, and provides experimenters 
with a better framework for the interpretation of correlation functions from more complex, spatially heterogeneous 
biological samples, colloids, foams, and emulsions. In our previous paper,10 we presented the correlation diffusion 
equation and experimental results for systems with dynamics governed by Brownian motion. In the current 
chapter we review the previous results, experimentally demonstrate the validity of our approach for systems with 
flow, and describe in more detail the derivation of the correlation diffusion equation starting from the correlation 
transport equation. 

2 Correlation Diffusion Theory 

The temporal field autocorrelation function of coherent light emanating from a scattering medium provides 
information about the dynamics of the medium. The reader is refered to reviews on quasi-elastic light scattering 
( QELS) for an analysis of correlation functions in the single scattering regime. 1- 3 In the present paper we are 
interested in the field autocorrelation function of multiply scattered light. 

The normalized temporal electric field autocorrelation function, g1 ( r), of light that has diffused through a 
homogeneous turbid colloid has been determined and, within the framework of DWS,6 is given by 

< E(t)E*(t + r) > {00 
1 2 

g1(7) = < IEl2 > = Jo dsP(s)exp(-2µ,DBk 0 rs). 

Here, E(t) is the electric field of the emerging speckle at time t, r is the correlation time delay, P(s) is the 
probability that a photon will travel a lengths between the source and detector, DB is the translational diffusion 
coefficient of the scattering particles, k 0 is the wavenumber of the photon in the medium, and µ~ is the reduced 
scattering factor for the diffusing photon. The brackets denote an ensemble average which, for an ergodic system, 
is the same as a temporal average. This form for the temporal field autocorrelation function is accurate for ho
mogeneous, fluctuating turbid media, such as colloids, but cannot be easily extended to encompass heterogeneous 
systems. Here, homogeneous refers to the absorption, scattering, and dynamical properties of the medium. 

The theoretical basis of our approach for heterogeneous systems may be derived from the linear transport 
equation for field correlation recently presented by Ackerson et al. 11 or by field theoretic methods. 5 Both methods 
are valid for scalar fields. In this paper, we derive the correlation diffusion equation from the correlation transport 
equation using the P1 approximation.13-16 

The linear transport equation for correlation presented by Ackerson et al. 11 is analogous to the transport equa
tion for photons. The primary distinction is that the transport equation for correlation considers the dynamical 
processes that decorrelate the phase of the electric field. The steady state correlation transport equation is 

"'v · G1(r, s, r)s + µtG1(r, s, r) = µ, f G1(r, s', r)gi(s, s', r)f(s, s')ds' + Q(r, s) . 14r. (2) 

Here, G1(r, s, r) is the unnormalized temporal field-autocorrelation function (i.e. G1(r, s, r) =< E(O)E* (r) > and 
has units of intensity, photons per area per second) which is a function of position r, direction s, and correlation 
time T. The photon scattering and absorption coefficients are respectively µ, and µa, and µt = µ, + µa. The 
integral is over all directions s' and thus accounts for the scattering of photons from direction s' to s using the 
phase function f ( s, s') and the normalized temporal field autocorrelation function for single scattering gf( s, s', T). 
In the case of particles undergoing Brownian motion 

gHs,s',r)=exp[-2nBK;r(I-s'•s)]. (3) 
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Finally, v is the speed of light in the medium and Q(r, s) is the distribution of light sources with units of photons 
per volume per second. Note that when 7 = 0, the steady state correlation transport equation is reduced to the 
steady state photon transport equation (see, for example, books by Ishimaru,12 Case and Zweifel,13 Davison and 
Sykes, 14 and Glasstone and Edlund15 for discussions of the transport equation). 

The correlation transport equation, eq. (2), is valid as long as photon localization effects are negligible. 
Eq. (2) is essentially a conservation equation for temporal field correlation. The left-hand side accounts for the 
flux, scattering, and absorption of correlation from a point in the six dimensional phase-space. This loss of 
correlation from a point in phase-space is balanced by the gain as given on the right-hand side. The first term of 
the right-hand side accounts for the scattering of correlation from all directions at position r into the particular 
direction given by the point in the six dimensional phase-space, while the second term is simply the source of 
photons at that point in phase-space. 

Within the Pi approximation, l3--lS the correlation transport equation reduces to the following steady-state 
diffusion equation ( details of the derivation are provided in the appendix), 

(4) 

where D-y = 3;~ is the photon diffusion coefficient. Notice that in the correlation diffusion equation, G1(r, r) is 
no longer a function of s and the reduced scattering coefficient, µ~, appears instead of the scattering coefficient, 
µ., and the normalized differential phase function. Also the source, S(r), has been assumed isotropic. 

Eq. ( 4) can be recast as a Helmholtz equation for the field correlation function, i.e. 

(5) 

where K 2 (1) = -3µ~(µa+2µ~DBk;r). Here we have taken the light source to be point-like and located at position 
rs. Note that 2µ~DBk;1 is a loss term similar to µa. While µa represents losses due to photon absorption, 
2µ~DBk;1 represents the "absorption" of correlation due to dynamical processes. When T = 0 there is no 
dynamical absorption and eq. (5) reduces to the steady-state photon diffusion equation.4 

For an infinite, homogeneous system with no photon .absorption (i.e. µa = 0), the solution to eq. (5) has 
the well known form G1(r,1) = vSexp(-J6µ~2 DBk~r Ir - rsl)/(41rD-ylr - rsl). The same solution has been 
derived from the scalar wave equation for the electric field propagating in a medium with a fluctuating dielectric 
constant,5 and within the context of diffusing-wave spectroscopy.6 In contrast to these two approaches, the 
correlation diffusion equation provides a simple framework for considering turbid media with large scale spatially 
varying dynamics, that is, media where DB= DB(r). 

The correlation diffusion equation derived here is for turbid samples with dynamics governed by Brownian 
motion. The correlation diffusion equation can be modified to account for other dynamical processes. In the cases 
of random fl.ow and shear fl.ow the correlation diffusion equation becomes 

( D-y 'v2 - vµa - 2vµ:DBk~1 - ivµ: < V2 > k~12 - 1~ vµt 1r~ffk~r2) G1(r, r) = -vS(r) (6) 

The fourth and fifth terms on the left-hand side of eq. (6) arise from random and shear flows respectively. 
< V2 > is the second moment of the particle speed distribution ( assuming the velocity distribution is isotropic 
and ·gaussian),17 and ref f is the effective shear rate. 18 Notice that the "dynamical absorption" for flow in eq. (6) 
increases as r 2 ( compared to the T increase for Brownian motion) because particles in flow fields travel ballistically; 
also DB, < V 2 >, and r •ff appear separately because the different dynamical processes are uncorrelated. The 
form of the "dynamical absorption" term for random flow is related to that for Brownian motion. Both are of the 
form ½vµ~ < Ar2( 1) >,where< Ar2 ( 1) > is the mean square displacement of a scattering particle. For Brownian 
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Figure 1: The 514 nm line from an argon ion laser (operated at 2.0 W with an etalon) is coupled into a multi
mode fiber optic cable and delivered to the surface of a solid slab of TiO2 suspended in resin. The slab has 
dimensions of 15x15x8 cm. A spherical cavity with a diameter of 2.5 cm is located 1.8 cm below the center of 
the upper surface. The cavity is filled with a 0.2% suspension of 0.296 µm diameter polystyrene spheres at 25 °C 
resulting inµ~ = 6.67 cm-1, µa = 0.002 cm- 1, and DB=l.5x10-8 cm2 s- 1 . For the solid,µ~ = 4.54 cm-1 and 
µa = 0.002 cm- 1 . A single-mode fiber collects light at a known position and delivers it to a photo-multiplier 
tube (PMT), whose output enters a digital autocorrelator to obtain the temporal intensity correlation function. 
The temporal intensity correlation function is related to the temporal field correlation function by the Siegert 
relation6 . The fibers can be moved to any position on the sample surface. 

motion< Llr2(r) >= 6DBT and for random flow< Llr2(r) >=< V 2 > r 2 . The derivation of the "dynamical 
absorption" term for shear flow is more complex and the reader is referred to Wu et al. 18 for a complete discussion. 
A detailed derivation of eq. (6) will be given in a future publication. 

Flow in turbid media is an interesting problem that has received some attention. In these measurements 
experimenters typically determine a correlation function that may be a compound of many decays representing 
a weighted average of flow within the sample. For example, Bonner and Nossal have developed an approach for 
measuring random blood flow in homogeneous tissue, 17 Wu et al. have applied DWS to study uniform shear 
flow ,18 and Bicout and co-workers have applied DWS to study inhomogeneous fl.ow and turbulence.19 In all cases, 
a priori knowledge of the fl.ow is used in the analyses. We expect that the application of correlation diffusion 
imaging will further clarify information about heterogeneous flows in turbid media. 

3 Correlation Diffusion in Heterogeneous Systems 

In this section we will review three solutions of the diffusion equation in heterogeneous systems. The first 
two are analytic solutions for an otherwise infinite homogeneous system containing a spherical or cylindrical 
heterogeneity, while the third is a more general perturbative method. These solutions are easily modified for 
semi-infinite media by satisfying the extrapolated zero boundary condition. 20 

3.1 Exact Solution for Spherical Inhomogeneities 

For piecewise homogeneous media, a solution to the diffusion equation is found by requiring that the differential 
equation in each homogeneous region is satisfied while matching the boundary conditions at the surface between 
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regions. An analytic solution exists for a medium which is homogeneous in all respects except for a spherical 
region (with radius a) characterized by a different value of DB, µ~, and/or µa from the surrounding medium. 
The analytic solution of the correlation diffusion equation for this system reveals that the measured correlation 
function outside the sphere can be interpreted as a superposition of the incident/background correlation plus a 
term which accounts for the scattering of the correlation from the sphere, i.e. 

out vSexp(iKoutJrd-rsl) ~ (1) out o 
G1 (rs,rd,r) = 4 D I I + L.tA1h1 (K rd)Yi (0,¢). 

7r "I rd - rs l;::O 
(7) 

Here, h~1\x) are Hankel functions of the first kind and Yj0 (0, ¢) are spherical harmonics. 21 The coefficient Az is 
found by matching the appropriate boundary conditions on the surface of the sphere. These boundary conditions 
are the same as for photon diffusion, namely the correlation is continuous (G1ut(r, r) = Gin(r, r)) and the normal 
flux of correlation is continuous (-D~utn · v'G1"t(r, r) = -D;nn · v'Gin(r, r)) across the surface of the sphere 
( Gin (r, r) is the correlation function inside the spherical object and n is the normal vector to the sphere). Applying 
these boundary conditions, we find 

Az = -ivSKout h(l) (Kout z.)Y,0*(7r, 0) [ D;utxjf(x )j1(Y) - D;nyj1(x)jf (y) ] , 
Dout I I Dout h(l)t( ) . ( ) Din h(l) ( ) "'( ) 

"/ "I X I X JI Y - "/ y I X Ji y 
(8) 

where j1 are the spherical Bessel functions of the first kind, x = K 0"ta, y = Kina, a is the radius of the sphere, 
rs is the position of the source,21 and jf and h~i), are the first derivatives of the functions j1 and h~ 1 ) with respect 
to the argument. This solution has been discussed in detail for diffuse photon density waves.22 

By viewing the perturbation of temporal correlation as a scattering process, simple algorithms adapted from 
scattering theory can be applied to reconstruct images of spatially varying dynamics in turbid media. 

3.2 Exact Solution for Cylindrical Inhomogeneities 

The derivation of the analytic solution for a cylinder is similar to that for a sphere. Once again, the correlation 
is a superposition of the incident and scattered correlation, i.e. G1ut = G1 + Gf°att. For a cylinder of infinite 
length, the solution for the scattered wave in cylindrical coordinates is23 

(9) 

where In and Kn are modified Bessel functions, x = Jp2 - (K 0 ut)2 a, y = Jp2 - (Kin) 2 a, and a is the radius 
of the cylinder. The solution has been simplified by taking the z-axis as the axis of the cylinder and assuming 
that the source is at z = 0 and 0 = 0. 

3.3 Rytov Approximation for General Inhomogeneities 

For a system with a spatially varying particle self-diffusion coefficient, we approximate the correlation diffusion 
equation as 

(10) 
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Figure 2: Experimental measurements of the normalized temporal field autocorrelation function for three different 
source-detector pairs are compared with the analytic solution for correlation scattering from a sphere. With 
respect to an x-y coordinate system whose origin lies directly above the center of the spherical cavity, the source
detector axis was aligned parallel to the y-axis with the source at y=l.0 cm and the detector at y=-0.75 cm. 
Keeping the source-detector separation fixed at 1.75 cm, measurements were made at x=0.0 cm, 1.0 cm, and 
2.0 cm, and are indicated by the o's, +'s, and *'s respectively. The uncertainty for these measurements is 3% and 
arises from uncertainty in the position of the source and detector. The solid line was calculated using the known 
experimental parameters (see fig. 1). Note that larger and more rapid decays are observed when the source and 
detector are nearest the dynamic sphere. Here the largest fraction of detected photons have sampled the dynamic 
region. 

where K 2 (r, r) = -3µ~(µa + 2µ~DB(r)k;r) and DB(r) = n;vg + 8DB(r). The average particle self-diffusion 
coefficient of the system is given by n;vg; 8DB(r) represents the position dependent variation of DB(r) with 
respect to this average. 

Assuming a solution of the form G1(r, r) = Gi(r, r) exp(cp,(r, r)), where Gi(r, r) is the solution of the 
homogeneous correlation diffusion equation and cp,(rs, rd, r) accounts for the scattering of correlation from 
inhomogeneities. Applying the Rytov approximation,24 •25 we find the solution of the heterogeneous diffusion 
equation, i.e. 

( , -6µ?k;r vS J 3 , ( , 0 , ) ') ( ) cp,rs,rd,TJ=co( )Dout drHr,rd,r)G1(rs,r,r8DB(r. 11 
1 rs,rd, T , 

H(r', r, r) is the Green's function for the homogeneous diffusion equation. Measurements of the perturbed tem
poral field autocorrelation function using several different source-detector pairs can be used along with knowledge 
of the optical properties and average particle self-diffusion coefficient of the medium to determine 8DB(r). The 
reconstruction is facilitated by inversion of eq. (11). There are many techniques that can be employed to invert 
eq. (11).24- 26 Details of our inversion algorithm can be found in O'Leary et al. 25 

Eq. (11) is easily extended to account for spatial variations in the flow of turbid media. 

SPIE Vol. 2732139 

https://3f.l~(f.la


Source '~Detector 

I 

Source retector 

,----+--------------------------+----, 
0 ~--+----------------------------~ 

Side View Front View 

Pump 

Intralipid 

Figure 3: The experimental system is the same as described in fig. 1 except that the TiO2 slab now has a 6 mm 
diameter cylindrical cavity instead of a spherical cavity. The cylindrical cavity is centered 13 mm below the surface 
of the slab and 0.5% Intralipid is pumped through the cavity at flow speeds of 0.442 cm s- 1 , 0.884 cm s- 1 , and 
1.77 cm s- 1. For the solid, µ~ = 4.0 cm- 1 and µa = 0.002 cm- 1. For the Intralipid, the optical properties are 
assumed to be the same as the TiO2. The correlation function is measured with the source and detector separated 
by 2.0 cm, i.e. the source is 1.0 cm to the left of the vein and the detector is 1.0 cm to the right. 

4 Experimental Results 

4.1 Correlation Scattering from a Spatial Variation in the Brownian Diffusion Co
efficient 

We demonstrate the scattering of temporal correlation by a dynamical inhomogeneity in an experiment shown 
in fig. 1. The inhomogeneity is characterized by a contrast in the Brownian diffusion coefficient. In this experiment, 
the temporal intensity correlation function is measured in remission from a semi-infinite, highly-scattering, solid 
slab of TiO2 suspended in resin (DB = 0). The slab contains a spherical cavity filled with a turbid, :fluctuating 
suspension of 0.296 µm polystyrene balls (DB = l.5x10-8 cm2 s-1 ).27 In fig. 2 we plot the measured decay 
of the normalized temporal field correlation function, g1(r) =< E(t)E*(t + r) > / < IEI >2, for different 
source-detector positions and compare these results to theoretical predictions based on eq. (7). The agreement 
between experiment and theory is good, supporting our view that correlation "scatters" from spatial variations 
of the particle diffusion coefficient (DB(r)) within the medium. In general, correlation will scatter from spatial 
variations in the absorption (µa(r)), the scattering (µ~(r)), and the dynamical (DB(r), fen(r), and< V2(r) >) 
properties of turbid media. 

4.2 Correlation Scattering from Flow in a Cylindrical Vein 

The validity of the correlation diffusion equation for systems where the dynamics are governed by shear flow 
(see fig. 3) is demonstrated in fig. 4. In this experiment, the correlation function is measured in remission from a 
semi-infinite, highly-scattering, solid slab of TiO2 suspended in resin (ref J = 0). A 0.5% solution of Intralipid28 
is pumped through the cylindrical vein in the slab with pump speeds of 0.442 cm s- 1 , 0.884 cm s- 1 , and 1.77 
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Figure 4: Experimental measurements of the normalized temporal field correlation function for three different flow 
speeds are compared with theory. Measurements for flow speeds of 0.442 cm s- 1, 0.884 cm s-1 , and 1.77 cm s-1 

are indicated respectively by the +'s, *'s, and ◊'s. The solid lines are calculated using the experimental parameters 
given in fig. 3 and effective shear rates of 3.0 s- 1 , 6.0 s- 1 , and 12.0 s-1 . 

cm s- 1 . In fig. 4, experimental measurements of the normalized temporal field correlation function are compared 
with the exact solution of correlation scattering from cylindrical inhomogeneities. The comparison indicates a 
good agreement between experiment and theory. The parameters used in the calculation, except for ref 1 , are 
given in fig. 3. The effective shear rate, ref f, was determined by fitting the analytic solution to the data with 
the constraint that ref! had to scale linearly with the flow speed. The best fit to the data indicates that r.ff 
is approximately 6.8 cm- 1 times the flow speed. Since the shear rate is given by the change in speed per unit 
length in the direction perpendicular to the flow, one might expect that the effective shear rate would be the flow 
speed divided by the radius of the vein. This simple calculation gives an effective shear rate that is a factor of 
two smaller than the measured ref f. This difference will be investigated further in a future publication. 

4.3 Image Reconstruction of the Dynamical Properties 

In fig. 5 we present an experimental image of DB(r) for a colloidal sphere contained in a solid resin cylinder 
of TiO2 . The cylinder was homogeneous except for a 1.3 cm diameter spherical cavity which was filled with a 
room temperature aqueous suspension of 0.296 µm polystyrene balls and centered at z=0 (the z-axis is the axis 
of the cylinder). Measurements were made every 30° at the surface of the cylinder for z=0, 1, and 2 cm, with 
source-detector angular separations of 30° and 170° and correlation times of r= 15, 25, 35, 45, 55, 65, 75, and 
85 µs. Our image of DB(r) was reconstructed from~ 600 measurements of the scattered correlation function, 
<P,(rs,rd, r), using 400 iterations of the Simultaneous Iterative Reconstruction Technique.24•25 The z=0 slice 
of the image is shown in fig. 5b. From this image the center (in the x-y plane) of the dynamic region and the 
magnitude of the particle diffusion coefficient are determined. The center of the object in the image is within 
2 mm of the actual center of the dynamic sphere. This discrepancy scales with the uncertainty in the position of 
the source and detector. The sphere diameter ( ~ 1.3 cm) and particle diffusion coefficient ( ~ l.8x10-8 cm2 s-1 ) 

obtained from the imaging procedure also agree reasonably well with experimentally known parameters (1.3 cm 
and l.5x10-8 cm2 s- 1 ). 
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Figure 5: An image reconstructed from experimental measurements of the scattered correlation function is shown 
in (b ). The system was a4.6 cm diameter cylinder with µ~=4.0 cm- 1, µa=0.002 cm- 1 , and DB=0 (see illustruction 
in (a)). A 1.3 cm diameter spherical cavity was centered at x=0.7 cm, y=0, and z=0 and filled with a colloid 
with µ~=4.0 cm- 1 , µa=0.002 cm- 1 , and DB=L5xl0-8 cm2 s-1 . A slice of the image at z=0 cm is presented in 
(b ). The values of the reconstructed particle diffusion coefficients are indicated by the legend in units of cm2 s- 1• 

5 Conclusion 

In conclusion, we have shown that the transport of temporal correlation through heterogeneous turbid media 
can be viewed as a scattering of diffuse correlation. This concept has been demonstrated experimentally in the 
context of both forward and inverse problems. We anticipate that these observations will stimulate further studies 
of dynamical variations in heterogenous turbid media. In medical optics, for example, this approach offers a simple 
framework for analyzing the complex signals obtained from fluid flow in the body. 

6 Acknowledgments 

The authors thank Maureen O'Leary for assistance with the image reconstructions and insightful comments, 
and acknowledge illuminating conversations with David Pine and Michael Cohen. A.G.Y. acknowledges partial 
support from the NSF through the P.Y.I. program and grant #DMR93-06814, and the Alfred P. Sloan Foundation. 
B.C. acknowledges partial support from NS-27346, HL-44125, and CA-50746/60182. I.V.M. wishes to thank the 
Russian Educational Committee for their support. 

7 Appendix 

We follow the PN approximation to reduce the general transport equation to a diffusion equation. The method 
is simply to expand all angular dependent quantities in a spherical harmonic series and truncate the series at the 
N th moment.13- 15 We make the additional assumption that the correlation time is small compared to the time 
it takes a scattering particle to move a wavelength of light. 
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The temporal field correlation function and source distribution are expanded as 

N I 

G1(r,s,r) =LL r1,m(r,r)Yi,m(s), 
1:0 m=-1 

(12) 

and 
N l 

Q(r, s) = L z: qz,m(r)Yi,m(s) . (13) 
l=O m=-1 

For the phase function, we make the reasonable assumption that the amplitude is only dependent on the 
change in direction of the photon and thus 

f(s • s') ~ 2! + 1 p (. '') = ~--gz I S·S 

1:0 41r 

co I 

= L L gzYz~m(s')Yi,m(s) , (14) 
/:0 m=-1 

where Pz is a Legendre Polynomial and the second line is obtained using the angular addition rule. 29 Since f ( s • s') 
is normalized, go = 1. 

The single scattering temporal field correlation function for a system of particles undergoing Brownian motion 
IS 

gf(s, s', r) = exp (-2Dsk;r(l - s · s')) . (15) 

When T ~ (2DBk;)- 1 , then eq. (15) can be expanded in a Taylor series, which to lowest order is 

1 

gHs, s', r) = 1- 2DBk;r + 2DBk;r(s · s') = 1- 2DBk;r + 2DBk;r L Y1~m(s')Y1,m(s). (16) 
m=-1 

Note that (2D8 k;)- 1 ::::: 10-3 s when D8 = 1.45 10-s cm2 s- 1 , the wavelength of light is 514 nm, and the index 
of refraction is 1.333 and thus the expansion is valid for correlation times less than 100 µs. 

Substituting these expansions into the correlation transport equation, eq. (2), we obtain 

N I 

LL 
l=O m=-1 

New notation is introduced to simplify eq. (17): µ~I)= µ,(1- g1) + µa is the reduced transport coefficient and 
kc = 2µ,D8 k;r. Remember that the g1 are the coefficients of the Legendre Polynomial expansion of the phase 
function, therefore µ~o) = µa. 

Next, we multiply eq. (17) by Y;,is) and integrate over ds. The integrals over ds and ds' are calculated 
using the orthogonality relations for the spherical harmonics and relations for the integral of three spherical 
harmonics.30 Integrating for the second, third, and fourth terms of eq. (17) is relatively straightforward. The 
calculation for the first term is lengthy and clearly documented by Kaltenbach and Kaschke.31 The calculation 
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for the last term is an extension of the calculation for the first term. After calculating the integrals, we arrive at 

µ~°')r a,,8 + [ a a+l ] kef a,,8 gc, - 2a + l gc,-1 - 2a + l gc,+1 

1 (a+ 1- ,B)(a + 2 - ,B) ( o . o) 
+ 2 (2a + 1)(2a + 3) OX + i Oy f a+l,/3-l 

1 (a+ ,B)( a+ ,B - 1) ( o . o ) 
2 (2a + 1)(2a - 1) ox + z oy r c,-l,/3-l 

1 (a+,B+2)(a+,B+ 1) ( o . o) 
2 (2a + 1)(2a + 3) ox - i oy r a+l,/3+1 

+ 
( a - ,B - 1) ( a - ,B) ( o . o ) 
(2a + 1)(2a - 1) ox - z oy r c,-l,,8+l 

+ 
(a+,B+l)(a-,B+l) o 

(2a + 1)(2a + 3) OZ f a+l,,8 

+ 
(a+,B)(a-,B) o 

(2a + 1)(2a - 1) oz f c,-l,/3 = qc,,/3 . (18) 

This is a coupled set of linear differential equations for the different moments of the correlation, i.e. r a,/3. 

To obtain the correlation diffusion equation, we neglect all r a,,8 and g°' for a > l. This assumption is valid 
when the correlation is nearly isotropic (i.e. the higher moments are negligible) and reduces the infinite set of 
coupled equations to two, in particular 

(19) 

and 
(20) 

We have dropped the azimuthal index for r and instead have written the monopole and dipole terms as a scalar 
and vector respectively. Also, we have assumed that the source is isotropic. By analogy to photon migration, fo 
is the fluence of correlation and r1 is the net flux of correlation. Now we solve eq. (20) for r1 and substitute 
the result into eq. (19). This gives us the desired correlation diffusion equation 

(21) 

where f 0(r, r) has been replaced with G1(r, r), qo,ohas been replaced with S(r), and D-r = f-, is the photon µ., 

diffusion coefficient. For consistency, µa and ke(91 - 1/3) have been dropped from D-y. 
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